












> 3.101181 



d ordiuc 


VlZZO*, 

■? J Ss&. t* 


CABINET LAWYER. 


(Klaidcti lUlil 

•Ioiui I'j 2 /icAi 


I throughout, with I In; StuluU > 
w. 10 null 20 Victoria. 


C|t. Sro. price 10», fid. cloth. 

THE 

ET LAWYER: 


NAZIONALE 


ffW 

BIBLIOTECA PROVINCIALE 


!«*• 


imii 




L mfoi * nt/A 


THE CABIN 

A Popular Exposition 


OT#t llWtnUl 


" The author U fkilkU in 11 m? rats? 

«tl U* ••♦Witt •tatUifoul v. tun» la KliW.f* 

mu) *u luf tin* Hvw* fetrtUltolaottTcn ul 

InlotlUtU* U -llUlUALL', Ur rvllJt? )ll» v*. ••fc lk% (OfTtii I 
iu |»<<a4)tiW a *twl «u I flriC Uowft «l»» 'titAtolli* 
i«( iniMwiiMi. rw an Li.uiutty «in*t** 
UwCalrfMl *U1W f.ron.l 

MiflfcfUttU/ ."apmtwMlt* m< 1 «m*kni*t» vaart.** 

UlOlk 


ntrU U -w. 
Ikx t, !*ru.1 
r*t- TL* U 
it .tiOW. L 
wr n «rvTi 


It.e rttttWnt* tlw id 
Ittr unoml rts.ikr 


WN, (! KEEN. LONG! 


Digitized by G<k 


Digitized by Google 


Digitized by Google 



i :Kv 



A TREATISE 

OX 

CONIC SECTIONS. 


Digitized by Google 



By the same Anther. 

A TREATISE ON THE HIGHER TLANE CORVES: 

INTENDED AS A SEQUEL TO THE PRESENT TREATISE 
Price 12*. 

Dublin : Hodges and Smith. 


Digitized by Google 


A TREATISE 



CONIC SECTIONS: 


CONTAINING 


AN ACCOUNT OF SOME OF THE MOST IMPORTANT MODERN 
ALGEBRAIC AND GEOMETRIC METHODS. 


BY THK 

REV. GEORGE SALMON, A. M. 

miow AMD I I’ TOR. TRIMITY 'Oil. EUR DURUM. 


Jbirb fbitioii, rrbisrb anb rnlargrb. 



LONGMAN, BROWN, GREEN, AND LONGMANS. 

1855. 


Digitized by Google 



JUrinltti at the Stnlbmili) ^fhru, 

UY M. II. <111. U 


Digitized by Google 



PREFACE. 


A new EDiTioN v of the present Work having been called 
for, 1 have endeavoured to make this Treatise more de- 
serving of the favourable reception it has met with. 
Having myself used it for the last five years in teaching 
Analytic Geometry to beginners, I have gained some ex- 
perience as to the points where learners are likely to feel 
difficulties. I have accordingly rewritten a considerable 
part of the work, introducing in the early chapters co- 
pious numerical illustrations, such as I have been in the 
habit of using with my class. I have also endeavoured 
to separate, more carefully than in the former editions, 
between the elementary parts of the work and those in- 
tended for more advanced readers. The learner will find 
all essential parts of the theory of Analytic Geometry in- 
cluded in Chapters i., n., v., vi., x., xi., xn., omitting the 
articles marked with asterisks. Should he require ex- 
amples for exercise, in addition to those contained in 
these chapters, he will find a sufficiently extensive col- 
lection of examples in Chapters m., vii., xra. The re- 
maining chapters treat of the algebraic and geometrical 
methods which have been introduced into use of late 
years, but of which no systematic account had been given 
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PREFACE. 


in any elementary work at the time that the first edition 
of this Treatise was published. I have made several ad- 
ditions to these chapters in this edition. In the altera- 
tions which I have made throughout the book, I have 
profited by the works on Analytic Geometry which have 
appeared since the first edition was published, among 
which I may mention in particular Mr. Gaskin’s, and 
Mr. Walton’s “ Examples on Analytic Geometry,” and 
Mr. Puckle’s “ Treatise on Conic Sections.” 

Trinity College, Dublin, 

July, 1855. 


Digitized by Google 



CONTENTS. 


CHAPTER I. 
hie romr. 

1‘AflK. 

Des Cartes' Method of Co-ordinates. 2 

Distinction* of Sign, • 3 

Distance between two Points, 4 

Co-ordinates of Point catting that Distance in a given Ratio, 5 

Transformation of Co-ordinates, . 6 

does not change Degree of au Equation, 8 

Polar Co-ordinates, . . A 


CHAPTER II. 

THE BIQHT LINE. 

Two Equations of tn ,M and u a Degrees represent mn Pointy II 

Equation of a Right Line parallel to an Axis, LB 

through the Origin, 11 

in any Position, 15 

Meaning of the Constants in Equation of a Right Line, lli 

Equation of a Right Line in terms of its Intercepts on the Axes, 12 

In terms of the Perpendicular on it from Origin, and the Angles It makes with 

Axes, IB 

Expression for the Angles a Line makes with Axes, 2D 

Length of Perpendicular from a Point on a Line, . . 21 

Equation of Line joining two given Points, 2B 

Condition that three Points shall be on one Right Line, . 21 

Area of Triangle in terms of Co-ordinates of its Vertices, 21 

Area of any Polygon, 25 

Co-ordinates of Intersection of two Right Lines, 2(1 

Condition that three Lines may meet in a Point (see also p. 29), 26 

Area of Triangle formed by three given Lines, 27 

Equation of Line through the Intersection of two given Lines, . 2B 

Teat that three Equations may represent Right lanes meeting in a Point, . . . . 2B 
Connexion between Ratios in which Sides of a Triangle are cut by any Transversal. 31 

by Lines through the Vertices which meet in a Point, . . 32 

Angle between two Lines, 22 


Digitized by Google 


viii CONTENTS. 

FAOK. 

liquation of Perpendicular on a given Line, 34 

Equations of Bisectors of Angles between two given Right Lines, 85 

Polar Equation of a Right Line, 36 


CHAP TE R III. 

KXAMPT.ES ON bight line. 

Problems where it is proved that three Lines meet in a Point, 38 

Three Bisectors of Sides of Triangle, 20, 54 

Three Bisectors of Angles of do 36, 54 

Perpendiculars from Vertices on Sides, 3 1. 54 

Perpendiculars at Middle Points of Sides, 34. 59 

Problems where it is proved that three Points lie on a Right Line 39 

Middle Points of Diagonals of a complete Quadrilateral 27 

Investigation of Loci, 39 

Problems where it is proved that a Movable Line always passes through a Fixed 

Point, 4G 

Centre of Mean Position of a series of Points 48 

Right Line passes through a Fixed Point if Constants in its Equation be con - 
nected by a Linear Relation, 49 

Loci solved by Polar Co-ordinates, 49 


CHAPTER IV. 

ABRIDGED NOTATION. 

Meaning of Constant k in Equation a — Ay3 t fr* 

Theorem of Anharmonic Section proved, 52 

Algebraic Expression for Anharmonic Ratio of a Pencil, 53 

Equations of a pair of Lines equally inclined to a, /3, h i 

Expression of Equation of any Right Line in terms of three given ones, 55 

Trilinear Equation of Line passing through two Points, 66 

Harmonic Properties of a Quadrilateral proved (sec also p. 302), 57 

If Intersections of corresponding sides of two Triangles lie on a Right Line, lines 

joining corresponding Vertices meet in a Point, 58 

Trilinear expression for Parallel Lines, 59 

Equation of Line at infinity, GO 

Cartesian Equations a case of Trilinear 61 


CHAPTER V. 

RIGHT LIMBS- 

Meaning of an Equation resolvable into Factors, 6*2 

of a Homogeneous Equation of the Degree, 62 

Imaginary Right Lines, 63 

Angle between two Lines given by a single Equation, 61 

Equation of Bisectors of Angles between these Lines, 65 

Condition that Equation of second Degree should represent Right Lines (sec also 

pp. 130, 139, 250), 67 

Number of conditions that higher Equations may represent Right Lines, .... 60 

Number of terms in Equation of n ,x Degree, 


Digitized by Google 


CONTENTS. 


IX 


CHATTER VI. 

THE CIRCLE. 

PAftK 

Equation of Circle, 70 

Conditions that general Equation may represent a Circle, 71 

that two Circles may be concentric, 72 

Co-ordinates of Points where a given Line meets a given Circle, 73 

Imaginary Point*, 74 

Condition that Circle should touch either Axis, 75 

Equation of Tangent to a Circle at a given Point, 76, 78 

Condition that a Line should touch a Circle, 78 

Equation of Polar of a Point with regard to a Circle, 79 

Length of Tangent to a Circle, 81 

Line cut harmonically by a Circle, Point, and its Polar, 82 

Equation of pair of Tangents from a given Point to a Circle, 8? 

Circle through three Points, 82 

Condition that four Points should lie on a Circle, and ita Geometrical meaning, . 84 

Polar Equation of a Circle. 84 


CHAPTER VII. 

EXAMPLES ON CIRCLE. 

Circular Loci, 85 

Condition that intercept by Circle on a given Line may subtend a right Angle at a 

given Point, 88 

If two Chorda meet in a Point, Lines joining their extremities transversely meet on 

its Polar, 90 

Distances of two Points from the centre, proportional to the distance of each from 

Polar of other, 91 

Lines joining Vertices of Triangle to Vertices of Polar Triangle meet in a Point, . 92 

Expression of Co-ordinates of Point on Circle by auxiliary Angle, 93 

Theorem of Hexagon circumscribing a Circle, 98 

Problems where a variable Line always touches a Circle, 94 

Examples on Circle solved by Polar Co-ordinates, 93 


CHAPTER VIII. 


Equation of Circle circumscribing a Quadrilateral, 97 

Equation of Circle circumscribing Triangle a, / 3, y, 99 

Geometrical meaning of the Equation, 99 

Locus of Point such that Area of Triangle formed by feet of Perpendiculars from it 

on sides of Triangle may be given, 100 

Equation of Circle inscribed in a Triangle, 101 


b 


Digitized by Google 


X 


CONTENTS. 


CHAPTER IX. 

PROPERTIES OP TWO OR MORE CIRCLES. 

PAOB. 

Equation of radical Axis of two Circles, 103 

Locus of Points whence Tangents to two Circles have a given Ratio 101 

Radical Centre of three Circles, 105 

Properties of system of Circles having common radical Axis, 106 

The limit Points of the system, 107 

Properties of Circles cutting two Circles at constant Angles, 108 

Common Tangent to two Circles, . 108 

Centres of Similitude, 110 

Axis of similitude, 112 

To describe a Circle touching throe given Circles (see also p. 260), 114 

To describe a Circle cutting three at given Angles, 118 

Equation of Circle cutting three at right Angles (sec note, p. 321). 

C IT AFTER X. 

GENERAL EQUATION OF SECOND DEGREE. 

Number of Conditions which determine a Conic, 119 

Transformation to Parallel Axes of Equation of second Degree, 120 

Discussion of Quadratic which determines Points where Line meets a Conic, ... 120 

Equation of a Tangent, 122 

of Lines which meet Conic at infinity, 123 

Distinction of Ellipse, Hyperbola, and Parabola, 124 

Co-ordinates of centre of Conic, 12ft 

Equations of Diameters, 127 

Conjugate Diameters, • 129 

Equation of Polars, 131 

Harmonic Property of Polars (sec also p. 272), 132 

Polar properties of inscribed Quadrilateral (see also p. 310), 133 

Equation of pair of Tangents from given Point to a Conic (sec also p. 260), . . . 134 

Rectangles under Parallel Chords in constant ratio to each other, 134 

Case where one of the Lines meets the Curve at infinity, 136 

Condition that a given Line should touch a Conic (see also p. 251), 137 

Locus of centre of Conic through four Points (see also pp. 246, 285) 137 


CHAPTER XI. 

CENTRAL EQUATIONS, 

Transformation of general Equation to the centre, 138 

Centre, the Pole of the Line at infinity (see also p. 272), 139 

Equation of the Axes, how found, 140 

Functions of the Coefficients which are unaltered by transformation, 141 

Sum of Squares of Reciprocals of Semidiameters at right Angles is constant, . . . 143 

Tolar Equation of Ellipse, centre being Pole, 145 

Figure of Ellipse investigated, 145 

Geometrical construction for the Axes 14 C 


Digitized by Google 


CONTENTS. 


XI 


PAGE. 

Ordinates of Ellipse in given ratio to those of concentric Circle, 1 1C 

Figure of Hyperbola, 117 

Conjugate Hyperbola, 148 

Asymptote defined, US 

Eccentricity of a Conic given by general Equation, 119 

Equations of Tangents and Polara, 130 

Expression for Angle between two Tangents to a Conic, 151 

Conjugate Diameters: their Properties (sec also p. 144), 152 

Equilateral Hyperlx)la : its Properties, 164 

Length of central Perpendicular on Tangent, 151 

Angle between Conjugate Diameters, 155 

Locus of intersection of Tangents which cut at right Angles, 155 

Supplemental Chords, 166 

To construct a pair of Conjugate Diameters inclined at a given Angle, 157 

Noicm al : its Properties, 158 

To draw a Normal through a given Point, ICO 

Chon! subtending a right Angle at any Point on Conic passes through a fixed Point 

on Normal, 160 

Co-onlinates of intersection of two Normals, 1 G l 

Properties of Foci, 161 

Sum or difference of Focal Radii constant. 162 

Property of Focus and Directrix 163 

liectanglc under Focal Perpendiculars on Tangent is constant, 1 f> I 

Focal Hadji equally inclined to Tangent, 165 

Confocal Conics cut at right Angles. 163 

Tangents at imy Point equally inclined to Tangent to Confocal Conic through tire 

Point, 166 

Locus of foot »f Focal Perpendicular on Tangent, 107 

Angle subtended at the Focus by a Chord, bisected by Line joining Focus to its Pole, 168 
Line joining Focus to Pole of a Focal Chord is perpendicular to that Chord, ... 168 

Polar Equation : Focus being Pole, Hit) 

Segments of Focal Chord have constant Harmonic Mean 109 

Origin of names Parabola, Hyperbola, and Ellipse (see also p. 305), 170 

Asymptotes: how found, 171 

Intercepts on Chord Iwtwcen Curve ami Asymptotes are equal, 1 7 J 

Lilies joining two fixed to variable Point make constant Intercept on Asymptote, . 173 

CHAPTEK XII, 

THE PAKAROI.A. 

Transformation of the Equation to the form y* = jxr, 176 

Parabola the limit of the Ellipse when one Focus passes to infinity, 178 

Expression for Parameter of Parabola given by general Equation, 179 

ditto, given lengths of two Tangents and contained Angle (see also p. 195), 180 
Intercept on Axis by two Lines equal to projection of distance between their Poles, 181 

Subnormal Constant, 183 

Locus of foot of Perpendicular from Focus on Tangent, 185 


Digitized by Google 


Xll 


CONTENTS. 


TAOE. 

Locua of intersection of Tangents which cat at right Angles (sec also p. 261), . . 185 
Angle between two Tangents half that between corresponding Focal Radii, . . . 186 
Circle circumscribing Triangle formed by three Tangents passes through Focus (see 

also pp. 195, 249, 261), 187 

Polar Equation of Parabola, 187 


CHAPTER X11L 1 

EXAMPLES ON CONICS. 

Loci 189 

Focal Properties, .... 190 

Locus of Pole with respect to a series of Confocal Conics, 191 

If a Chord of a Conic pass through a fixed Point O, then tan |PFO . tan &P PQ is 

constant (see also p. 815), 191 

Locus of intersection of Normals at extremities of a Focal Chord, 192 

Examples on Parabola, * 193 

Three Perpendicnlara of Triangle formed by three Tangents intersect on Di- 
rectrix (see also p. 249), 193 

Radius of Circle circumscribing an inscribed Triangle, 193 

Locua of intersection of Tangents which cut at a given Angle (sec also p. 234), 194 

Locua of foot of Perpendicular from Focus on Normal, 194 

Co-ordinates of intersection of two Normals, 194 

Locua of intersection of Normals at the extremities of Chorda passing through 

a given Point, 194 

Given three Points on Equilateral Hyperbola, a fourth is given, 195 

Circle circumscribing any a*lf conjugate Triangle with respect to an Equilateral 

Hyperbola passes through centre, 195 

Locua of Intersection of Tangents which make a given Intercept on a giveu Tangent, 196 

Eccentric Angle, 196 

Construction for Conjugate Diameters, 197 

Radius of Circle circumscribing an inscribed Triangle (see also p, 816), . . . 199 

Similar Conic Sections, 201 

Condition that Conics should be similar, and similarly placed, 202 

Properties of similar Conics, 203 

Condition that Conics should be similar, but not similarly placed, 204 

Contact or Conics, 205 

Osculating Circle defined, 206 

Expressions and construction for Radius of Curvature (for geometrical proofs 

of these see p. 295), 207 

Condition that four Points of a Conic should lie on a Circle. 208 

Relation between three Points whose osculating Circles meet Conic again in 

the same Point 208 

Co-ordinates of centre of Curvature, 209 

Evolutes of Conics, 210 


Digitized by Google 


CONTENTS. xiii 

CHAPTER XIV. 

ABRIDGED NOTATION. 

PAGE. 

Equation of Conic passing through five given Points, 211 

Equations of Conica having double contact with each other, 212 

Every Parabola has a Tangent at infinity (see also p. 806), 213 

Similar and similarly placed Conica have common Pointa Hi infinity, 213 

if concentric, touch at infinity, 214 

all Circles have imaginary common Pointa at infinity, 215 

Anharmonic Property of Conica proved (see also p. 22 6), 216 

Extension of Property of Focus and Directrix, 217 

Result of substituting the Co-ordinates of any Point in the Equation of a Conic, . 217 
Property of Chords of Intersection of two Conics, each having double contact with 

a third. 217 

Diagonals of inscribed and circumscribed Quadrilateral pass through the same Point, 218 
Given two Points of a Conic having doable contact with a third, its Chord of Con - 
tact passes through a fixed Point, : 218 

If three Conica have each double contact with a fourth, their Chords of Intersection 

intersect in threes, 218 

Brianchon’s Theorem (see also pp. 93, 255), 219 

Given five Tangents, to find their Pointa of Contact, 219 

If three Conics have a common Chord, their other Chords intersect in a Point, , , 220 

Pascal’s Theorem (see also p. 283, 809), 221 

Steiner’s Supplement to Pascal’s Theorem (see also p. 317) t 222 

Meaning of Equation Dx -f Ey + F = 0, 223 

Condition that either Axis should be an Asymptote, 224 

Discussion of Equation LM = R>, 324 

Anharmonic Ratio of four Points on a Conic fABCD) = ( AB’CIV}, if the Lines 

AA\ See, meet in a Point, 226 

or if they touch a Conic having double contact with the given one, .... 228 
Locus of Vertex of Triangle whoso sides touch a given Conic, and baao Angles move 

on fixed lines (see also p. 809), 229 

To inscribe in a Conic a Triangle whose sides pass through fixed Points (see also 

pp. 244, 284), 230 

MacLaurin’s Method of generating Conics (see also pp. 281, 283), 230 

Generalizations of this Theorem, 231 

Discussion of Equation L* + M* = R*, 232 

application of it to the proof of Focal Properties, 232 

All Conics having same Foci have four imaginary common Tangents, 233 

Locus of Intersection of Tangents to a Parabola which cut at a given Angle, . . . 234 

Solution of the Problem of finding Envelopes, 235 

Equation of Conic having double contact with two given Conics, 237 

Locus of a Point whence sum or difference of Tangents to two Circles is constant, 238 

Equation of Conic touching four given Lines, 238 

Locus of Centre in this case (see also p. 248), 2S9 

Equation of Polar of a Point with regard to a Conic given by the general 

Equation, 240, 242 


Digitized by Google 


XIV 


CONTENTS. 


PAGE. 

Given four Points on a Couic, Locus of Pole of a fixed Point, or Envelope of Polar 

of fixed Line, ‘241 

Equation of Asymptotes to a Conic, 243 

Lines joining corresponding Vertices of Conjugate Triangles meet in a Point, . . 213 
Hearns Method of finding Locus of Centre of a Conic, four Conditions being Ki v e n » 21 <» 

Locus of Focus of Parabola touching throe fixed Lines, 211) 

Discriminants. 249 

Condition that a Line should touch a Conic, 251 

Condition that two Conics should touch each other, 252 


CHAPTER XV. 

Method of Reciprocal Polabs. 253 

Decree of Reciprocal in general, 251 

To describe a Conic having double contact with a given Conic, and touching 

three other such Conics, 257 

Polar of one Circle with regard to another, 259 

Reciprocation of Theorems concerning Angle* subtended at Focus, 200 

Reciprocals of equal Circles have same Parameter, 202 • 

Relation between Perpendiculars on Tangent from Vertices of a circumscribing 

Quadrilateral 203 

Proof by Reciprocation of Anharmonic Properties, 2G3 

of Theorems concerning Confocal Conics, 266 

Three Points whose Polara with regard to two Conics are the same, .... 267 

Equation of Reciprocal of a Conic with regard to any Point, 2G7, 268 

Equation of common Tangents to two Conies, 208 

their eight Points of Contact lie on the same Conic (see also p. 288), . . . 209 

Equation of pair of Tangents from any Point to a Conic, , 269 

Given Reciprocal with regard to one Point, to find Reciprocal with regard to 

another, 209 

Reciprocals with regard to a Parabola, 270 

Harmonic and Anharmonic Properties dkvkia>pkd . 271 

Asymptotes, together with two Conjugate Diameters, form Harmonic Pencil, 273 
Lines from two fixed Points to a variable Point, how cut any Parallel to 

Asymptote, . . - 274 

Parallels to Asymptotes through any Point on a Hyperbola, how cut any Dia- 
meter, 275 

Anharmonic Proi>erty of Tangents to a Paralxda, 275 

How any Tangent cuts two Parallel Tangents, 275 

Involution, 276 

Two pairs of Points determine a system, 277 

Centre and Foci, how found, 27 8 

System of Conics through four Points cut any Transversal in involution, . . 260 
Proof by Anharmonic Properties of MacLaurin's Method of generating Conics, . .281 

of Newtons Method of generating Conics, 281 

Chasles' extension of it, 282 

To inscribe a Polygon in a Conic whose sides pass through fixed Points. .... 282 


Digitized by Google 


CONTENTS. 


XV 


take. 


Proof of Pascal’s Theorem, 283 

Mac Lau rin’s Theorem deduced from PmciI's, 28-1 

Locus of centre of a Conic through four Points, 283 

Anal ytic Condition that four Points should form a Harmonic System 287 

Equation of Foci of a given System, 288 

Locus of a Point whence Tangents to two Conics form a Harmonic Pencil, . . . 288 

Method of Ihfisitksimalw, 289 

Determination of Areas of Conics, 21) 1 

Tangent to any Conic cuts off constant Area from similar and concentric Conic, . . 294 

Determination of Radii of Curvature, 295 

Excess of sum of two Tangents over included Arc, constant when Vertex moves on 

Confocal Ellipse 297 

Difference of Arc and Tangent constant from any Point on Confocal Hyperbola, . 297 

Fagnani'a Theorem, 298 

Locus of Vertex of Polygon circumscribing a Conic, when other Vertices move on 

Confocal Conics, 298 

Method op Projections. 299 

Ail Points at Infinity may be regarded as lying on a Right Line. 301 

Proof that even’ Section of a Cone is an Ellipse, Hyperbola, or Parabola, . . 304 

Origin of these names, 305 

Determination of Focus of Section of a Right Cone, 305 

Even.’ Paraljola has a Tangent at Infinity, 30ff 

Two Conics may both be projected into Circles, 308 

Conic may be projected so as to become a Circle, ami so that any given Line 

may pass to Infinity, 308 

Pascal’s Theorem proved by Projection, 300 

Projection of Proportion concerning Foci, 310 

of Properties concerning Eight Angles, 311 

concerning Angles in general, 313 

Method of deducing Properties of Plane Curves from those of Spherical, . . . 315 

Orthogonal Projection, . . . 315 

Radius of Circle rirrnmscribing an inscribed Triangle, 310 


NOTES. 

Theorems on complete Figure formed by six Points on a Conic, 817 

Theorems on Self-con jugate Triangles, 321 

Determination of a Conic, five Conditions being given, 322 


Digitized by Google 


ANALYTIC GEOMETRY. 



Aiit. 1 . Geometrical theorems may be divided into two classes : 
theorems concerning the magnitude of lines, and concerning their 
position ; for example, that “ the square of the hypotenuse is 
equal to the sum of the squares of the sides,” is a theorem con- 
cerning magnitude ; that “ the three perpendiculars of a triangle 
meet in a point,” is a theorem concerning position. 

Theorems of the former class can easily be expressed algebrai- 
cally. To take the example already given, if the lengths of the 
sides of a right-angled triangle be a, b, c, the proposition alluded 
to is written e* = a 1 + b ’. The learner is probably already familiar 
with this application of algebra to geometry, as the propositions of 
the Second Book of Euclid all relate merely to the magnitude of 
lines, and the demonstration of them is much simplified by the use 
of algebraical symbols. But it is by no means so easy to see how 
to express algebraically theorems involving the position of lines. 
Accordingly, although algebra was, soon after its introduction 
into Europe, applied to the solution of the first class of questions, 
its use was not extended to this latter class until the year 1G37, 
when Des Cartes, by the publication of his “ Geometrie," laid the 
foundation of the science on which we are about to enter. 

2. The following method of determining the position of any 

u 
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THE POINT. 


point on a plane is that introduced by Des Cartes, and generally 
used by succeeding geometers. 

We are supposed to be given the position of two fixed right 
lines, XX', Y4 TI , intersecting in the point O. Now, if through 
any point P we draw PM, PN, parallel to YY' and XX', it is 
plain that, if we knew the position of the point P, we should 
know the lengths of the parallels PM, PN, or, vice versa, that 
if we knew the lengths of PM, 

PN, we should know the posi- 
tion of the point O. ^ [ P 

Suppose, for example, that 
we were given PN = a, PM = b, 
we need only measure OM = a 
and ON = b, and draw the par- 
allels PM, PN, which will in- 
tersect in the point required. 

It is usual to denote PM 
parallel to OY by the letter y, 
and PN parallel to OX by the 
letter x, and the point P is said to be determined by the two equa- 
tions x - a, y = b. 

3. The parallels PM, PN, are called the co-ordinates of the 
point P ; that parallel to YY' is often called the ordinate of the 
point P ; and that parallel to XX' the abscissa. 

The fixed lines XX' and YY' are termed the axes of co-ordi- 
nates, and the point O, in which they intersect, is called the 
oriyin. The axes are said to be rectangular or oblique, according 
as the angle at which they intersect is a right angle or oblique. 

It will readily be seen that the co-ordinates of the point M 
on the preceding figure are x => a, y = 0 ; that those of the point 
N are x = 0, y = b ; and that those of the origin itself are x ■= 0, 
y = 0. 

4. In order that the equations x = a, y = b, should only be sa- 
tisfied by one point, it is necessary to pay attention, not only to the 
magnitudes, but also to the signs of the co-ordinates. 

If we paid no attention to the signs of the co-ordinates, we 
might measure OM = a and ON = b, on either side of the origin, 



s- J 
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THE POINT. 


3 


and any of the four points, P, P„ P s , P 3 , would satisfy the equa- 
tions x = a, y = b. It is possible, however, to distinguish alge- 
braically between the lines OM, OM' (which are equal in magni- 
tude, but opposite in direction) by giving them different signs. 


We lay down a nde, that if 
lines measured in one direc- 
tion be considered as positive, 
lines measured in the oppo- 
site direction must be consi- 
dered as negative. It is, of 
course, arbitrary in which 
direction we measure positive i 
lines, but it is customary to 
consider OM (measured to 
the right hand)andON (mea- 
sured upwards ) as positive, 
and OM', ON' (measured in 
the opposite directions) as ne- 
gative lines. 



Introducing these conventions, the four points, P, P„ P„ P a , 


arc easily distinguished. Their co-ordinates arc, respectively, 


x = + a 

x = -a 


y « + b 

<< 

II 

+ 

<2- 

■c 

1 

II 


These distinctions of sign can present no difficulty to the learner, 
who is supposed to be already familiar with the principles of tri- 
gonometry. 

It appears from what has been said, that the points 
x = + a, y = + b, and x ■ - a, y = - h, 

lie on a right line passing through the origin; that they are 
equidistant from the origin, and on opposite sides of it. 

N. B. — The points whose co-ordinates are x » a, y = b, or 
x = x, y = y, are generally briefly designated as the point ab, 
the point x'y. 


5. Given the co-ordinates of two points x'y, aff, to express 
the distance between them, the axes of co-ordinates being supposed 
rectangular. 
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By Euclid, I. 47, 

PQ’ - PS* + SQ’, but PS = PM - QM' = y - y, 
and QS = OM - OM' = x' - x " ; 
hence S’ = PQ’ = ( 2 / - xj 2 + (y' - y"y. 


To express the distance of any point from the origin, we must 
make x" = 0, rf = 0, in the 

above, and we find Y, x'y 


& = X 2 + y’ 2 . 

6. In the following pages 
we shall but seldom have oc- 

Q 

*y 


s 

casion to make use of oblique 
co-ordinates, since formula: are, 

X 

o 

M X 


in general, much simplified by 
the use of rectangular axes ; y' 

as, however, oblique co-ordi- 
nates may sometimes be employed with advantage, we shall give 
the principal formula: in their most general form. 

Suppose, in the last figure, the angle Y OX oblique and = id, 

then PSQ = 180° - id, 

and PQ 3 = PS’ + QS’ - 2PS . QS . cos PSQ, 

or, PQ’ = (y - y")' + (*' - x”)’ + 2(y' - y”) (x' - x") cos id. 

Similarly, the square of the distance of a point, x'y, from the 
origin * x' 1 + y' 2 + l.r'y cos id. 

In applying these formula:, attention must be paid to the signs 
of the co-ordinates. If the point Q, lor example, were in the 
angle XOY', the sign of y" would be changed, and the line PS 
would be the sum and not the difference of y and y". 

Ex. 1 . To find the lengths of the sides of a triangle the co-ordinates of whose vertices 
are x = 2, y — 3 ; x" = 4, y = - 5 ; x m = - 8, y m = — 6, the axes being rectangular. 

Ant. V68, V50, V106. 

Ex. 2, Find the lengths of the sides of a triangle the co-ordinates of whose vertices 
are the same as in the last example, the axes being inclined at an angle of CO*. 

Ant. V62, V57, V151. 

7. Given the co-ordinates of two points, x'y, x'y", to find the 
co-ordinates of the point cutting the line joining them, in a given 
ratio m : n. 
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Let r, y be the co-ordinates of the point R which we seek to 
determine, then 



If the line were to be cut externally in the given ratio, we should 
have 

m : n : : x - x' : x - x“, 

and therefore 


mx!‘ - nx 
m - n ’ 


y = 


mtf - nxj 


We can sufficiently dist inguish the cases of internal and external 
section, if we agree that to cut a line in the ratio m : + n shall 
denote to cut it internally in a certain ratio ; and that to cut in the 
ratio m : — n shall denote to cut it externally in the same ratio : 
for the formulas for external section are obtained from those for 
internal section by changing the sign of either m or n. 


Ex. 1. To find the co-ordinates of the middle point of the line joining the points 


xy, xy . 


Ant. x = 


x + x" 


y = 


y' + y' 


Ex. 2. To find the co-ordinates of the middle point* of the side* of the triangle the 
co-ordinates of whose vertices are (2, 8), (4, - 6), (- 8, - G). 




Ex. 3. The line joining the points (2, 3), (4, — 5) is trisected : to find the co-ordi- 


nates of the point of trisection nearest the former point. 


Ant. x = 


Ex. 4. The co-ordinates of the vertices of a triangle being xy\ x"y', x'y, to find 
the co-ordinates of the point of trisection (remote from the vertex) of the line joining any 
vertex to the middle point of the opposite side. 


Ant. x 


x‘ + x" -+ x" 
3 1 


y 


y 1 + y + y m 

8 
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Ex. 6. To find the co-ordinates of tho intersection of the bisectors of sides of the 
triangle, the co-ordinates of whose vertices are given in Ex. 2. 

8 

Am. x » 1, y » - g. 

Ex. 6. Any side of a triangle is cut in the ratio m : a, and the line joining this to the 
opposite vertex is cut in the ratio m -f n : / ; to find the co-ordinates of the point of section. 

ir'+ mx' + ax" ly + my 9 • nu" 

Am. X =s — •, y m - “ — . 

/ -f m + n I 4- a I a 

8. Transformation of Co-ordinates When we know the co- 

ordinates of a point referred to one pair of axes, it is frequently 
necessary to find its co-ordinates referred to another pair of axes. 
This operation is called the transformation of co-ordinates. 

W e shall consider three cases separately : first, we shall sup- 
pose the origin changed, but the new axes parallel to the old ; 
secondly, we shall sup- 
pose the direction of 
the axes changed, but 
the origin to remain 
unaltered ; and thirdly, 
we shall examine the 
case when both origin 
and direction of the 
axes are altered. 

First. Let the new 
axes be parallel to the old. 

Let Ox, O y, be the old axes, O'X, O'Y, the new axes. Let 
the co-ordinates of the new origin referred to the old be x, y, or 
O S = x, O'R = y. Let the old co-ordinates be x, y, the new 
X, Y, then we have 

OM = Oil + RM, and PM - PN + NM, 

that is, 

x = x + X, and y *= rj + Y. 

These formula; are, evidently, equally true, whether the axes 
be oblique or rectangular. 

9. Next, let the direction of the axes be changed, while the 
origin is unaltered. 

( 1 .) W e shall commence with the case where both systems are 
rectangular, and we shall denote by 6 the angle xOX = yOY. 
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Then PM = PS + NR ; OM = OR - SN. 

But since the angle 

SPN = iOX = e, 

PS =PN cos 0, NR = ON sin 9 ; 

OR = ON cos 0, SN = PN sin0. 

W e have, therefore, 

y = Y cos0 + X sin0, 
x = X cos 0 - Y sin 0. 

(2.) In general let the angles between the axes be any what- 
ever. In the figure then PS, PN are drawn parallel to 0 y, OY, 
and NS to Ox. Then, as before, 

PM - PS + NR. 



We have no longer PS = PN cos SPN, since PSN is not sup- 
posed a right angle ; but 

PS : PN : : sinPNS (= sinYO-r) : sin PSN (= sinyOx) ; 

PN sin Y Ox 


.-. PS = 


sin yOx ’ 


Hence 


NR : ON : : sinxOX : sin NRO (« sinyOx), 

ON sinxOX 

.-. IsR = ; — ^ • 

SinyOx 

y sinxOy = Y sinxOY + X sinxOX. 


From symmetry we can write down 

x sinyOx = X sinyOX + Y sinyOY. 

In using these formula;, however, attention must be paid to 
the signs of the angles concerned in them. 

The sign + is to be used when the angles xOy, xOY, xOX, 
are all measured on the same side of Ox ; and yOx, y OX, yOY, 
on the same side of 0 y. 

In the case represented in the figure, the angle yOY lies on 
the opposite side of Oy from the angles yOx and yOX, and the 
formula would become 


x siny Ox = X sinyOX - Y sinyOY. 

It will often be convenient to write these formula; as follows : 
let the angle between the old axes yOx = <■> : let the angle thnt 


i 
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the new axis of X makes with the old, XO-r = a ; let YOx = /3 : 
then the formulas become . 

y sino» = X sin a + Y sin/3 
x sinii> = X sin(w - o) + Y sin (ai - /3). 

1 0. Lastly, by combining the transformations of the two pre- 
ceding articles, we can find the co-ordinates of a point referred to 
two new axes in any position whatever. We first find the co- 
ordinates (by Art. 8) referred to a pair of axes through the new 
origin parallel to the old axes, and then (by Art. 9) we can find 
the co-ordinates referred to the required axes. 

The general expressions are obviously obtained by adding x 
and y to the values for x and y given in the last article. 

Ex. 1. The co-ordinates of a point satisfy the relation x* + y* - 4x — 6y = 18 ; 
what will this become if the origin be transformed to the point (2, 8)? 

Ant. X* + Y* = 31. 

Ex. 2. The co-ordinates of a point to one set of rectangular axes satisfy the relation 
y* - x* = 6 : what will this become if transformed to axes bisecting the angles betw-een 
the given axes? Ant. XY = 3. 

Ex. 3. Transform the equation 2x* - 5 zy + 2y* = 4 from axes inclined to each other 
at an angle of 60°, to the right lines which bisect the Angles between the given axes. 

Ant. X* - 27Y* + 12 = 0. 

Ex. 4. Transform the same equation to rectangular axes, retaining the old axis of x. 

Ant. 8X2 + 10 Y* - 7XYV3 = 6. 

Ex. 6. It is evident that when we change from one set of rectangular axes to another, 
x* •+ y* must = X* -f- Y J , since both express the square of the distance of a point from tho 
origin. Verify this by squaring and adding the expressions forX and Y in Art. 9. 

Ex. 6. Verify in like manner In general that 

x* + y* + 2xy cosjOy = X* + Y* + 2XY cosXOY. 

1 1 . The degree of any equation between the co-ordinates is not 
altered by transformation of co-ordinates. 

Transformation cannot increase the degree of the equation : 
for if the highest terms in the given equation be xf",y m , Ac., those 
in the transformed equation will be 

[z'sinoi + arsin(a >-a) +y sin(<i>-/3) j", (y8ina> + x sina + y sin/3)", 
&c., -which evidently cannot contain powers of x or y above the 
m' h degree. Neither can transformation diminish the degree of 
an equation, since by transforming the transformed equation back 
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ugain to the old axes, wc must fall back on the original equation, 
and if the first transformation had diminished the degree of the 
equation, the second should increase it, contrary to what has been 
just proved. 

12. Polar Co-ordinates . — Beside the method of expressing 
the position of a point which we have hitherto made use of, there 
is also another which is often em- 
ployed. P 

If we were given a fixed point 
O, and a fixed line through it, OB, 
it is evident that we should know 
the position of any point, P, if we o 
knew the length OP, and also the 
angle POB. The line OP is called the radius vector ; the fixed 
point is called the pole ; and this method is called the method of 
polar co-ordinates. 

It is very easy, being given the x and y co-ordinates of a 
point, to find its polar ones, or 
vice versa. 

First, let the fixed line coin- 
cide with the axis of x, then 
we have 

OP : PM : : sin PMO : sin POM ; 

denoting OP by p, POM by 0, 
and YOX by u > ; then 




PM or y = ^ n — ; and similarly, OM = x = _ P in(u) 0) ^ 

sin w ; sin to 

For the more ordinary case of rectangular co-ordinates, ca= 90°, 


and we have simply 

x = pcosO and y = p sin0. 
Secondly. Let the fixed line 
OB not coincide with the axis of 
x, but make with it an angle = a, 
then 

POB = 0 and POM = 0 - o, 



X 


and we have only to substitute 0-a for 0 in the preceding formulae. 


c 
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For rectangular co-ordinates we have 

x = p cos(0 - a) and y = p sin(0 - a). 


Ex. 1. Change to polar co-ordinates, the following e<]uationa in rectangular co- 
ordinatea. x 3 t y 1 " 5»ix. Ant. p — 5m coa9. 

x 3 — y 3 = a*. Ant. p 3 cos 20 = a'. 


Ex. 2. Change to rectangular co-ordinatea the following equations in polar co-ordi- 
natea. p 3 sin 20 2a*. -! ni. xy = a 3 . 

p« = a 3 coa 20. Ant. (x 3 + y 3 ) 3 = a 3 (x 3 — y 3 ). 

pi cos }0 => a*. .-fas. x 3 + y 3 = (2a - x) 3 . 

p* = cos J0. Ant. (2x 3 + 2y* — ax) 3 = a*(x 3 + y 3 ). 


1 3. To express the distance between two points, in terms of their 
polar co-ordinates. 

Let P and Q be the two points, 

OP = P ', POB = Of ; 

OQ = P \ QOB = 0 " ; 

then 

PQ’ = OP 1 + OQ’ - 20P OQ • cos POQ, 
or S’ = p" 1 + p”* - 2 p'p" cos (O'* - O'). 



CHAPTER II. 

THE RIGHT LINE. 

14. We saw, in the last chapter, that wc could determine the 
position of a point, being given two equations regarding its co- 
ordinates, of the form x = a, y = b. It is evident that we could 
equally determine the point, had wc been given any two equa- 
tions of the first degree between its co-ordinates, such as 
Ax + By + C = 0, A'x + By + C' = 0, 
for we have here two equations between two unknown quanti- 
ties, which we can solve by eliminating y and x alternately between 
them, and obtain two results of the form 
x = a, y = b. 

Ex. Wliat point is denoted by the equations 3x + 5y = 13, Ax - y = 2? 

An$. x =- 1, y ^ 2. 
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15. Two equations of higher order between the co-ordinates 
would represent, not one , but a determinate number of points. 
For, eliminating y between the equations, we obtain an equation 
containing j6 only ; let its roots be <n, a 3 , a 3 , &c. Now, if we sub- 
stitute any of these values (a,) for x in the original equations, we 
get two equations in y, which must have a common root (since 
the result of elimination between the equations is rendered = 0 
by the supposition x = a,). Let this common root be y = 
Then the point whose co-ordinates are x = a» y = ji t , will at once 
satisfy both the given equations ; and so, in like manner, will the 
point whose co-ordinates arc a: = a 2 , y = /3j, &c. 

If the given equations were of the m ,h and n lh degrees respec- 
tively, the equation iu x would (by the theory of elimination, see 
Lacroix’s Algebra, § 196, p. 278; Young’s Algebra, § 124, p. 229) 
be of the mn' h degree, and consequently there would be mn roots 
a„ a 3 , &c., and, therefore, mn points represented by the two 
equations. 

Ex. 1. What points are represented by the two equations x 2 4- y 2 = 5, xy = 2 ? 
Eliminating y between the equations, we get x* — 5x* 4 4 = 0. The roots of this 
equation are x* = 1 and x* = 4, and, therefore, the four values of x are 
x = + 1, x = — 1, x = -4 2, x = — 2. 

Substituting any of these in the second equation, wo obtain the corresponding values 
ofy, y = + 2, y = -2, y = + 1, y = - 1.. 

The two given equations, therefore, represent the four points 

(+ 1 , + 2 ), (- 1 , - 2 ), (+ 2 , + 1 ), (- 2 , - 1 ). 

Ex. 2. What points are denoted by the equations 

x-y = l, x» + y» = 25? Ant. (4, 8), (- 3, - 4). 

Ex. 3. What points are denoted by the equations 
x« - fix + y + 8 = 0, x« + y* - 6x - 3y + 6 = 0? Ant, (1, 1), (2, 3), (3, 8), (4, 1). 

16. Having seen that any two equations between the co-ordi- 
nates represent geometrically one or more points, we proceed to 
inquire the geometrical signification of a single equation between 
the co-ordinates. We shall find the case to be similar to the so- 
lution of a class of geometrical problems, with which the learner 
is familiar. We can determine a triangle, being given the base 
and any other two conditions, but had we been given only one 
other condition, the vertex, though no longer determined in posi- 
tion, would still be limited to a certain locus. So we shall find, 
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that although one equation between the two co-ordinates is not 
sufficient to determine a point, it is, however, sufficient to limit it 
to a certain locus. In fact, the equation asserts, that a certain 
relation subsists between the co-ordinates of every point repre- 
sented by it. Now, although this relation will not in general 
subsist between the co-ordinates of any point taken at random, 
yet there will be more points than one for which this relation will 
be true ; the assemblage of these points will form a locus of points 
whose co-ordinates satisfy the equation, and this locus is consi- 
dered the geometrical signification of the given equation. 

That a single equation between the co-ordinates signifies a 
locus, we shall first illustrate by the simplest example. Let us 
recall the construction by which 
(p. 2) we determined the posi- 
tion of a point from the two 
equations x = a, y - b. We 
took OM = a ; we drew 11 K 
parallel to OY ; and then, mea- 
suring MP°i, we found P, the 
point required. Had we been 
given a different value of y , 
x = a, y ■= U, we should proceed 
as before, and we should find a point P still situated on the line 
MK, but at a different distance from II. Lastly, if the value of 
y were left wholly indeterminate, and we were merely given the 
single equation x - a, we should know tliat the point P was si- 
tuated someichere on the line II Iv, but its position in that line 
would not be determined. Hence the line MK is the locus of all 
the points represented by the equation x = a, since, whatever point 
we take on the line 11K, the x of that j>oint will always = a. 

17. In general, if we were given an equation of any degree 
between the co-ordinates, let us assume for x any value we please 
(x = a), and the equation will enable us to determine a finite 
number of values of y answering to this particular value of x, and, 
consequently, the equation will be satisfied for each of the points 
(p, q, r, &c), whose x is the assumed value, and whose y is that 
found from the equation. Again, assume for x any other value 


Y K 
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(x *= «'), and we find, in like manner, another series of points, 
p , q', r, whose co-ordinates satisfy the equation. So again, if we 
assume x - a" or x = a'", &c. Now, if a: take successively all pos- 
sible values, the assem- 
blage of points found 
as above will form a 
locus , every point of 
which satisfies the con- 
ditions of the equation, 
and which is, therefore, 
its geometrical signifi- 
cation. We see then 
that every equation we 
can write down between 
the co-ordinates x and y must represent geometrically a locus of 
some kind. It is on this consideration that the whole science of 
Analytic Geometry is founded. 



18. It is the business of Analytic Geometry to investigate 
the nature of the different loci represented by different equations. 
Then, having once ascertained the locus represented by a given 
equation (for example, Ax + By + C = 0), if we find this relation 
subsisting between the co-ordinates of any point, we shall be sure 
that this point lies on the locus so determined, and, vice versa, if 
we take any point on the locus, we shall know that this relation 
will exist between its co-ordinates. 

These loci are classified according to the degrees of the equa- 
tions representing them, being said to be of the m lk , n ,k , or p' k , 
&c., degree, according as the equations representing them are of 
the m' k , n' k , or p' k degree between x and y. 

We commence with the equation of the first degree, and we 
shall find that tliis always represents a right line, and, conversely, 
that the equation of a right line is always of the first degree. 

19. We have already (Art. 16) examined the simplest case of 
an equation of the first degree, namely, the equation x = a, nnd 
we found that an equation of this form represents a right line PM 
parallel to the axis 0 Y, and meeting the axis OX at a distance 
from the origin OM = to a. Similarly, the equation y = b repre- 
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sents a line PN parallel to the axis OX, and meeting the axis 
OY at a distance from the origin ON = b. 

Let us now proceed to examine the case next in order of sim- 
plicity, that of a right line passing through the origin, and let us 
consider what relation subsists between the co-ordinates of points 
situated on such a line. 

If we take any point P on 
such a line, we see that both 
the co-ordinates PM, OM, 
will vary in length, but that 
the ratio PM : Oil will be 
constant, being = to the ratio 

sin POM : sin MPO. 

Hence we see, that the equa- 
tion 

sin POM 
^ ° smMPO 

will be satisfied for every 
point of the line OP, and, 
therefore, tills equation is said to be the equation of the line OP. 

Conversely, if we were asked what locus was represented by 
the equation 

y - nuc, 

write the equation in the form ~ - m, and the question is, “ to 

find the locus of a point P, such that, if we draw PM, PN parallel 
to two fixed lines, the ratio PM : PN may be constant.” Now 
this locus evidently is a right line OP, passing through O, the 
point of intersection of the two fixed lines, and dividing the angle 
between them in such a manner that 

sin POM = m sin PON. 

If the axes be rectangular, sin PON = cos POM, therefore, 
m ■= tan POM, and the equation y = nut represents a right line 
passing through the origin, and making an angle with the axis of 
x, whose tangent is m. 

20. An equation of the form y = + mx will denote a line OP, 


Y 
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situated in the angles YOX, Y'OX'. On the contrary, an equa- 
tion of the form y = - mx will denote a line OP', situated in the 
angles Y'OX, YOX'. 

For it appears, from the equation y = + mx, that whenever x 
is positive y will be positive, and whenever x is negative y will be 
negative. Points, therefore, represented by this equation, must 
have their co-ordinates either both positive or both negative, and 
such points we saw (Art. 4) lie only in the angles YOX, Y'OX'. 
On the contrary, in order to satisfy the equation y = - mx, if x be 
positive y must be negative, and if x be negative y must be posi- 
tive. Points, therefore, satisfying this equation, will have their 
co-ordinates of different signs, and must, therefore (Art. 4), lie in 
the angles Y'OX, YOX'. 

21. Let us now exa- 
mine how to represent a 
right line PQ, situated in 
any manner with regard to 
the axes. 

Draw OR through the 
origin parallel to PQ, and 
let the ordinate PM meet 
OR in R. Now it is plain 
(as in Art. 19), that the 
ratio RM : OM will be always constant (RM always equal, sup- 
pose, to m . OM) ; but the ordinate PM differs from RM by the 
constant length PR = OQ, which we shall call b. Hence we may 
write down the equation 

PM = RM + PR, or PM = m . OM + PR, 

that is, 

y = mx + b. 

The equation, therefore, y = mx + b, being satisfied by every 
point of the line PQ, is said to be the equation of that line. 

It appears from the last Article, that m will be positive or 
negative according as OR, parallel to the right line PQ, lies in 
the angle YOX, or Y'OX. And, again, b will be positive or 
negative according as the point Q, in which the line meets OY, 
lies above or below the origin. 


Y 
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Conversely, the equation y = mx + b will always denote a right 
line j for the equation can be put into the form 


x 

Now, since if we draw the line QT parallel to Oil, Til will be 
= b, and PT therefore = y - b, the question becomes : “ To find 
the locus of a point, such that, if we draw PT parallel to OY to 
meet the fixed line QT, PT may be to QT in a constant ratio 
and this locus evidently is the right line PQ passing through Q. 

The most general equation of the first degree, Ax + By + C = 0, 
can obviously be reduced to the form y = mx + b, since it is equi- 
valent to AC 

this equation therefore always represents a right line. 

22. From the last Articles we are able to ascertain the geo- 
metrical meaning of the constants in the equation of a right line. 
If the right line represented by the equation y = mx + b make an 
angle *= a with the axis of x, and = ji with the axis of y, then 
(Art. 19) sin a 

»» = -j-tt; 
smp 

and if the axes be rectangular, m - tana. 

We saw (Art. 21) that b is the intercept which the line cuts 
off on the axis of y. 

If the equation be given in the general form A.r + By + C «> 0, 
we can reduce it, as in the last Article, to the form y = mx + b, 
and we find that A sin a 

~ B = smS’ 

C 

or if the axes be rectangular = tan a ; and that - g is the length 

of the intercept made by the line on the axis of y. 

Cor The lines y = mx + b, y = mx + V will be parallel to 

each other if m - in', since then they will both make the same 

angle with the axis. Similarly the lines Ax + By + C = 0, 

A!x + B'y -*-0 =0, will be parallel if 

A A' 

B = B'’ 
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Beside the forms Ax + By + C = 0 and y = mx + b, there are 
two other forms in which the equation of a right line is frequently 
used ; these we next proceed to lay before the reader. 


23. To find the lengths of the intercepts which the line MN, 
whose equation is Ax + By + C = 0, cuts off on the axes. 

We found in the last 
Article the length of one 
of these intercepts, by 
comparing the present 
equation with the equa- 
tion y = mx + b. W c pre- 
fer, however, in the pre- 
sent Article, to investi- 
gate the same question 
directly, by the help of 
an important principle 
already alluded to (Art. 

18). The co-ordinates of every point of the line MN must of 
course satisfy the given equation, therefore so must the co-ordi- 
nates of the point M, where this line meets the axis of x. Now 
for every point on the axis of x, y = 0 (Art. 3), therefore, for the 
point M, the equation gives Ax + C = 0, but the x of the point 
M is the intercept OM, whose length is required ; therefore, 

OM = - §. 

Similarly, 0 N = - 

Hence it is easy to find the equation of a line which shall cut 
off intercepts on the axes, OM = a and ON ■= b. 

The general equation of a right line is 

A B 

Ax + By + C = 0, or + ^y + 1 = 0 ; 

V L 

but A 1 _ 1 , B 1 1 

C " " OM “ a’ C " ON “ ' 6 : 



therefore, the equation of the right line required is 

1 . 


x y 

- + v 

a b 


D 
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This is the equation of the right line in terms of the intercepts it 
cuts off on the axes. It evidently holds whether the axes be ob- 
lique or rectangular. 

It is plain that the position of the line will vary with the 
signs of the quantities a and b. For example, the given equation 


CC 1/ . • • • 

- + ^ = 1, which cuts off positive intercepts on both axes, repre- 
sents the line MN on the preceding figure ; 

— ^ = 1 , cutting off a positive intercept on the axis of x, and a 
a b 

negative intercept on the axis of g, represents MN'. 

Similarly, y x , . x ,,,, 

J i - _ = 1 represents JS M ; 
b a 


and 


X t/ 

- + - - 1 represents M’N'. 

a b 


• The student will find no difficulty in examining for himself 
how changes in the signs of A, B, or C affect the position of the 
line represented by the general equation 
Ax + By + C = 0. 


Ex. 1. Examine the position of the following lines, and find the intercepts they make 
on the axes. 2x - 3y = 7 ; 3x + 4y 4- 9 = 0 ; 

3x + 2y = 6; 4y — 5x = 20. 

Ex. 2. The sides of a triangle being taken for axes, form the equation of the line 
joining the points which cut off the m ** part of each, and show, by Art. 22, that it is 

parallel to the base. x v 

An*. — -i - = 1. 

via mb 


24. If we suppose A = 0 in the general equation, the intor- 

C 

cept - made by the line on the axis of x becomes infinite. 


Hence the line By + C = 0 cuts the axis of x at an infinite distance, 
or, in other words, is parallel to it. This agrees with Art. 16. 
The distance from the origin at which this parallel meets the 

axis of g (Art. 22), is - g. If, therefore, 0 = 0, this distance will 

vanish, nnd the equation g = 0 represents the axis of x itself. 

Similarly, Ax + C = 0 denotes a line parallel to the axis of g, 
and * = 0 the axis of g itself. 
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25. To express the equation of a right line in terms of the length 
of the perpendicular on it from the origin, and of the angles which 
this perpendicular makes with the axes. 

Let the length of the perpendicular OP = p, the angle POM 
which it makes with the axis of x = a, ■ 


PON * ft, OM = a, ON = b. 

We saw (Art. 23) that the equa- 
tion of the right line MN was 


Multiply tills equation by p, and we 
have v n 

- a * + L b ymp - 



But — = cos a ; = cos ft ; therefore the equation of the line is 

a b . 

xcoaa + y cos ft = p. 

In rectangular co-ordinates, which we shall most generally 
use, we have ft = 90° - a. Hence, x cos a + y sin a ■= p is the 
equation, referred to rectangular co-ordinates, of a line, the per- 
pendicular on which from the origin makes an angle = a with the 
axis of x, and is in length = p. 

If we had been given the equation of a right line in the gene- 
ral form Ax + liy + C = 0, it is easy to reduce it to the form 
x cos a + y sin a = p ; for, divide the first by d ( A* + B z ), and we 
have A B C 

V(A» + B>)* + 7^V‘7F) y + 7(A* + B») = °‘ 

But we may take 

V(A^-B’) “ C0S and 7( A^TF) = 8in - 

since the sum of squares of these two quantities = 1. 


Hence we learn, that ^V A , + B ,v a "d are respec- 

tively the cosine and sine of the angle which the jwrpcndicular 
from the origin on the line (Aar + By + C = 0) makes with the 


axis of x, and that 


C 

V(A , + B J ) 


is the length of this perpendicular. 
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The square root in these values is, of course, susceptible of a 
double sign ; since the equation may be reduced to either of the 
forms 

x cos a + y cos/3 - p = 0, a; cos(a + 180°) + y cos(/3 + 180°) + p - 0. 

* 26. To reduce the equation Ax + By + C = 0 ( referred to 
oblique co-ordinates ), to the form x cos a + y cos ji ■» p. 

Let us suppose that the given equation when multiplied by a 
certain factor K is reduced to the required form, then It A = cos a, 
ItB = cos /3. But it can easily be proved that, if a and /3 be any 
two angles whose sum is &», we shall have 

cos’ a + cos 5 /3 - 2 cos a cos |3 cos to = sin 5 to. 

Hence R 5 (A 5 + B 5 - 2 AB cos to) = sin 5 to, 

and the equation reduced to the required form is 
A sin to B sin to 

7{A J +B 5 - 2ABcosa>)' r + 7(A*+B 5 -2ABco8 W ) y 
C sin to 

+ V (A a + Ii l - 2AB cosiu) = 

And we learn that 

A sin to B sin to 

V ( A’+ B 5 - 2 AB cos to)’ (A 5 + B 5 - 2 ABcob<i>)’ 

are respectively the cosines of the angles that the perpendicular 
from the origin on the line Ax + By + C «= 0, makes with the 

C sin to 

+ B 5 -2ABcosa>) 
this perpendicular. This length may be more easily calculated 
by dividing the double area of the triangle NOM, (ON.OM sin w) 
by the length of 11N, expressions for which are easily found. 

27. To find the length of the perpendicular from any point x'f, 
on the line whose equation is x cos a + y cos (3 - p - 0. 

We shall show that, it is found by substituting the co-ordinates 
x, y’, for x and y in the given equation, and is equal to 
4 (x‘ cos a + y cos ft - p). 

For, from the given point Q draw QR parallel to the given line, 
and QS perpendicular. Then 

OK ■= x, and OT will be = x’ cos a. 


is the length of 


axes of x and y ; and that 


V^(A 5 


Digitized by Google 



THE RIGHT LINE. 


21 


Again, since 

\ R 


SQK = ft, and QK = y, 


Q 

RT = QS = y cos ft ; 

T// > y 

hence 

/ c\ > 


x' cos a + y cos ft = OR. 

/ O N. 

\ 

Subtract OP the perpendicular 

o KM 

from the origin, and 

1 


x ' cos a y cos ft - p = PR = the 



perpendicular QV. Q. E. D. 




But if in the figure the point Q had been taken on the side of 
the line next the origin, we should have obtained for the perpen- 
dicular the expression p - x cos a - y cos ft ; and we see that the 
perpendicular changes sign as we pass from one side of the line to 
the other. It is arbitrary on which side of the line we shall re- 
gard the perpendicular as positive. If we choose that form to 
represent .the perpendicular in which the absolute term is posi- 
tive, then it is easy to see that the perpendiculars which fall on 
the side of the line next the origin are to be regarded as positive, 
and those on the other side as negative ; and vice versa if we choose 
the other form. 

If the equation of the line had been given in the form 
Ax + By + C = 0, we have only to reduce it to the form 
x cos a + y cos ft - p = 0, 

and the length of the perpendicular from any point x'y'. 

Ax' + B// + C ( Ax' + By' + C) sin w 

= "y (A» + S*)"’ ° r 7(A*T B 2 -^2AlTco3 wf 

according as the axes are rectangular or oblique. By comparing 
the expression for the perpendicular from x'y with that for the 
perpendicular from the origin, we see that x'\f lies on the same 
side of the line as the origin when Ax' + By' + C has the same 
sign as C, and vice versa. 

The condition that any point x'y' should be on the right line 
Ax + By + C = 0, is, of course, that the co-ordinates x’y should 
satisfy the given equation, or 

Ax' + By' + C - 0. 
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And the present Article shows that this condition is merely the 
algebraical statement of the fact, that the perpendicular from the 
point x'y on the given line is *» 0. 


Ex. 1. Find the length of the perpendicular from the origin on the line 
3x + 4y -H 20 = 0, 

axes being rectangular. An*. 4. 

Ex. 2. Find the length of the perpendicular from the point (2, 3) on 2x + y — 4 = 0. 
3 

An*. — : and the given point is on the side remote from the origin. 
V 6 

Ex. 3. Find the length of the perpendicular from (3, — 4) on 4x + 2y - 7, the angle 

between the axes being 60®. 3 . ... 

An*. ^ : anti the point is on the side next the origin. 

Ex. 4. Find the length of the perpendicular from the origin on 

a(x - a) + b(y — 6) = 0. An*. V(a* + &*). 


28. To find the equation of aright line passing through a given 
point x'f. 

The general equation of a right line, wc have seen, can be put 
under the form y - nix + b, where m and b are as yet unknown, 
and are to be determined by any conditions we arc given respect- 
ing the line. Now suppose a point on the line given, the equa- 
tion y - mx + b, which is true for every point on the line, must 
be true for the point xy. Hence we get the condition y' = mx + b. 
As we are given no other condition, we are notable to determine 
both the unknown quantities m and b, but by means of this con- 
dition we can determine one of them, b - y' - mx. Substituting 
this value in the general equation, we get 

y = mx + y - mx', 
or y - y' - m(x - x), 

for the equation of a right line passing through the point x'y'. 
m remains indeterminate, as it ought, since an infinite number of 
lines can be drawn through the point x'y. 

29- To find the equation of a right line passing through two 
given points, x'i/, xy". 

The condition that the right line must pass through a second 
point will now enable us to determine the constant rn which was 
left indeterminate in the last Article. 

By the last Article the equation of a right line through x'y is 
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or 


y - \j - m(x - x'), 


But since the line must also pass through the point x'y", tliia 
equation must be satisfied when the co-ordinates x", y ", are substi- 
tuted for x and y ; hence 


y-y . 

7 ? - X' 


in. 


Substituting this value of m, the equation of the line becomes 

y - y m y - . / 

x - af x' - x'’ 

In this fonn the equation can be easily remembered, but, 
clearing it of fractions, we obtain it in a form which is sometimes 
more convenient, 


(J ~ '/)* ~ (*' - x“)y + x'y" - y'x" = 0. 

Cor — The equation of the line joining the point x'y to the 
oriyin is y'x = xy. 

It will sometimes happen that we can write down, without 
calculation, the equation of the line joining two points. If we 
happen to know beforehand that the co-ordinates of both points 
are connected by the relations 

Ax' 4 B y 4 C = 0 and Ax" 4 By" 4 C = 0, 
then it is evident that the equation of the line joining them is 
Ax 4 By 4 C = 0, for it is the equation of a right line, and is 
satisfied by the co-ordinates of both points. 


Ex. 1. Form the equations of the sides of a triangle, the co-ordinates of whose vertices 
are (2, 1), (3, - 2), (- 4, - 1> Am. 3* + y = 7, x + 7y + 11=0, 8y - x = 1. 

Ex. 2. Find the lengths of the jterpendiculars from etich vertex of this triangle on the 
opposite side. Am. 2V2, V10, 2 /10, and the origin is within the triangle. 

Ex. 3. Form the equations of the sides of the triangle formed by 
(2, 3), (4, - 5), (— 3, — 6). Am. 4x + y = 11, x - 7y « 89 , 9.c - 5y = 8. 


Ex. 4. Form the equation of the line joining the points 

, , mx’ 4- n/ my 4 - ny” 

x y and , — — . 

m + n, m 4 » 

Am. (y - jr") x - (i - x ")y 4 xy - y'x = 0. 


Ex. 5. Form the equation of the line joining 

, , . *" 4 x" y 

xy and — - — , — 


4m. (y~ 4 y' - 2 y )x - (x + x" - 2x')y 4 x'y - y’x 4 ify - y~x = 0. 
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Ex. 6. Form the equations of the bisectors of the sides of the trianglo described in 
Ex. 3. Ant. bx - 6y = 21 ; 17x - 3y = 25 ; 7x + 9y + 17 = 0. 

Ex. 7. Form the equation of the line joining 

lx ~ mx" ly — my" lx — nr” ly — nyT 
l — m l — m l — n ’ / — n 

Ant. x{l(m — n)y’ 4 m(n - J)y' 4 n(l - m)y" } —y { l(m - n)x’ + m(n — f)x* -f »(f — m)y*} 
= Imfyz" - tfy') + am(y V - ry") + n/(y7 - y'x"). 

30. To find the condition that three points shall lie on one right 
line. 

We found (in Art. 29) tlie equation of the line joining two of 
them, and we have only to see if the co-ordinates of the third will 
satisfy this equation. 

The condition, therefore, is 

(jji - y») x J - ( x i - x 2 )g, + (x,y, - xy,) = 0, 
which can be put into the more symmetrical form, 

y, (x, - Xj) + y, (x, - x,) + y,(x, - x 2 ) = 0.* 

31. To find the area of the triangle formed by three points. 

If we multiply the length of the line joining two of the points, 

by the perpendicular on that line from the third point, we shall 
have double the area. Now the length of the perpendicular from 
x,y 3 on the line joining x,y,, x 2 y 2 , the axes being rectangular, is 
(Art. 27) 

Q/i - yQ x> - (j| - a-Q ya + x,y. - x 2 y 2 

V l(yi -y«) J + ( x i - x i)’J ’ 

and the denominator of this fraction is the length of the line join- 
ing x,yi, Xjy,, hence 

y, (x, - x,) + y, (x, - x.) + y, (x, - x s ) 
represents double the area formed by the three points. 

If the axes be oblique, it will be found on repeating the in- 
vestigation with the formula: for oblique axes, that the only change 
that will occur is that the expression just given is to be multiplied 
by sin &>. 


# In using this and other similar formulae, which we shall afterwards 
have occasion to employ, the learner must be careful to take the co-ordi- 
nates in a fixed order (see engraving). For instance, in the second mem- 
ber of the formula just given y 2 takes the place of yi, rj of x 2 , and x\ of x*. 
Then, in the third member, we advance from y 2 to y 2 , from x* to Xi, and 
from xi to jt 2 , always proceeding in the order just indicated. 
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Cor. 1. — Double the area of the triangle formed by the lines 
joining the points Xiy„ x,y, to the origin, is y,x, - y r ty, as appears 
by making x, = 0, y, ~ 0, in the preceding formula. 

Cor. 2 The condition that three points should be on one 

right line, when interpreted geometrically, asserts that the area 
of the triangle formed by the three points becomes = 0. 

32. To express the area of a polygon in terms of the co-ordi- 
nates of its angular points. 

Take any point xy within the polygon, and connect it with all 
the vertices r,y„ x 2 y 2 , . . . x„y n ; then evidently the area of the 
polygon is the sum of the areas of all the triangles into which the 
figure is thus divided. But by the last Article double these areas 
are respectively 

x (y> - y») - y (*> - *>) + *1 y 2 - x,y„ 

*(y> - y») -y (*> - *») + x ^y> - 
x (y> - y*) - y (*» - **) + ^y* - x t y , , 


* (y»-l - y») - y (^n-l -x.) + X.., lj n - X, y,-i, 

x (y» - y*) - y (*» - *>) + *« y> - y»- 

When we add these together, the parts which multiply x and y 
vanish, as they evidently ought to do, since the value of the total 
area must be independent of the manner in which we divide it 
into triangles ; and we have for double the area 

(x,y, - Xj y,) + (x a y, - x 3 y a ) + (x 3 y 4 - x 4 y 3 ) + • ■ • (x.y, - x,y„). 

This may be otherwise written, 

*> (y> - y») + x > (y> - yO + *1 (y* - y.) + ■•■*« (yi - y«-.), 

or else 

yi (*« - x 2 ) + y, (x, - x 3 ) + y 3 (x, - x 4 ) + • • • y. (x,_, - x,). 

Ex. 1. Find the area of the triangle (2, 1), (8, - 2), (- 4, - 1). Ant. 10. 

Ex. 2. Find the area of the triangle (2, 8), (4, — 6), (- 8, - 6). Ant. 29. 

Ex. 8. Find the area of the quadrilateral (1, 1), (2, 8), (3, 8), (4, 1). Ant. 4. 

33. To find the co-ordinates of the point of intersection of two 
right lines whose equations are given. 

Each equation expresses a relation which must be satisfied by 
the co-ordinates of the point required ; we find its co-ordinates, 

E 
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therefore, by solving for the two unknown quantities x and y, 
from the two given equations. Let the equations be given in the 
most general form, 

Ax + By + C = 0, A'x 4 By + C' = 0, 


then x will be found 


BC' - B'C , AC' - A'C 
AB' - BA'’ ana » = BA' - AIT 


We said ( Art. 14) that the position of a point was deter- 
mined, being given two equations between its co-ordinates. The 
reader will now perceive that each equation represents a locus on 
which the point must lie, and that the point is the intersection of 
the two loci represented by the equations. Even the simplest 
equations to represent a point, viz., x = a, y = b, are the equations 
of two parallels to the axes of co-ordinates, the intersection of 
which is the required point. 

The reader will also now understand why two equations of 
the first degree only represent one point, and why two equations 
of higher degree represent more points than one (Art. 15). In the 
first case each equation represents a right line, and two right lines 
can only intersect in one point. In the more general case, the 
loci represented by the equations are curves of higher dimensions, 
which will intersect each other in more points than one. 


34. To find the condition that three right lines shall meet in a 
point. 

Let their equations be 

Ax 4 By + C = 0, A'x 4 By 4 C' = 0, A"x + B"y 4 C' «= 0. 
If they intersect, the co-ordinates of the intersection of two of 
them must satisfy the third equation ; and using the values found 
in the last article, we get, for the required condition, 

A" (BC' - B'C) 4 B' (C A' - C'A) 4 C' ( AB' - BA) - 0, 
which may be also written in eit her of the forms 

A (B'C* - B'C) 4 B (C'A" - C' A) + C (AB" - A'B) = 0, 

A (B'C' - B'C) 4 A' (B'C - BC") 4 A"(BC' - B'C) = 0. 


Ex. 1. To find the co-ordinates of the vertices of the triangle the equations of whose 
sides aro *4y = 2;*-8y = 4;3x4f>y47 = 0. 


M 

I 1 

19 V 

in 

13 \ 


l »’ 

U/ 

l 2 ’ 

* / 
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Ex. 2. To find the co-ordinates of the Intersections of 

8x + y - 2 = 0 ; * + 2y = 5 j 2* - 8y + 7 = 0. 

**(-«> 

Ex. 3. Find the co-ordinates of the intersections of 

2* + 8y = 13 ; 5x - y = 7 ; * - 4y + 10 = 0. 

They meet in the point (2, 8). 

Ex. 4. Find the co-ordinates of the vertices, and the equations of the diagonals, of 
the quadrilateral the equations of whose sides are 

2y — 8x = 10, 2y + x = 6, 16* - I0y = 83, 12* + 14y + 29 = 0. 

( *’l ) (?"§) (- 8 *|)* = <te + 2 ' +l -°- 

Ex. 5. Find the intersections of opposite sides of the same quadrilateral and the equa- 
tion of the line joining them. . / 259 \ / 71 101 \ ... 

Ans. f 83, — j, f - j, — J; 162y-199*=4462. 


Ex. 6. Find the diagonals of the parallelogram formed by * = a, * = a, y = b, y = b. 
An*. (6 — V)x — (a — a) y *= db - ab’i (6 — b') x + (a — a) y = ab — ab\ 

Ex. 7. The axes of co-ordinates being the base of a triangle and the bisector of the 
base, form the equations of the two bisectors of sides, and find the co-ordinates of their 
intersection. Let the co-ordinates of the vertex be 0, y\ those of the base angles d, 0 ; 
»nd - z, 0. ... „ . 


Am. Szy - yx - xfy = 0 ; 8xy + yx - zy m Q; ^ 0, - j. 
Ex. 8. The equations of the sides of a quadrilateral are 

* . y y x y i * . y . , n y x , 

a b a b a b b a 

find the co-ordinates of the intersections of opposite sides and of the middle point of the 
line joining them. 

( ad (b + 6 ) bb’ (a + a ) \ j ad (b + b) bb‘ (a + o') 1 
l bd — ab’ * ab' — db ) 9 \ a h' — ab a b' — ab) ) 


2 (a b — ab) (ab' — db) 


{ ad ( a — a*) (6 + 6') 3 , bb' (b' — b) (a + o')* } . 


Ex. 9. Find the equation of the line joining the middle points of the diagonals of the 

same quadrilateral. . 2x 2 y 

Ans. ; + = 1 . 

a — a o — o 

Ex. 10. Verify that the co-ordinates of the middle point found in Ex. 8 satisfy this 
equation. 


* 35. To find, the area of the triangle formed by the three lines 
Ax + By + C = 0, A'x + By + C' = 0, A "* + B'y + C" = 0. 

We find the co-ordinates of the vertices by Art. 33, and sub- 
stituting in the formula of Art. 31, we obtain for the double area 
the expression 
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BC' - B'C r AC" - C'A" A"C - C A t 
AB' - BA' I B A" - A'B" B'A - A"B / 

B'C" - B "C' f A"C - C 'A AC' - CA' \ 

+ A'B" - B’A "l B'A - A'B * BA' - AB' ) 

B"C - BC" f AC' - CA' A'C" - C'A"-, 

+ A' B - B'A l BA' - AB' “ B'A" - AB")' 

But if we reduce to a common denominator, and observe that the 
numerator of the fraction between the first brackets is 

|A"(BC' - B'C) + A (B'C" - B"C') + A'(B' C - C"B)) 

multiplied by A" ; and that the numerators of the fractions between 
the second and third brackets are the same quantity multiplied 
respectively by A and A', we get for the double area the ex- 
pression 

(A (BC" - B’C) + A'(B"C - BC") + A"(BC' - B’C)) 1 
(AB' - BA) (A'B" - B'A") (A'B - B'A) 

If the three lines meet in a point, this expression for the area 
vanishes (Art. 34) ; if any two of them are parallel, it becomes 
infinite (Art. 22). 

36. Given the equations of two right lines, to find the equation 
of a third through their point of intersection. 

The method of solving this question, which will first occur to 
the reader, is to obtain the co-ordinates of the point of intersec- 
tion by Art. 33, and then to substitute these values for x'y in the 
equation of Art. 28, viz., y - y' = m(x - s'). The question, how- 
ever, admits of an easier solution by the help of the following 
important principle : If S = 0, S' = 0, he the equations of any two 
loci, then the locus represented by the equation S + AS' = 0 (where 
A is any constant ) passes through every point common to the two 
given loci. For it is plain that any co-ordinates which satisfy the 
equation S = 0, and also satisfy the equation S' = 0, must likewise 
satisfy the equation S + AS' = 0. 

Thus, then, the equation 

(Ax + By + C) + A (A x + B'y + C') = 0, 
which is obviously the equation of a right line, denotes one passing 
through the intersection of the right lines 

Ax + By + C = 0, A'x + By + C' = 0, 
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for if the co-ordinates of the point common to them both be sub- 
stituted in the equation (Ax + By + C) + i (A 'x + B'y + O') = 0, 
they will satisfy it, since they make each member of the equation 
separately = 0. 

Ex. 1. To find the equation of the lino joining to the origin the intersection of 
Ax + By + C *= 0, A* + B'y + C' = 0. 

Multiply the first by C, the second by C, and subtract, and the equation of the required 
line is (AC' — A'C) * + (BC' - CB) y = 0 ; for it passes through the origin (Art 19), 
and by the present article it passes throngh the intersection of the given lines. 

Ex. 2. To find the equation of the line drawn through the Intersection of the same 
lines, parallel to the axis of x. Ant. (BA' — AB) y + CA — AC «= 0. 

Ex. 8. To find the equation of the line joining the intersection of the same lines to 
the point x’y'. Writing down by this article the general equation of a line through the 
intersection of the given lines, we determine k from the consideration that it must be 
satisfied by the co-ordinates x'y', and find for the required equation 

(Ax + By + C) (AY + By + C) = (Ax' + By' + C) (Ax + B’y + C> 

Ex. 4. Find the equation of the line joining the point (2, 8) to the intersection of 
2x + 8y + 1 = 0, 8x - 4y = 5. 

An$. 11 (2x + 8y + 1) + 14 (8x — 4y — 6) = 0 j or 64x — 23y es 59. 

37. The principle established in the last article gives us a test 
for three lines intersecting in the same point, often more conve- 
nient in practice than that given in Art. 34. Three right lines will 
pass through the same point if their equations being multiplied each 
by any constant quantity, and added together, the sum is identically 
= 0 : that is to say, if the following relation be true, no matter 
what x and y are — 

l (Ax + By + C) + m (A'x + By + C ') + n (A"x + B'y + C") = 0. 

For then those values of the co-ordinates which make the first 
two' members severally = 0 must also make the third = 0. 

Ex. 1. The three bisectors of the sides of a triangle meet in a point. Their equations 
are (Art. 29, Ex. 5) — 

(y* + j/”- 2j( )x - (x" 4- sT- 2X 1 )y + (xy - y V ) + (x'y - y*x ) = 0. 

(y"+ y' - 2/ ) x - (x” + x' - 2x”)y + (x’y- y'x") + (x'y* - yV) = 0. 

(y 1 + jC - 2 y") x - (ji + x' - 2x")y + (a'y*- y'x") + (x'y" - /x") = 0. 

And since the three equations when added together vanish identically, the lines repre- 
sented by them meet in a point. Its co-ordinates are found (Art 83) 

/ x + x' + x“ y + y + y ' \ 

8 } 
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Ex. 2. Prove the same thing, taking for axes two sides of the triangle whose lengths 


are a and b. 


2x y 
Am. — + - 
a b 


„ x 2 y xy 

0 , - + -? -1 = 0 ,- -?= 0 . 
a b a b 


• 38. To find the co-ordinates of the intersection of the line 
joining the points x'y', x"y", with the right line Ax + By + C ■= 0. 

We might solve this question by forming the equation of 
the line joining the two points, and then determining, by Art. 
33, its intersection with the given line. There is, however, 
another method (which we shall frequently employ) of deter- 
mining the point in which the line joining two given points is 
met by a given locus. We know (Art. 7) that the co-ordinates 
of any point on the line joining the given points must be of the 
,form • 

mx"+ nxf my" + ny 

x= • — y = ; 

m + n m + n 

and we may take as our unknown quantity ”, the ratio, namely, 

in which the line joining the points is cut by the given locus, and 
we may determine this unknown quantity from the condition, 
that the co-ordinates just written shall satisfy the equation of 
the locus. Thus, in the present example we have 

m + n m + n 

hence 

m Ax' + By + C 
n Ax" + By" + C * 

and consequently the co-ordinates of the required point are 

(Ar' + B y+C) x" - ( A x " + By" + C) s' 

* * (A si + By' + C) - ( Ax' ' + By" + C) ! 

with a similar expression for y. This value for the ratio m : n 
might also have been deduced geometrically from the considera- 
tion that the ratio in which the line joining x'y, x'y' is cut, is 
equal to the ratio of the perpendiculars from these points upon 
the given line ; but (Art. 27 ) these perpendiculars are 

Ax' + By' + C , Ax" 4 By" 4 C 

y(A»+B») and VTA’ 4 B’) ’ 
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Tho negative sign in the preceding value arises from the fact 
that in the case of internal section to which the positive sign of 
m :n corresponds (Art. 7), the perpendiculars fall on opposite 
sides of the given line, and must, therefore, be understood as 
having different signs (Art. 27). 

If a right line cut the sides of a triangle BC, CA, AB, in the 
points LMN, then 

BL^CM AN 
CL. AM. BN “ ' 

Let the co-ordinates of the vertices be x't /, x"y", x'"y", then 
BL Ax' + By + C 
CL‘~Ai^ByTC ; 

CM _ Ax ' + By+C 
AM" Ax’ + By + C : 

AN Ax' + By' + C 
BN“ Ax' + B/+C ; 
and the truth of the theo- 
rem is manifest. 

* 39. To find the ratio in which the line joining two points 
x,y„ Xjy : , is cut by the line joining two other points x$„ x,y t . 

The equation of this latter line is (Art. 29) 

0/s - i/s) * - (x, - x,) y + x,y t - x.y, = 0. 

Therefore by the last article 

_ _ (y» - y ») »i - (*» - *i) yi + x ,y t - xg , 

» (y» - y*) *» - (^s - »*) y» + x 3 y t - 

It is plain (by Art. 31) that this is the ratio of the two triangles 
whose vertices are 

*<yi, and x^„ x# iy x^, 
as also is geometrically evident. 

If the lines connecting any assumed point with the vertices of 
a triangle meet the opposite sides BC, CA, AB, respectively, in 
D, E, F, then BD ■ CE • AF 

CILAE7FF = + ’ 

Let the assumed point be xjy 4 , and the vertices x,y„ x,y u x,y„ 


M 
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then BD _ x, (y, - y,) + x t (y, - y,) 4 a 4 (y, - y .) 

CD “ a, (y 4 - y 3 ) + x t (y, - y,) + x s (y, - y 4 )’ 

CE = x, (y a - y 4 ) + x , (y 4 - y ») 4 - x 4 (y, - y,) 

AE (y, - y 4 ) + Xt (y 4 - y,) + ar* (y, - y,) ’ 

AF _ g, (y« - y,) + ar 4 (y, - y . ) + x, ( y, - y. ) 

BF x, (y, - y 4 ) + x s (y 4 - y 3 ) + x, (y, - y,) ’ 

and the truth of the theorem ia evident. 


40. To Jind the angle between two lines, whose equations with 
regard to rectangular co-ordinates are given. 

The angle between the lines ia manifestly equal to the angle 
between the perpendiculars on the lines from the origin ; if there- 
fore these perpendiculars make with the axis of x the angles a, o', 
we have (Art. 25) 

A . B 

C08a ~ V(A'+ B») ; 8m a = V (A J + B’) ; 

008 a = 7(A'«‘+B ;i ) ; 8m “ ° V(A' j TB^) ; 


Hence 


sin (a - a ) 


BA' - AB' 

V (A* + B a ) V (A'* + B' a ) ; 


AA + BB' 

008 (“ ‘ a) = V (A* + B»r/(A'«TB >) ; 

and therefore tan (o - o') = + 


Cor. 1 . — The two lines are parallel to each other when 


BA' - AB' = 0 (Art. 22), 
since then the angle between them vanishes. 

Cor. 2. — The two lines are perpendicular to each other when 
AA' + BB' = 0, 

since then the tangent of the angle between them becomes infinite. 
If the equations of the lines had been given in the form 
y = mx + b, y = mx + b ; 

since the angle between the lines is the difference of the angles 
they make with the axis of x, and since (Art. 22) the tangents of 
these angles are in and in', it follows that the tangent of the re- 
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quired ancle is ^ , : that the lines are parallel if matrix and 

perpendicular to each other if mm +1=0. 

* 41. To find the angle between two lines, the co-ordinates being 
oblique. 

We proceed as in the last article, using the expressions of 
Art. 26. 

A sin w 

C0S “ " tj (A’ + B J - 2 AB cosoj)’ 

, A' sin (i> 

0080 = V (A'* + B* - 2 A'B' cos w) ’ 

consequently, 

._ B - A cos to 

Bm ° “ V(A 3 + B J - 2ABcoe^)’ 

, B' - A' cos to 

BUla= V(A' , + B'*-SA'B'oo8w>* 

Hence 

. , , (BA’ - AB') sin to 

Bin (a - a ) = ^ + gj _ 2AB COSO.) <J (A* + B 1 - 2 A'B' cos «)’ 

. BB’ + A A' - ( A B' + A'B) cos w 

cos (a - « ) = V ( Aj+B ,_2AB C 08 a))^/(A*+ B* - 2 A'B' cos a;)’ 

. (BA' - AB') sin to 

tan ( a - a ) = AA - + BB'^(AB + BA)coso/ 

Cor. 1. — The lines are parallel if BA' = AB'. 

Cor. 2. — The lines are perpendicular to each other if 
AA' + BB' = ( AB' + BA') cos to. 

42. To Jind the equation of a line passing through a given 
point and making a given angle, tp, with a given line y = mx + b 
(the axes of co-ordinates being rectangular). 

Let the equation of the required line be 

y - y' = m\x - x'), 
and the formula of Art. 40, 

m - m 

tan tp = r, 

1 + mm 

enables us to determine 

, m - tan tp 
m = . ■ . 

1 + m tan tp 

T 
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To find the equation of a right line passing through a given 
point, and perpendicular to a given line, y - mx + b. 

The condition that two lines should be perpendicular, being 
mm = - 1, we have at once for the equation of the required per- 


pendicular 


y-y m - ^ ( x ~ *')• 


It is easy, from the above, to see that the equation of the per- 
pendicular from the point x'y on the line \x + By + C = 0 is 

a (y “ if) = B (* ~ x l> 

that is to say, we interchange the coefficients of x and y, and 
alter the sign of one of them. 


Ex. 1. To find the equations of the perpendiculars from each vertex on the opposite 
side, of the triangle (2, 1), (3, — 2), (— 4,-1). 

The equations of the sides are (Art. 29, Ex. 1) 

a: + 7y + 1 1 = 0, 3y - a: = 1 , 3* + y = 7 ; 
and the equations of the perpendiculars 

Tx - y *= 13, 3x + y = 7, Sy - x =* 1. 

The triangle Is consequently right-angled. 

Ex. 2. To find the equations of the perpendiculars at the middle points of the sides 
of the same triangle. The co-ordinates of the middle points being 

(- 4 -!) (-■.*(£-!} 

The perpendiculars are 

7x - y + 2 = 0, 3x -f y + 8 = 0, 8y - x + 4 = 0, intersecting in 

Ex. 3. Find the equations of the perpendiculars from the vertices of the triangle 
(2, 3), (4, - 5), (- 3, - 6) (see Art. 29, Ex. 3). 

Ana. 7x + y = 17, bx + 9y + 25 = 0, x - 4y = 21 : intersecting in 

Ex. 4. Find the equations of the perpendiculars at the middle points of the sides of 
the same triangle. 

Ana. 7x + y 4 2 =» 0, bx + 9y + 16 = 0, x — 4y =* 7 ; intersecting in 

Ex. 6. To find in general the equations of the perpendiculars from the vertices on the 
opposite sides of a triangle the co-ordinates of whose vertices are given. 

Ant. (x“ - x")x + (y* - y'~)y + (xx~ + y'y"*) - (xx” + yy M ) = 0, 

(*“ -*')* + (jT- )y + (*v + y'y' ) - (*V+ y 'y"') = 0, 

(*• -*")* + O' - y")y + (* '*"+ y“'y") - (*"'*' + y'y) - o. 

By Art. 89 there line* intersect in a point, sine* the equations added together vanish 
identically. 


(-±,- 51 ). 

^ 29 29 / 


/ 89 130 \ 

\ 29 ’ 29 “ / 
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Ex. 6. Find the equations of the perpendiculars at the middle points of the eidee of 
a triangle, and show that they meet in a point. 

Ant. (z"~ z")* + (y" - y')y + J(x"> - *”») + 1 (y" 1 - y'" 2 ) = 0, 

(*”- * )* + (y~- y )y + i (*"*- ** ) + i (y”’- y - * ) = o, 

(s’ - *”)* + (y - y ”)y + & (x - * - at" 1 ) + j (y’» - y"> ) = 0. 


Ex. 7. Taking for axes the base of a triangle and the perpendicular on it from the 
vertex, find the equations of the other two perpendiculars, and the co-ordinates of their 
intersection. The co-ordinates of the vertex are now (0, y"), and of the base angles 
(*', 0 ), (- 0 ). 


Ant. z\z - x') + y’y = 0, *'(* + z") - y'y = 0, ^ 0, —r'j 

Ex. 8. Using the same axes, find the equations of the perpendiculars at the middle 
points of sides, and the co-ordinates of their intersection. ✓ 

Ant. 2 (x'x + y’y) = y’« - *”», 2 (x’x - y'y) = *’- y'*, 2x = * - s', {~Y~' * m )• 


43. To find the equation of the bisector of the angle between 
two lines , x cosa + y sina - p = 0, x coa/3 + y sin/3 - p = 0. 

We find the equation of this line most simply by expressing 
algebraically the property that the perpendiculars let fall from 
any point xy of the bisector on the two lines are equal. This 
immediately gives us the equation 


x cosa + y sina - p - x cos/3 + y sin/3 - p\ 

since each side of this equation denotes the length of one of those 
perpendiculars (Art. 27). 

The reader will remember (Art. 27) that the sign of the per- 
pendicular changes as we pass from one side of a line to the 
other ; consequently the equation 

x cosa + y sina - p = - (x cos/3 + y sin/3 - p) 

denotes the bisector of the supplemental angle between the two 
lines. 

If the equations had been given in the form A* + By + C = 0, 
A'x + By + C' = 0, the equation of the pair of bisectors would be 


Ax + By + C A'x + By + C' 

V(A j TB t ) “ ± 7(A'* + BV 

If we choose that sign which will make the two constant 
terms of the same sign, it follows from Art. 27 that we shall 
have the bisector of that angle in which the origin lies ; and if 
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we give the constant terms opposite signs, we shall have the 
equation of the bisector of the supplemental angle. 

Ex. 1. Reduce the equation of the bisectors of the angles between two lines, to the 
form x cos a 4- y sin a = p. 

Ah*. x cos{ i (a + a) + 00°) + y sin ( \ (a + a) + 90°) = — - P - ■ P ; 

2 sin § (a — a ) 

J co»J(a + a') + y»ml(a + a') + ~ > k + ^_ ( T ) - * 

Ex. 2. Prove that the three bisectors of the angles of a triangle meet in a point. The 
origin being anywhere within the triangle, their equations are 

(x cos a + ysina-p) — (x coe/3 + y sin/3 — p) = 0, 

(x cos/3 + y sin/3 - p) — (xcosy + y siny - /»") = 0, 

(x cos y + y sin y —/»") — (x cos a -f y sin a — p ) = 0. 

Ex. 3. Find the equations of the bisectors of the angles between 
8x + 4y — 9 - 0, 12x + 5y - 3 = 0. 

An*. 7x - 9y + 34 = 0, 9x + 7y = 12. 

44. To find the polar equation of a right line (see Art. 12). 

Suppose we take, as our 
fixed axis, the perpendicular 
on the given line, then let OR 
be any radius vector drawn from 
the pole to the given line 
OR - P , ROP = 0, 
but, plainly, 

OR cos 6 ■= OP, 
hence, the equation is 
p cos 0 = p. 

If the fixed axis make an angle a with the perpendicular, the 
equation is 

p cos (0 - a) = p. 

This equation may also be obtained by transforming the equa- 
tion with regard to rectangular co-ordinates, 

x cos a + y sin a = p. 

Rectangular co-ordinates are transformed to polar by writing for 
x, pcosO, and for y, p sin 9 (see Art. 12); hence the equation 
becomes 

p (cos0 cos a + sin 0 sin a) = p ; 
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or, as we got before, 

p cos (0 - a) = p. 

An equation of the form 

p (A cos 0 + B sin 0) = C 

can be (as in Art. 25) reduced to the form p cos (0 - a) = p, by 
dividing by y/ (A 3 + B 3 ) ; we shall then have 

0080 “ V(A>+B 3 )’ 8ma = 7(AH B 1 )’ P “ 7"(A 3 T&)' 

Ex. 1. Reduce to rectangular co-ordinates the equation 


p = 2a sec 




Ex. 2. Find the polar co-ordinates of the intersection of the following lines, and also 
the angle between them : p cos ^0 — = 2a, p cos (»-!)-- 

.-In*, p = 2a, 0 = -, angle = 

Ex. 3. Find the polar equation of the line passing through the points whose polar 
co-ordinates are p', & ; p", 0". 

Ant. pp ” sin (O' — 0") + p'p sin(0" — 0) 4- pp'sin(0 — O') = 0. 


CHAPTER III. 

EXAMPLES ON THE RIGHT LINE. 

45. Having in the last chapter laid down principles by which 
we arc able to express algebraically the position of any point or 
right line, we proceed to give some further examples of the appli- 
cation of this method to the solution of geometrical problems. 
The learner should diligently exercise himself in working out 
such questions, until he has acquired quickness and readiness in 
the use of this method. The examples given in this chapter being 
introduced, not so much for their own sake, as to show how such 
questions may be solved algebraically, will often be such as admit 
of simpler geometrical solutions. It must not be supposed, how- 
ever, that because in these instances the geometrical method has 
the advantage, it is in all cases to be preferred. Each method has 
its peculiar recommendations. If the geometrical solutions of some 
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questions are clearer and more simple, the algebraical method 
proceeds with more uniformity, and renches its end with greater 
certainty. It should be the student’s aim to make himself master 
of both instruments of investigation, so as to be able to apply 
either, according as the nature of the subject demands. We shall 
give examples of some of the classes of problems which are of most 
frequent occurrence : the student who has mastered these will 
find no difficulty in applying the same method to any others that 
may present themselves. 

46. Problems where it is required to prove that three lines meet 
in a point. 

It seems unnecessary to add any illustrations to those given in 
the last chapter, on this subject. The process we pursue is as fol- 
lows: We form the equations of the three lines: it may then 
happen that we observe at once that the three equations vanish 
identically when added together (multiplied, it may be, by suitable 
constants) : if this be the case, we know, by Art. 37, that the lines 
represented by the equations meet in a point. Otherwise, we 
find the co-ordinates of the intersection of two of them, and exa- 
mine whether they satisfy the equation of the third ; or else we 
apply to the equations the test of Art. 34. 

In the solution of this and every other class of geometrical 
problems, our equations may generally be much simplified by a 
judicious choice of axes of co-ordinates: since, by choosing for 
axes two of the most remarkable lines on the figure, several of 
our expressions will often be much shortened. On the other 
hand, it will sometimes happen, that by choosing axes uncon- 
nected with the figure, the equations will gain in symmetry more 
than an equivalent for what they lose in simplicity. The reader 
may compare the two solutions of the same question, given Ex. 
1 and 2, Art. 37, where, though the first solution is the longest, 
it has the advantage that the equation of one bisector being 
formed, those of the others can be written down without further 
calculation. 

Since expressions containing angles become more complicated 
by the use of oblique co-ordinates, it will be generally advisable 
to use rectangular axes in any question in which the considera- 
tion of angles is involved. 
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Problems where it is required to prove that three points lie in 
one right line. 

It may happen that we observe that, the co-ordinates of two 
of them being x y, x y", those of the third are of the form 
mx" 4 nx my" 4 rry 
m 4 n * m4n ’ 

in which case it is obvious. Art. 7, that the three points are in 
one right line. Otherwise we form the equation of the line 
joining two of them, and examine whether it is satisfied by the 
co-ordinates of the third. 

47. Loci Analytic geometry adapts itself with peculiar 

readiness to the investigation of loci. We have only to find 
what relation the conditions of the question assign between the 
co-ordinates of the point whose locus we seek, and then the state- 
ment of this relation in algebraical language gives us at once the 
equation of the required locus. 

Ex. 1. Given base and difference of squares of sides of a triangle, to find tbe locus of 
vertex. 

Take the base for axis of x, and a perpendicu- 
lar through one extremity A for axis of y. Call 
the length of base c, and let the co-ordinates of 
vertex be x y y. Then 

BC* = CR* + RB* = y* + (c -*)*. 

AC* = x* + y* 
therefore BC 2 - AC* = c* - 2 cx ; 

and, putting this equal to a constant, 

c* — 2 cx = m* 

is the equation of thf locus of vertex ; but this is (Art 15) the equation of a line per- 

e'i — m s 

pendicular to the base at a distance from the origin = — — — . Subtracting this from 

^ nil 

c, the other segment will be — - — , and we easily verify that the locus will cut the 

base so that the difference of the squares of segments = the difference of squares of sides 
(Euc. I. 47, Cor. 4> 

Ex. 2. Given base and sum of sides of a triangle, if the perpendicular be produced 
beyond the vertex until its whole length is equal to one of the sides, to find the locus of 
the extremity of tbe perpendicular. 

Take! the same axes, and let us inquire what relation exists between the co-ordinates 
of the point whose locus we are seeking. The x of this point plainly is AR, and the y is, 
by hypothesis, = AC ; and if m be the given sum of sides, 

BC = m — y . 
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Now (Euclid, II. 13), 

BC* = AB* 4- AC* — 2AB . AR ; or, denoting AB by e, 

(m - y)» = c* + y* — 2cx. 

Reducing this equation, we get 

2 my — 2 cx = m* — e*, 

the equation of a right line. 

Ex. 8. Given two fixed lines, OA and OB, if any line be drawn to intersect them 
parallel to a third fixed line, OC, to find the locus of the point where AB is cut in a given 
ratio. 

We may here employ oblique axes, since angles are not 
concerned (Art. 4G). Let us take the fixed line OA for 
axis of x, and the fixed line OC for axis of y, then the 
equation of OB must be of the form y = wix, and it is re- 
quired to fiud the locus of the point P cutting AB, so that 
AP may, for instance, = nAB. O 

Since the point B lies on the line whose equation is y = mi. w*e have 
AB = mOA, 

therefore AP = mnOA, 

but AP is the y of the point P, and OA its x, therefore the locus of P is expressed by the 
equation y = winx, 

and is, therefore, a right line through the point O. 

Ex. 4. Given bases and sum of areas of any number of triangles having a common 
vertex, to find its locus. 

Let the equations of the bases be 

xcosa 4 y sin a - p = 0, X cos/3 4- y siu/3 — />, = 0, 
x cos y + y sin y — p j = 0, &c. 

and their lengths, a, 2>, c, &c. ; and let the given sum = w* ; then, since (Art 27) 
xcosa 4- y sin a — p denotes the perpendicular from the point xy on the first line, 
a (x cos a 4- y sin a — p) will be double the area of the first triangle, &c., and the equa- 
tion of the locus will be 

a (xcosa + y sina-p) + &(x cos/3 4-y sin/3-pi) + c(xcosy 4-y siny - pi) 4- = 2m*, 

which, since it contains x and y only in the first degree, will represent a right line. 

Ex. 5. Two vertices of a triangle ABC move on fixed right lines LM, LN, and the 
three sides pass through three fixed points 0, P, Q which lie on a right line ; find the 
locus of the third vertex. 

Take for axis of x the right line OP, 
containing the three fixed points, and for 
axis of y the line OL joining the intersec- 
tion of the two fixed lines to the point O 
through which the base passes. Let the 
co-ordinates of C be xy\ and let 
OL = b, OM = a, ON = a\ 

OP = c, OQ «= 
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Then obviously the equations of LM, LN are 


■ + ? = I and -, + j = 1. 

i b a o 


The equation of CP through xy' and P (y = 0, x = c) is 
(x - c) y - y x + cy' = 0. 

The co-ordinates of A, the intersection of this line with 




ab (x’ — c) 4- acy' 
X{ b(x' - c) + ay’ ’ 


y i = ; 


b (a — c) y 


b (x — c) + ay 

The co-ordinates of B are found by simply accentuating the letters in the preceding: 


x 2 = 


ab (x' — c') + acy 


b (a' — c ) y 
6 (x' - O + ay‘‘ 


b (x — e) 4 - ay 

Now the condition that two points, x,y„ xiy 2t shall lie on a right line passing through 
tho origin, is (Art 30 ) — = — . 

X\ X-i 

Applying this condition we have 

b(a - c) y _ b ( a — c ) y 
ab ( x — c) -f acy' a b (x' — c) + a cy’ 

This being a relation then which must always be satisfied by the co-ordinates x'y\ the 
equation of the locus is obtained by simply removing the accents from xy ; and clearing 
of fractions, we have 

(a - c) [a '5 (x - c) + a cy] = (a' - c') [ab (x - c) 4 - acy], 

(ac — a'c) x 


the equation of a right line through the point L. 


Ex. 6. If in the last example the points P, Q lie on a right line passing not through 
O but through L, find the locus of vertex. 

Take for axis of x the line LP, and for axis of y the line 
LO. Let LP = a, LQ = a', LO = 6, and let the equations 
of LM, LN be y = mx and y = m'x. The equation of CP 
through xy and (a, 0) is 

y{x-a)=(fi -a)y. 

The co-ordinates therefore of the point A where this lino 
meets y = mx are 

= 

y — mx + am y — mx -f am 

* . aV 

In like manner the co-ordinates of B are x% — 7-7 7 — , y 3 — 

y — m x am y — m'x’ + am ' 

We must now express that the line joining these points passes through O. Substitute 
the co-ordinates x = 0, y = b, in the equation of the line joining two points x,yi, x*y* 
(Art. 29 ), and it becomes 

(*> - ft) b = X,yj - y,jr, j or, x, (y a - &) = x% (yi - »). 

G 
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Substitute in this the values just obtained for*,, y„ x 2 , and clear of fractions ; the equa- 
tion becomes divisible by y\ aud we have for the relation to be satisfied by the point x'y\ 

a ((«’«’ — b)y -f mb (x — o')} = a {(am — b)y + mb(x — a)}, 

the equation of a right line. It passes (Art. 86) through the intersection of the lines 
found by equating each side of the equation separately to 0. It will be found that these 
are the lines joining P and Q to the points where a jmrallel to LQ through O meets LM, 
LN. 

48. It is often convenient, instead of expressing the condi- 
tions of the problem directly in terms of the co-ordinates of the 
point whose locus we are seeking, to express them in the first in- 
stance in terms of some other lines of the figure ; we must then 
obtain as many relations as are necessary in girder to eliminate 
the indeterminate quantities thus introduced, so as to have re- 
maining a relation between the co-ordinates of the point whose 
locus is sought. The following Examples will sufficiently illus- 
trate this method. 


Ex. 1. To find the locus of the middle points of rectangles inscribed in a given 
triangle. 

Let us take for axes CR and AB ; let CR = p , 

BR = a, AR = The equations of AC and BC are 

^ = 1 and - + - = L 

P • P • 

Now if we draw’ any line FS parallel to the base at a 
distance FK = A, and whose equation, therefore, is 

V « *• 

we can find the abscissae of the points F and S, in 
which the line FS meets AC and BC, by substituting 
this value, y = k. Thus we get from the first equation 
k 



■ — = 1 x or KR 




and from the second equation 


k j 

— + - 

P * 


1 . x or RL *5*^1 j. 

Having the abscissa; of F and S, we have (by Art. 7) the abscissa of the middle point of 
FS, viz., x = — — . ^ 1 - ^ j. This is evidently the abscissa of tho middle point of the 

h 

rectangle. But its ordinate is y = - . Now we want to find a relation which will 

subsist between this ordinate and abscissa whatever A be. We have only then to elimi- 
nate k between these equations, by substituting in the first the value of k (= 2y), derived 
from the second, when we have 


2 * = (* -•■)(’ -7) 
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or 


2x 

i-i 


2y 

P 


O 1. 


This U the equation of the locus which we seek. It obviously represents a right line, 
and if we examine the intercepts which it cuts off on the axes we shall find it to be the 
line joining the middle point of the perpendicular CR to the middle point of the base. 


Ex. 2. A parallel is drawn to the base of a triangle, and perpendiculars to the sides 
erected at its extremities, find the locus of their intersection. 

Take the same axes as in Ex. 1. Then the line FQ, which is a perpendicular to the 

line AC ^ = 1 through the point f|— 1 — ^ k j- has for its equation 

In like manner, the equation of SQ U 

Now since the point whose locus we are seeking lies on both the lines FQ, SQ, each of the 
equations just written expresses a relation which must be satisfied by its co-ordinates. 
Still, since these equations involve A, they express relations which are only true for that 
particular point of the locus which corresponds to the case where the parallel FS U drawn 
at a height A above the base. If, however, between the equations, we eliminate the inde- 
terminate A , we shall obtain a relation involving only the co-ordinates and known quan- 
tities, and which, since it must be satisfied whatever be the position of the parallel FS, 
will be the required equation of the locus. 

In order, then, to eliminate A between the equations, put them into the form 


FQ 

x * y , 
— h — 4- — = k 

p p a 

SQ 



P P 




and eliminating, we have for the equation of the locus, 

C-+s06*s)-G + 5)C'-i4 


but this is evidently the equation of a right line, since x and y are only in the first degree, 
and it will be found that it passes through the vertex of the given triangle, for the co-ordi- 
nates of the vertex x = 0, y = p, will satisfy the equation. It also passes (Art. 3fi) through 
the intersection of the lines formed by equating each side of the equation separately to 
0. It will be found that these are the lines drawn at the extremities of thq base perpen- 
dicular to the conterminous sides. 


Ex. 3. A line is drawn parallel to the base of a triangle, and the points where it 
meets the sides joined to any two fixed points on the base ; to find the locus of the point 
of intersection of the joining lines. 

We shall preserve the same axes, See., as in Ex. 2, and let the co-ordinates of the 
fixed points, T and V, on the base, be for T (m, 0), and for V (a, 0). 
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The equation of FT will be found to be 

|V -f m | y + Ax — km = 0. 


and that of SV to be 


Tutting the equations into the form 
FT 


|* ^1-^ — n j y - kx + hn - 0. 
• the form 

(*' + m ) y - k ^y-x+mj =0, 


and 


S v (a - »)y - k ^y + x-n^ = 0; 

and, eliminating k , we get for the equation of the locus 

(a-»)^y — x + m^ =• (*'+*») ^y + x - n'j. 


But this is the equation of a right line, since x and y arc only in the first degree. 

Ex. 4. A line is drawn parallel to the base of a triangle, and its extremities joined 
transversely to those of the base; to find the locus of the point of intersection of the 
joining lines. 

This is a particular case of the foregoing, but admits of a simple solution by choosing 
for axes the sides of the triangle AC and CB. Let the lengths of those lines be a, b, and 
let the lengths of the proportional intercepts made by the parallel be pa, fib. Then the 
equations of the transversals will be 

xv xv 

- + JL = l and — + 7 = 1. 
a fib fia b 

Subtract one from the other ; divide by the constant 1 — -, and we get for the equation 


of the locus 




which we have elsewhere found (see p. 30) to be the equation of the bisector of the base 
of the triangle. 

Ex. 6. If on the base of a triangle we take any portion AT, and on the other side of 
the base another portTon BS, in a fixed ratio to AT, and draw ET and FS parallel to a 
fixed line CR, to find the locus of O, the point of intersection of EB and FA. 

Take CK for axis of y; let AT = A, BR = s, ^ 

AR = a', CR = p , let the fixed ratio be m, then BS 
wDl = mk ; the co-ordinates of S will be (« — mi, 0), 
and of T( -(*'-*), 0). 

The ordinates of E and F will be found by sub- 
stituting these values of x in the equations of AC and 
BC. We get for 

F, * = y = 

and for 

F, x = s - m£, y = 



mph 


Digitized by Google 



EXAMPLES ON THE RIGHT LINE. 


45 


No w form the equations of the transverse lines, anil the equation of EB is 
(* + »’- l)j|+ yj = 

and the equation of AF is 

, ,, mpk mpii' 

(s + « — mi) y x 0. 

To eliminate i, subtract one equation from the other, and the result, divided by i, 
will be 

which is the equation of a right line. 


Ex. 6. PP* and QQ' are any two parallels to the sidea of a parallelogram ; to find 
the locus of the intersection of the hues PQ and P'Q'. 

Let us take two of the sides for our axes, and let 
the lengths of the aides be a and 5, and let AQ' = m, 

AP = ». Then the equation of PQ, joining P (0, ») 
to Q (m, b) is 

(b — n) x - my + m» = 0 , 
and the equation of P Q' joining P'(a, »») to Q'(m, 0) 
is nx - (a - m) y — mn = 0. 

There being two indeterminate^, m and », we should at first suppose that it would 
not be possible to eliminate them from two equations. However, if we add the above 
equations, it will be found that both vanish together, and we get for our locus 

bx — ay — 0 , 

the equation of the diagonal of the parallelogram. 

Ex. 7. Given a point and two fixed lines : draw any two lines through the fixed 
point, and join transversely the points where they meet the fixed lines, to find the locus 
of intersection of the transverse lines. 

Take the fixed lines for axes, and let the equations of the lines through the fixed 
point be 




The condition that these lines should pass through the fixed point xy gives us 
or, subtracting, 




m J \* » / 


Now the equations of the transverse lines clearly arc 


or, subtracting. 





= 1 ; 

= 0 . 
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Now from this »nil the equation just found we can eliminate 

( 1 . 

\w to / \n n J 

and wo have 

x’y -f y'x = 0, 

the equation of a right line through the origin. 

Ex. 8. At any point of the base of a triangle is drawn a line of given length, parallel 
to a given one, and so as to be bisected by the base : find the locus of the intersection of 
the lines joining its extremities to those of the base. 

Ex. 9. The base of a triangle is given, and the sides meet a fixed line AB parallel to 
the base in points C, D, such that the ratio of AC : BD is given ; find the locus of vertex. 

Ex. 10. Given the vertical angle of a triangle and the sum of sides, find the locus of 
the point where the base is cut In a given ratio. 

Ex. 1 1. Given two fixed points, A, B, one on each of the axes : if A’ and B’ be taken 
ou the axes, so that OA' + OB' = OA -f OB, find the locus of the intersection of AB‘, 
AH. 

49. Problems where it is required to prove that a moveable 
right line passes through a fixed point. 

We have seen (Art. 36) that the line 

Ax + By + C + A (A'tr + B y + C ) = 0 ; 
or, what is the same thing, 

(A + kA') x + (B + AB') y + C + AC' = 0, 

where k is indeterminate, always passes through a fixed point, 
namely, the intersection of the lines 

Ax + By + C «* 0, and A'x + By + C' = 0. 

Hence, if the equation of a right line contain an indeterminate 
quantity in the first degree, the right line will always pass through 
a fixed point. 
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where - is indeterminate. 
a 

tiie two lines 


Hence the base must always pass through the intersection of 

r 

x - y — 0, and y = c. 


Ex. 2. Given three fixed lines, OA, OB, OC, meeting in a point, if the three vertices 
of a triangle move one on each of these lines, and two sides of the triangle pass through 
fixed points, to prove that the remaining side passes through a fixed point. 

Take for axes the fixed lines OA, OB, on which 
the base angles move, then the lino OC on which 
the vertex moves will have an equation of the form 
y = mu, and let the fixed points be x'y', x "y ", Now, 
in any position of the vertex, let its co-ordinates be 
x = a, and, consequently, y — ma ; then the equa- 
tion of AC is 

( x ' — a)y — (y' — mu) or + a(y* — rnx) = 0. 

Similarly, the equation of BC is (x" — a)y - (y" — ma)x + a(y” — mx ") = 0. 



Now, the length of the intercept OA is found by making x = 0 in equation AC, or 

a (y — mx ) 

y = - -• 

x — a 


Similarly, OB is found by making y = 0 in BC, or 


a (y” — mx”) 
y” - ma 


Hence, from these intercepts, equation of AB is 


y -mx 

But since a is indeterminate, and only in the first degree, this line always passes through 
a fixed point. The particular point is found by arranging the equation in the form 
y" x / mx y A 

y — mx y — mx \y — mx y — mx J 

Hence the line passes through the intersection of the two lines 

y" 


and 


y — mx 

y 


-ry = 0, 


y — mx 


mx 


*.+ 1 = 0 . 


Ex. 8. If in the last example the line on which the vertex C moves do not pass 
through O, to determine whether in any case the base will pass through a fixed point. 

We retain the same axes and notation as before, with the only difference that the 
equation of the line on which C moves will be y = mx + n, and the co-ordinates of the 
vertex in any position will bo a, and ma + n. Then the equation of AC is 
(x - a)y - (jf' - ma - n)x + a(y‘ - mx) - nx = 0. 

The equation of BC is 

(x“ — a)y — (y" — ma — n)x + a(y" — mx") — nx" = 0. 

OA*= - n (y - "»-0 - **' 0B = a(y" - mx ") - nx 
x ~ a ’ y" — ma — n 
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The equation of AB is therefore 


y" — ma — n X — a 

x • — - - ... > - y * — ~ r « 1* 

a(y - mx ) - nx a(y - mx) - nx 

Now when this is cleared of fractions, it will in general contain a in the second degree, 
and therefore, the base will in general not pass through a fixed point; if however, the 
points xy, Vjr", lie in a right line (y = kx) passing through 0, we may substitute in the 
denominators y" = kx”, and y' = kx, and the equation becomes 


y — ma — n at — t 
x” * x 


= a (k — m) — a, 


which only contains a in the first degree , and, therefore, denotes a right line passing 
through a fixed point. 


Ex. 4. If a lino be such that the sura of the perpendiculars let fall on it from a 
number of fixed points, each multiplied by a constant, may = 0 , it will pass through a 
fixed point. 

Let the equation of the line be 

X cos a 4- y sina - p = 0, 
then the perpendicular on it from xy is 

x cos a 4 y' sin a — p, 
and the conditions of the problem give us 

m'(x' cosa 4 y'sina - p) 4 m”(x"cosa 4 y sina - p) 4 m'"(x’'’ cosa 4 y" sin a - p) 

4 itc. — 0, 

or, using the abbreviations £ (nix') for the sum* of the mx, that is, 
mV 4 m'V' 4 m'"x'“ 4 Ac., 
and in like manner £ (my ) for 

m'y' 4 e / 4 m y'” 4 &c., 
and £ (m) for the sum of the m*s or 

, m’ 4 m" 4 m"' 4 Ac, 

We may write the preceding equation 

£ (nix') cos a 4 £ (my ^ sin a — pi (m) = 0. 

Substituting in the original equation the value of p, hence obtained, we get for the equa- 
tion of the moveable line 

x£ (m) cosa 4 y2 (m) sin a - £ (nix') cos a — £ (my 1 ) sin a = 0, 
or x£(m) - £(mr) 4 (y£(m) — £(my')} tan « = 0. 

Now os this equation involves the indeterminate tan a in the first degree, the line 
passes through the fixed point determined by the equations 

x£(m) — £ (mr) = 0 , and y£(m) — £ (my") = 0 , 
or, writing at full length, 

mx 4 m'x” 4 »V 4 &c. mV 4 mV' 4 m’V" 4 &c. 

x as — - „ m — y n — £ — 

m 4 m 4 m 4 &c. m’ 4 m" 4 m"’ 4 &c. 

This point has sometimes been called the centre of mean position of the given points, 


* By sum w'c mean the algebraic sum, for any of the quantities m', m", Ac., may be 
negative. 
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50. If the equation of any line involve the co-ordinates of a 
certain point in the first degree, thus, 

( Ax' + By' + C) x + (A 'x 4 By + C') y + ( A'x +B"y' 4 6") = 0. 

Then if the point x'y' move along a right line, the line whose 
equation has just been written will always pass through a fixed 
point. For, suppose the point always to lie on the line 


La;' 4 My 1 4 N = 0, 


then if, by the help of this relation, we eliminate a! from the 
given equation, the indeterminate y will remain in it of the first 
degree, therefore the line will pass through a fixed point. 

Or, again, if the coefficients in the equation Ax + By 4 C = 0, 
be connected by the relation aA 4 4B 4 cC = 0 ( where a, b, c are 
constant and A, B, C may vary) the line represented by this equa- 
tion will always pass through a fixed point. 

For by the help of the given relation we can eliminate C and 
write the equation 


( cx - a) A 4 (cy - b) B = 0, 
a right line passing through the point = -, 



51. Polar co-ordinates. — It is, in general, convenient to use 
this method, if the question be to find the locus of the extremities 
of lines drawn through a fixed point according to any given law. 


Ex. 1. A and B are two fixed points; draw through B any line, and let fall on it a 

perpendicular from A, AP ; produce AP so that the rectangle AP • AQ may be constant : 

to find the locus of the point Q. 

Take A for the pole, and AB for the fixed axis, then AQ 

is our radius vector, designated by p, and the angle QAB = 9, 

and our object is to find the relation existing between p and 

0. Let us call the constant length AB = c, and from the 

right-angled triangle APB we have AP = c cos 0, but AP • AQ 

=3 const = 4®, therefore, 

* . „ 

pc cos 9 = a 2 , or p cost? = — ; 

c 

but we have seen (Art. 44) that this is the equation of a right line perpendicular to AB, 
4 ® 

and at a distance from A = — . 

c 

Ex. 2. Given the angles of a triangle ; one vertex A is fixed, another B moves along 
a fixed right line : to find the locus of the third. 

H 
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Take the fixed vertex A for pole, and AP perpendicular 
to the fixed line for axis, then AC « p, CAP = 0. Now 
since the angles of ABC are given, AB is in a fixed ratio to 
AC (— mAC) and BAP = 6 - a ; but AP = AB cos BAP ; 
therefore, if we call AP, a, we have 

mp cos (0 — a) = a, 

which (Art 44) is the equation of a right line, making an 
angle a with the given line, and at a distance from 



m 



Ex. 3. Given base and sum of sides of a triangle, if at cither extremity of the base B 
a perpendicular be erected to the conterminous side BC : to find the locus of P the point 


where it meets the external bisector of vertical angle CP. 

Let us take the point B for our pole, then BP will be 
our radius vector p ; and let us take the base produced 
for our fixed axis, then PBD = 0, and our object is to 
express p in terms of 9. Let us designate the sides and 
opposite angles of tho triangle a, ft, c, A, B, C, then it is 
easy to see, that the angle BCP = 90° — |C, and from 
the triangle PCB, that a = p tan JC. lienee it is evident, 
that if we could express a and tan JC in terms of 0, we 
Now from the triangle ABC we have 



6* = a 1 + c* - 2«c cosB, 


but if the given sum of sides be to, we may substitute for b, m — a; and cos B plainly 
= sin 0 ; hence 

m* — 2am -f a* = a* 4- c* — 2ac sin 0, 

and 

TB* — C* 

a 2 (m — c sin 0)' 

Thus we have expressed a in terms of 0 and constants, and it only remains to fiud an 
expression for tan |C. 

Now tan|C = 


b sinC 


J>(1 + cosC) 

But b sinC = c sinB = c cos0 ; and b cosC = a — c cosB = a - c sin0. 

c cos0 


Hence 


tanJC i 


m — c sin 0 

We are now able to express p in terms of 0, for, substitute in the equation a = p tan $C 
the values we have found for a and tan $C, and we get 


m % — c* 


pc cos 0 _ m* - c* 

-r-sv or p cos 0 = - 


2 (m — c sin 0) (m — c sin 0)’ " r ’ 2c 

Hence the locus is a line perpendicular to the base of tho triangle at a distance from 

» 3 - cl 


The student may exercise himself with the corresponding locus, if CP had been the 
internal bisector, and if the difference of sides had been given. 
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Ex. 4. Given it fixed right lines and a fixed point 0 ; if through this point any radius 
vector be drawn meeting the right lines in the points r„ rj, r* . . . . r„ and on this a point 

R be taken such that A- = -i- + , ! r , + ~ + . . . . — — , to find the locus of R 
OR On 'n Or 3 Or. 

Let the equations of the right lines be 

. p cos (0 - a) =p , ; p cos(0 - (3) = pi, &c. 

Hence it is easy to see that the equation of the locus is 

n _ cos(fl - q) + cas(O-ff) + ^ 

P Pi Pi 

the equation of a right line (Art 44). This theorem is only a particular case of a general 
one which we shall prove afterwards. 


* CHAPTER IV. 

APPLICATION OF ABRIDGED NOTATION TO THE EQUATION OF THE 
RIGHT LINE. 

52. W e have seen (Art. 36) that the line 

(a: cosa + y sina - p) - k (x cos/3 + y sin/3 - p) = 0 

denotes a line passing through the intersection of the lines 

x cos a + y sina - p ■» 0, x cos/3 + y sin/3 - p = 0. 

We shall often find it convenient to use abbreviations for 
these quantities. Let us call 

x cosa + y sina - p, a: x cos/3 + y sin/3 - p, /3. 

Then the theorem just stated may be more briefly expressed, the 
equation a - £/3 = 0, denotes a line passing through the intersec- 
tion of the two lines denoted by a = 0, /3 = 0. We shall for 
brevity call these the lines a, /3, and their point of intersection 
the point a/3. We shall, too, liave occasion often to use abbre- 
viations for the equations of lines in the form Ax + By + C = 0. 
We shall in these cases make use of Roman letters, reserving the 
letters of the Greek alphabet to intimate that the equation is in 
the form 

x cosa + y sina - p - 0. 
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53. We proceed to examine the meaning of the coefficient Ic 
in the equation a - k(i = 0. We saw (Art. 27) ^ 

that the quantity a (that is, x cos a 4 y sin a - /;) p 

denoted the length of the perpendicular let fall from 
any point xy, on the line OA (which we suppose 
represented by a). Similarly, that /3 is the length ® ® 

of the perpendicular from the point xy, on the line OB, repre- 
sented by /3. Hence the equation 



a - kfi ■= 0 




asserts, that if from any point of the locus represented by it, per- 
pendiculars be let fall on the lines OA, OB, the ratio of these 
PA 

perpendiculars, that is, will be constant, and = k. Hence the 

locus represented by a - i/3 = 0 is a right line through 0, and 

PA sin POA 

* = PB’ ° f “ sinPOB' 

It follows from the conventions concerning signs (Art. 27) that 

a 4- k/3 = 0 denotes a right line dividing externally the angle 

. „ T , . . . sin POA , T . „ 

AOB into parts such that - 7 — rrrrvr “ «• It is 01 course us- 

sin POB 

sumed in what we have said that the perpendiculars PA, PB 
are those which we agree to consider positive ; those on the op- 
posite sides of a, (3 being regarded as negative. 

54. The reader is probably already acquainted with the fol- 
lowing fundamental geometrical theorem : — “ If a pencil of four 
riyht lines meeting in a point O be intersected by any transverse 
right line in the four points A, P, P', B, then / b 
AP ■ P'B 

the ratio " pg ** constant, no matter how 

the transverse line be drawn." This ratio is 
called the anharmonic ratio of the pencil. In O 
fact, let the perpendicular from O on the transverse line = p : 
then p ■ AP = OA • OP • sin AOP (both being double the area 
of the triangle AOP) ; p • P B = OP' • OB sin P OB ; p ■ AP' 
«= OA • OP' sin AOP' ; p ■ PB *= OP ■ OB • sin POB ; hence 
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p’ • AP • P'B = O A • OP • OF • OB • sin AOP • sin FOB ; 
p 3 -AFPB = OA OP' OP OB - sin AOP' -gin POB; 

AP ■ P'B sin AOP -sin FOB 
AF PB “ sin AOF • sin POB ’ 

but the latter is a constant quantity, independent of the position 
of the transverse line. 


55. If a - k(3 = 0, a - k'(3 = 0, be the equations of two lines, 

f. 

then £ will be the anharmonic ratio of the pencil formed by the 

four lines a, (3, a - i(3, a - A'/ 3, for 

, sin AOP ,, sin AOF 
* = sin POB’ = sinFOB’ 

A sin AOP • sin P'OB 

**■ h' = sinAOP^sinPOB’ 

but this is the enharmonic ratio of the pencil. 

k 

The pencil is a harmonic pencil when ^ = - 1, for then the 

angle AOB is divided internally and externally into parts whose 
sines are in the same ratio. Hdnce we have the important theo- 
rem, two lines whose equations are a - h(3 ■= 0, a + A/3 = 0,form 
with a, (3 a harmonic pencil. 


56. In general the anharmonic ratio of four lines a - k{3, 

a - 1(3, a - m( 3, a - n(3, is ^ For let the pencil be 

cut by any parallel to (3 in the four 

points K, L, M, N, and the ratio 

NL MK n t . . 

But since (3 has the 



“nm-lk* 

same value for each of these four 
points, the perpendiculars from these 
points on a are (by virtue of the equations of the lines) propor- 
tional to k, l, m,n; and AK, AL, AM, AN, are evidently pro- 
portional to these perpendiculars; hence NL is proportional to 
n - / ; MK to m - A ; NMton-wi; and LK to l - k. 
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Ex. 1. To express in this notation the proof that the three bisectors of the angles of 
a triangle meet in a point. 

The equations of three bisectors are obviously (see Arts. 43, 58) a — / 3 = 0, /3 — -y = 0 ? 
y — a = 0, which, added together, vanish identically. 

Ex. 2. Any two of the external bisectors of the angles of a triangle meet on the third 
internal bisector. 

Attending to the convention about signs, it is easy to see that the equations of two 
external bisectors area + /3 = 0,a + y*=0, and subtracting one from the other wo get 
/3 — y = 0, the equation of the third internal bisector. 

Ex. 3. The three perpendiculars of a triangle meet in a point. 

Let the angles opposite to the sides a, ft, y, be A, B, C, respectively. Then since the 
perpendicular dirides any angle of the triangle into parts, which are the complements of 
the remaining two angles, therefore (by Art. 53) their equations are 

a cos A — ft cosB = 0, ft cosB — y cosC = 0, y cosC — a cos A = 0, 
which obviously meet in a point. 

Ex. 4. The three bisectors of the sides of a triangle meet in a point 

The ratio of the perpendiculars on the sides from the point where the bisector meets 
base plainly is sin A : siu B. Hence the equations of the three bisectors are 

a sin A — ft sin B = 0, ft sinB — y sinC = 0, y sinC — a sin A = 0. 

Ex. 5. To form the equation of a perpendicular to the base of a triangle at its ex- 
tremity. Ant. a + ft cos C = 0. 

Ex. 6. If there bo two triangles such that the perpendiculars from the vertices of one 
on the sides of the other meet in a point, then, vice versa, the perpendiculars from the 
vertices of the second on the sides of the first will meet in a point 

Let the sides be a , ft, y, a', ft\ y', and let us denote by (a/3) the angle between 
a and ft. 

Then the equation of the perpendicular 

from aft on y' is a coa(/3y) - ft cos (ay') = 0, 
from fty on a is ft cos(ya') — y cos (/3a') = 0, 
from ay on/3' is y cot(aft') — a cos(y/3) = 0. 

The condition that these should meet in a point is found by eliminating ft between the 
first two, and examining whether the resulting equation coincides with the third. It is 

cos(«/3') coa(/3y') cos(ya') = cos(a'/3) cos^y) cos(y'a). 

Bat the symmetry of this equation shows that this is also the condition that the perpen- 
diculars from the vertices of the second triangle on the sides of the first should meet in a 
point 

57. The lines a - A(3 » 0, and ka - / 3 ■= 0, are plainly such 
that one makes the same angle with the line a which the other 
makes with the line /3, and are therefore equally inclined to the 
bisector a - / 3. 
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Ex. If through the vertices of u triangle there be drawn any t hree lines meeting in a 
point, the three lines drawn through the same angles, equally inclined to the bisectors of 
the angles, will also meet in a point. 

Let the sides of the triangle be a, /3, y, and let the equations of the first three lines 
be 

la — ml 3 is 0, m/3 - »y s= 0, ny — la — 0, 


which, by the principle of Art. 36, are the equations of three lines meeting in a point, and 
which obviously pass through the points a/3, /3y, and y a. Now, from this Article, the 
equations of the second three lines will be 


a 

T 





which (by Art. 3G) most also meet in a point 


58. Given the equations of three right lines, forming a triangle, 
L = 0, M = 0, N = 0, the equation of everg right line can be 
thrown into the form ZL + mM + nN = 0. 

Let L = Ax + By + C, M= A'x + By + C', N=A'x + B"y + C", 
then in order to throw the equation of any fourth line 

ax + by + c = 0 

into the form ZL + wtM + nN = 0, wc should have three equa- 
tions to determine three unknown quantities, namely, 

ZA + mA' + n A" = a, ZB + mB' + nB" = b, ZC + mC' + nC" = c ; 

a (BC" - B"C') + b (C'A" - A'C") + c (A'B"- B'A") 
whence Z - A BC ) + B (C'A''- AC”) + C (AB"- B'A")’ 

with corresponding values for m and n. It is plain (Art. 34) 
that if the three right lines L, M, N meet in a point, the theorem 
of this article would not be true, since the values of Z, m, n would 
then become infinite. We have used in this article equations of 
the form Ax + By + C = 0, because it was with regard to equa- 
tions in this form that the condition for three lines meeting in a 
point (Art. 34) was given ; but had the equations been given in 
the form x cos a + y sin/3 = p, it would of course be equally true 
that the equation of any fourth line can be thrown into the form 
la + m/3 + ny = 0. 

59. To write in the form la + m/ 3 + ny = 0 the equation of the 
line joining two given points x'y, x"g". 

Let a denote the quantity x cos a + y' sin a - p found by sub- 
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etituting the co-ordinates x'y in the equation a ■» 0, &c. Then 
the condition that the co-ordinates x'y shall satisfy the equation 
la + m/ 3 + ny = 0, may be written 

la + m/3' + ny' m 0. 

Similarly we have la” + m/ 3" + ny" - 0. 

I Ttl 

Solving for - , — , from these two equations, and substituting 

in the given form, we obtain for the equation of the line joining 
the two points 

a (fi'y" - 7/3") + /3 (y'a" - y"a) + y ( a'fi " - a”f 3") «=» 0. 

This article obviously proves, independently of the last ar- 
ticle, that the equation of every right line can be thrown into the 
fonn la + m/3 + ny = 0. 


Ex. 1. To find the equation of the line joining two points given by the equations 
(ka — p = 0, la — y = 0), (Aa — /3 = 0, To - y = 0). 

From the first set of equations, (}' = ka, y' ■= la' ; from the second, *3" = A V, y" = fa"; 
substituting these values in the equation of this article, it becomes divisible by a a ", and 
we have 

a (*r - i f) + /3(I — f) + y (A' — A) = 0. 


Otherwise thus : The required equation must (Art 86) be capable of being thrown into 
either of the forms 

(An — /3) + A (/a — y) = 0, (Aa — /3) + A (la— y) ■= 0. 


These equations must be identical ; the coefficient of j3 is the same in both ; and equa- 
ting the coefficients of a and y wo get 


A = A' 


A - A 

i-r : 


and substituting this value we get for the required line the same equation as before. 


Ex. 2. To form the equation of the line joining the intersection of the perpendiculars 
of a triangle to the intersection of the bisectors of sides. 

We have (Art 57, Ex. 3, 4) 

a _ a' cos A _ a cos A a „ a" sin A „ o'sinA 

” cosB ’ * cosC ' ” ~ sinl) ’ * sinC ’ 

substituting these values, the equation becomes 

a sin2A «n(B - C) + sin2B sin(C - A) + y sin2C ain(A - B) = 0. 


60. The following examples will further illustrate the general 
principle, that being given the equations of three lines, a = 0, 
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£ » o, 7 = 0, it is possible to express the equation of any other 
line in terms of these. 


Ex. 1. To deduce analytically the harmonic properties of a complete quadrilateral. 

Let the equation of AC be a = 0 j of AB,l/3 = 0 j of BD, y = 0 ; of AD, la —mft = 0 ; 
and of BC, m/3 — try — 0. Then we are able to 
express in terms of these quantities the equations 
of all the other lines of the figure. 

For instance, the equation of CD is 

fa - m/3 + ny = 0, 

for it is the equation of a right line passing through 
the intersection of la — m/3 and y, that is, the 
point D, and of a and m/3 — ny, that is, the point 
C. Again, la - ny = 0 is the equation of OE, 
for it passes through ay or E, and it also passes 
through the intersection of AD and BC, since it is = (fa — m/3) + (m/3 — ny). 

EF joins the point ay to the point (fa - m/3 + ny, /3), and its equation will be found 
to be fa + ny = 0. 

From Art 65 it appears, that the four lines EA, EO, EB, and EF, form an harmonic 
pencil, for their equations have been shown to be 

a = 0, y = 0, and fa f ny = 0. 



Again, the equation of FO, which joins the points (fa + ny, /3) and (fa - m/3, m/3 - ny ), 
“ fa - 2m/3 + ny = 0. 

Hence (Art. 65) the four lines FE, FC, FO, and FB, are an harmonic pencil, for their 
equations are 

la — m/3 + ny = 0, /3 — 0, and fa — m/3 + ny £ m/3 = 0. 

Again, OC, OE, OD, OF, arc an barmonic pencil, for their equations are 
la - m/3 = 0, m/3 - ny = 0, and la - m/3 + (m/3 - ny) = 0. 


Ex. 2. To discuss the properties of the system of lines formed by drawing through tbs 
angles of a triangle three lines meeting in a point 
Let the equation of AB be y = 0 ; 
of AC /3 = 0 ; of BC a = 0 ; then we 
shall assume for OC la — m/3 ; for 
OA m/3 - ny ; and for OB ny - la 
(as in Art 57); these three lines 
meet in a point, since these three 
quantities added together arc = 0. 

Now we can form the equations 
of all the other lines in tho figure. 

For example, the eqnation of EF 
h m/3 + ny - fa » 0, 

since it passes through the points {ft, ny - fa) or E, and (y, m/3 - fa) or F. 

I 


M 
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In like manner, the equation of DF i a 

la - m/3 4 iiy = 0, 

and of DE 

la 4 *»/ 3 ~ ny — 0. 

Now we can prove, that the three points L, M, N are all in one right line, whose 
equation is / a 4 m{3 4 ny = 0, 

for this line passes through the points (la 4 m/ 3 - wy, y) or N, (la - mf 3 4 ny, /3) or M, 
and (mj 3 4 ny — la, a) or L. 

The equation of CN is la 4 = 0, 

for this is evidently a line through (a, /3) or C, and it also passes through N, since it 
= (la + m ( 3 4 *»y) - ny. 

Hence BN is cut harmonically, for the equations of the four lines CN, CA, CF, CB 
are, 

a = 0, >3 = 0, la - mj 3 = 0, la 4 mf 3 = 0. 

We shall often afterwards meet with equations of the form discussed in this example. 

Ex. 3. If two triangles be such that the intersections of the corresponding sides lie 
on the same right line, the lines joining the corresponding vertices meet in a point. 

Let the sides of the first triangle be a, /3, y ; and let the line on which the corre- 
sponding sides meet be la 4 m/3 4 tty : then the equation of a line through the intersection 
of this with a must be of the form Ta 4- m/3 4 ny = 0, and similarly those of the other 
two sides of the second triangle are 

la 4- m'/3 4 - Wy = 0, la 4- m/3 4 ny = 0. 

But subtracting successively each of the last three equations from another, we get for 
the equations of the lines joining corresponding vertices 

(/-T)a = («-»»')/ 3, (m - m‘)/3 = (*-«') 7. (» - n')y = (I - t)a. 

which obviously meet in a point. 

61. We have seen that having assumed any three right lines, 
we can express the equation of any right line in the form 
A a + B/3 + Cy = 0, 

and so solve any problem by a set of equations expressed in terms 
of a, /3, y, without any direct mention of'x and y. This suggests 
a new way of looking at the principle laid down in Art. 58, &c. 
Instead of regarding a as a mere abbreviation for the quantity 
x cos a + y sin a - p, we may look upon it as simply denoting the 
length of the perpendicular from a point on the line a. W e may 
imagine a system of trilinear co-ordinates in which the position 
of a point is defined by its distances from three fixed lines, mid 
in which the position of any right line is defined by a homoge- 
neous equation between these distances of the form 
Aa + B/3 + Cy = 0. 
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The advantage of trilincar co-ordinates is, that whereas in 
Cartesian (or x and y ) co-ordinates the utmost simplification we 
can introduce is by choosing two of the most remarkable lines in 
the figure for axes of co-ordinates, we can in trilinear co-ordinates 
obtain still more simple expressions by choosing three of the most 
remarkable lines for the lines of reference a, /3, y . The reader 
will compare the brevity of the expressions in Art. 56 with those 
corresponding in Chap. n. 

62. To reduce a non-homogeneous equation (Jot example, a ■» 3) 
to the homogeneous form la + wi/3 + ny = 0. 

Let a, b, c be the lengths of the sides of the triangle formed 
by the three lines of reference ; then since a denotes the length 
of the perpendicular from any point O on a, aa is double the area 
of the triangle OBC ; in like manner 6/3 is double OAC ; and cy 
double O AB ; therefore, no matter where the point O be taken, 
the quantity aa + 6/3 + cy is always constant, and equal double 
the area of the triangle ABC. The reader may suppose that this 
is only true if the point O be taken within the triangle ; but he 
is to remember that if the point O were on the other side of any 
of the lines of reference (a), we must give a negative sign to that 
perpendicular, and the quantity aa + 6/3 + cy would then 
= 2 (OAC + OAB - OBC), 

that is, still = twice the area of the triangle. If, then, we call 
the double area M, the equation a = 3 may be written 
Ma = 3(aa + 6/3 + cy), 

which is the required form. If A, B, C be the angles (opposite 
a, (3, y respectively) of the triangle formed by the lines of refe- 
rence, it is plain that a sin A + /3 sin B + y sin C is also constant, 

. . M sin A 
being = . 

° a 

63. To express in trilinear co-ordinates the equation of the pa- 
rallel to a given line Aa + B/3 + Cy = 0. 

In Cartesian co-ordinates two lines are parallel if their equa- 
tions A* + By + C = 0, Ar + By + C' - 0 differ only by a con- 
stant. It follows, then, that the equation 

A a + B/3 + Cy + /fc(asinA + Bsin/3 + ysinC) =* 0 
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denotes a line parallel to Aa + B/3 + Cy = 0, since the two equa- 
tions differ only by a constant. 

Ex. 1. To find the eqnxtion of a parallel to the base of a triangle drawn through the 
vertex. Ant. a sin A + /3 sin B = 0. 

For this, obviously, is a line through a/3, and writing the equation in the form 
y sinC - (a sin A + /3 sinB + y sinC) = 0, 
it appears that it differs only by a constant from y = 0. 

We see, also, that the parallel asinA + /3 sinB, and the bisector of the base a sin A 

— /3 sin B form a harmonic pencil with a, f3 (Art 55). 

Ex. 2. The line joining the middle points of sides of a triangle is parallel to the base. 
Form (Art 59) the equation of the line joining (3 sin B — y sinC, a), (a sin A 

— y sinC, /3), when we get a sin A + /3 sinB - y sinC «= 0, which, by this article, is 
parallel to y. 

Ex. 8. To find the equation of a perpendicular to any side at its middle point. 

This is to draw a parallel to the line a cos A — /3 cos B = 0 through the point 
(a sin A — /3 sinB, y). Ant. a sinA — /3 sinB + y sin (A — B) = 0. 

Ex. 4. The three such perpendiculars meet in a point. Their equations vanish when 
multiplied, respectively, by Bin2C, sin2B, sin 2 A, and added together. The equations of 

the lines joining their intersection to the vertices will be found to be ^ &c. 

cos A cos B 

Ex. 6. Verify that tills point lies on the line whose equation is given Art. 69, Ex. 2. 

Ex. 6. Find the length of the perpendicular from a point a'/3'y' on Aa + B/3 + Cy = 0. 

Aa‘ 4- B ft + Cy' 

**■ V(A* + B» + & - 2AB co«C - 2BC cos A - 2CA cos B)‘ 

64 . To examine what line is denoted by the equation 
a sin A + /3 sinB + y sinC = 0. 

This equation is included in the general form of an equation 
of a right line, but we have seen that the co-ordinates of any finite 
point render the quantity a sin A + sin B + y sinC = a certain 
constant, and never = 0. Let us return, however, to the general 
equation of the right line, Ax + By + C = 0. We saw that the 

C C 

intercepts which this line cuts off on the axes are ~ A’ ~ B ; COn * 

6equcntly, the smaller A and B become, the greater will be the 
intercepts on the axes, and, therefore, the more remote the line 
represented by Ax + By + C = 0. Let A and B be both = 0, then 
the intercepts become infinite, and the line is altogether situated 
at an infinite distance from the origin. Hence we arrive at the 
conclusion, that the paradoxical equation C = 0, a constant = 0, 
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(and therefore, likewise, a sin A + /3 sin B + y sin C = 0), repre- 
sents a right line situated altogether at an infinite distance from 
the origin. 

65. We saw (Art. 63) that a line parallel to the line a = 0 has 
an equation of the form a + C ■* 0. Now the last Article shows that 
this is only an additional illustration of the principle of Art. 36. 
For, a parallel to a may be considered as intersecting it at an infi- 
nite distance, but (Art. 36) an equation of the form a + C = 0 
represents a line through the intersection of the lines a = 0, C = 0, 
or (Art. 64) through the intersection of the line a with the line at 
infinity. 

66. We have to add, in conclusion, that Cartesian co-ordinates 
are only a particular case of trilinear. There appears, at first sight, 
to be an essential difference between them, since trilinear equa- 
tions are always homogeneous, while we are accustomed to speak 
of Cartesian equations as containing an absolute term, terms of 
the first degree, terms of the second degree, &c. A little reflec- 
tion, however, will show that this difference is only apparent, 
and that Cartesian equations must be equally homogeneous in 
reality, though not in form. The equation x = 3, for example, 
must mean that the line x is equal to three feet or three inches, 
or, in short, to three times some linear unit ; the equation xy = 9 
must mean that the rectangle xy is equal to nine square feet or 
square inches, or to nine squares of some linear unit ; and so on. 

If we wish to have our equation homogeneous in form as well 
as in reality, we may denote our linear unit by z, and write the 
equation of the right line 

Ax + By + Cz = 0. 

Comparing this with the equation 

A a + Bj3 + C-y *= 0 ; 

and remembering (Art. 64) that when a line is at an infinite dis- 
tance its equation takes the form z = 0, we learn that equations in 
Cartesian co-ordinates are only the particular form assumed by 
trilinear equations when two of the lines of reference are what are 
called the co-ordinate axes, while the third is at an infinite distance. 
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CHAPTER V. 


EQUATIONS ABOVE THE FIRST DEGREE REPRESENTING RIGHT 

LINES. 


67. Before proceeding to speak of the curves represented by 
equations above the first degree, we shall examine some cases 
where these equations represent right lines. 

If we take any number of equations, L = 0, M = 0, N = 0, 
&c., and multiply them together, the compound equation LAIN, 
&c. = 0 will represent the aggregate of all the lines represented by 
its factors ; for it will lie satisfied by the values of the co-ordinates 
which make any of its factors = 0. Conversely, if an equation of 
any degree can be resolved into others of lower degrees, it will repre- 
sent the aggregate of all the loci represented by its different factors. 
If, then, an equation of the n' k degree can be resolved into n 
factors of the first degree, it will represent n right lines. 


68. A homogeneous equation, of the n" > degree between the 
variables, denotes n right lines passing through the origin. 

Let the equation be 

x" - px n ~'y + qxt'-y 2 - &c. • • • + tif = 0. 

Divide by y n , and w&'get 



Let a, b, c, &c., be the n roots of this equation, then it is re- 
solvable into the factors 


(H(HS -)*-•• 

and the original equation is therefore resolvable into the factors 
(x - ay) (x - by) (x - cy) &c. = 0. 

It accordingly represents the n right lines x - ay = 0, &c., all of 
which pass through the origin. Thus, then, in particular, the 
homogeneous equation 

x s - pxy + qy' = 0 
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represents the two right lines x - ay = 0, x - by «■ 0, where a and 
b are the two roots of the quadratic 



+ q = 0. 


It is proved, in like manner, that the equation 


(x - a)" - p (x - a)"' 1 (y - S) + q{x - a)" - ’ (y - 6)* • • ■ + t(y - £>)" = 0 
denotes n right lines passing through the point (a, b). 


Ex. 1. What locus is represented by the equation ry = 0 ? 

Ant. The two axes, since the equation is satisfied by either of the 
suppositions x = 0, y = 0. 

Ex. 2. What locus is represented by x* — y* = 0 ? 

Ant. The bisectors of the angles between the axes, x ± y = 0 (see Art. 43). 

Ex. 3. What locus is represented by x 2 - 6 xy 4- Gy- = 0 ? 

Ant. x - 2y = 0, x - 3y = 0. 
Ex. 4. What locus is represented by x* — 2xy sec 0 -f y 1 = 0 ? 

Ant. x = y tan (45° ± |0). 

Ex. 5. What lines ore represented by x 3 — 2xy tan 9 — y s = 0 ? 

Ex. 6. What lines are represented by x 3 — 6 x*y + llxy 3 — By 3 = 0 ? 


69. Let us examine more minutely the three cases of the solu- 
tion of the equation x 1 - pxy + qy 2 - 0, according as its roots are 
real and unequal, real and equal, or both imaginary. 

The first case presents no difficulty : a and b are the tangents 
of the angles which the lines make with the axis of y (the axes 
being supposed rectangular), p is therefore the sum of those tan- 
gents, and q their product. 

In the second case, when a = b, it was once usual among geo- 
meters to say that the equation represented but one right line 
(x-ay = 0). We shall find, however, many advantages in making 
the language of geometry correspond exactly to that of algebra, 
and as we do not say that the equation above has only one root, 
but that it has two equal roots, so we shall not say that it repre- 
sents only one line, but that it represents two coincident right lines. 

Thirdly, let the roots be both imaginary. In this case no real 
co-ordinates can be found to satisfy the equation, except the co- 
ordinates of the origin x = 0, y = 0 ; hence it was usual to say 
that in this case the equation did not represent right lines, but 
was the equation of the origin. Now this language appears to 
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us very objectionable, for we saw (Arts. 14, 15) that two equa- 
tions are required to determine any point, hence we are unwilling 
to acknowledge any single equation as the equation of a point. 
Moreover, we have been hitherto accustomed to find that two 
different equations always had different geometrical significations, 
but here we should have innumerable equations, all purporting to 
be the equation of the same point ; for it is obviously immaterial 
what the values of p and q are, provided only that they give ima- 
ginary values for the roots, that is to say, provided that p' be less 
than 4 q. We think it, therefore, much preferable to make our 
language correspond exactly to the language of algebra ; and as 
we do not say that the equation above has no roots when p * is less 
than 4 q, but that it has two imaginary roots, so we shall not say 
that, in this case, it represents no right lines, but that it repre- 
sents two imaginary right lines. In short the equation x? - pxy 
+ qy 2 = 0 being always reducible to the form (x - ay) (x - by) = 0, 
we shall always say that it represents two right lines drawn through 
the origin ; but when a and b are real, we shall say that these lines 
are real ; when a and b are equal, that the lines coincide ; and 
when a and b are imaginary, that the lines arc imaginary. It may 
seem to the student a matter of indifference which mode of speak- 
ing we adopt ; we shall find, however, as we proceed, that we 
should lose sight of many important analogies by refusing to adopt 
the language here recommended. 

Similar remarks apply to the equation 
Aj: 1 + Bxy + C tfi = 0, 

which can be reduced to the form x * - pxy + qy 1 = 0, by dividing 
by the coefficient of x*. This equation will always represent two 
right lines through the origin; these lines will be real if B J - 4 AC 
be positive, as at once appears from solving the equation ; they 
will coincide if B s - 4 AC = 0 ; and they will be imaginary if 
B 5 - 4AC be negative. So, again, the same language is used if 
we meet with equal or imaginary roots in the solution of the 
general homogeneous equation of the n ,h degree. 

70. To find the angle contained by the lines represented by the 
equation x* - pxy + qy 1 = 0. 

Let this equation be equivalent to (x - ay) (x - by) - 0, then 
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a - b 


the tangent of the angle between the lines is (Art. 40) j— ^,,but 

the product of the roots of the given equation = q, and their dif- 
ference = \/ (j> 2 - 4 q). Hence 


tan^ 


V(P 1 ~ 4q) 

1 + q 


If the equation had been given in the form 
Ax 2 + Qxy + C y 2 = 0, 

it will be found that 

V(B’-4AC) 

ATC ’ 

Cor. — The lines will cut at right angles, or tan tp will become 
infinite, if q = - 1 in the first case, or if A + C = 0 in the second. 


Ex. Find the angle between the lines 

X 1 \ Try — Gy* = 0. 

** - 2 ry sec 9 + y* = 0. 


An». 45 s . 
An*. 9 . 


* If the axes be oblique, we should find, in like manner, 
sinw y/ (B’ - 4 AC) 


t nn ip 


A + C - B coscu 


7 1 . To find the equation which will represent the lines bisecting 
the angles between the lines represented by the equation 
Asi 2 + Bry + C y 2 = 0. 

Let these lines be x - ay = 0, x - by = 0 ; let the equation of 
the bisector be x - py = 0, and we seek to determine p. Now 
(Art. 22) p is the tangent of the angle made by this bisector with 
the axis of y, and it is plain that this angle is half the sum of the 
angles made with this axis by the lines themselves. Equating, 
therefore, tangent of twice this angle to tangent of sum, we get 


Ip a + b 
1 - p‘ 1 -ab' 


but, from the theory of equations, 

B 
A’ 


I 

a + b - — r-. 


ab • 


c 

A’ 


therefore 


'Ip B 

\-p 2 ~~ A -C ’ 


K 
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or 


- 2 ^ir^ - 


1 = 0 . 


This gives us a quadratic to determine g, one of whose roots will 
be the tangent of the angle made with the axis ofy by the internal 
bisector of the angle between the lines, and the other the tangent 
of the angle made by the external bisector. W e can find the com- 
bined equation of both lines by substituting in the last quadratic 

X 

for g its value = and we get 

- 2 A ^ xy - y 3 - 0,* 


and the form of this equation shows that the bisectors cut each 
other at right angles (Art. 70). 

The student may also obtain this equation by forming (Art. 
43) the equations of the internal and external bisectors of the 
angle between the lines x - ay = 0, x - by « 0, and multiplying 
them together, when he will have 

(.« - ay')' 1 (a: - by)* 

1 + a*~ = 1 + b* ’ 

and then clearing of fractions, and substituting fos a + b, and ab 
their values in terms of A, 11, C, the equation already found is 
obtained. 


72. To find the condition that the general equation of the second 
degree should represent tivo right lines. 

Let the general equation be 

Ax’ 1 + Rr y + C y 3 + Dx + Ey + F = 0 : 
write it in the form 

Ax 1 + (By + D)x + Cy 3 + Ey + F = 0, 
and solving this quadratic for x, the roots are found to be 

By + D + V | (B 5 - 4 AC)y 3 + 2 (BD - 2 AE)y + D 3 - 4 AF ) 

2 A * 


* It is remarkable that the roots of this last equation will always be real, even if the 
roots of the equation A-r* -f- B/y + Cy* = 0 be imaginary, which leads to the curious 
result, that a pair of imaginary lines may have a pair of real lines bisecting the angle 
between them. It is the existence of such relations between real and imaginarv lines 
which makes the consideration of the latter profitable. 
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Now this value cannot be reduced to the form x = my + n, 
unless the quantity under the radical be a perfect square. The 
condition that this should be the case is 

(B* - 4AC) (D* - 4AF) = (BD - 2AE)», 

or expanding and dividing by 4 A, 

AE* + CD* + FB* - BDE - 4ACF «= 0 ; 

which is the required condition that the equation of the second 
degree should represent right lines. 

Ex. 1. Verify that the following equation represent* right lines, and find the lines, 
x* - hxy + 4y s -f x + 2y - 2 = 0. 

Ant. Solving for x as in the text, the lines are found to be 

x - y - 1 = 0, x - 4y + 2 = 0. 

Ex. 2. Verify that the following equation represents right lines : 

(ax + fly - r*)* = (a* + /3* - r*) (x 3 + y* - r*). 

Ex. 3. What lines are represented by the equation 

x* — xy + y*-x-y- f- 1 = 0? 

Ant. The imaginary lines x + % + = 0, x 4- (Py f 0 = 0, where 9 is one 

of the imaginary cube roots of 1. 

Ex. 4. Determine B, so that the following equation may represent right lines : 
x 3 + B xy + y- - 5x — 7y + 6 = 0. 

Ant. Substituting these values of the coefficients in the general condition, we 

10 5 

get for B the quadratic, GB* — 35B 4- 50 = 0, whose roots are ~ and 

• 73. The method used in the preceding Article, though the 
most simple in the case of the equation of the second degree, is 
not applicable to equations of higher degrees : we therefore give 
another solution of the same problem. It is required to ascertain 
whether the given equation of the second degree can be identical 
with the product of the equations of two right lines 

(ax + (3y - 1) (a'x + fi'y - 1) « 0 ; 

multiply out this product, and equate the coefficient of each term 
, to the corresponding coefficient in the general equation of the 
second degree, having previously divided the latter by F, so ns 
to make the absolute term in each equation = 1 . We thus obtain 
five equations : four of them enable us to determine the four un- 
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known quantities, a, a, (3, /3 , in terms of the coefficients of the 
general equation ; and then these values being substituted in the 
fifth give the condition required. The five equations actually 
are 

oa=p a + a=--p pp = p /3 + /3=-p, a/3 + a/3 = p. 

From the first four we can at once form two quadratic equa- 
tions for determining a, a, (3, (3', as indeed we might have other- 
wise inferred from the consideration that these quantities are the 
reciprocals of the intercepts made by the lines on the axes ; and 
that the intercepts made by the locus on the axes are found (by 
making alternately x ■> 0, y = 0, in the general equation) from the 
equations 

Ax * + Da: + F = 0, C if + Ey + F «= 0. 

Now if the locu3 meet the axes in the points L, L'; M, M'; it is 
plain that if it represent right lines at all, these must be either 
the pair LM, L'M', or else LM', L'M, whose equations are 

(ax + /3y - 1) (a'x + /3 y — 1) ■= 0, or (ax + /3'y - 1) (a'x + /3y - 1) ■= 0. 

Multiplying out, we see that ji might not only have the value 

given before a/3' + /3a', but also might be a/3 + a'f 3'. The sum of 
those quantities 

np 

= (« + «')(/3 + /3') = -^, 

and their product 

-aa'(/3’ + /3'O + 0/3'(a* + a'Vy 

hence ^ is given by the quadratic 

• B> DE B AE* + CD 1 - 4ACF „ 

F J F ’ F + F* " 

which, cleared of fractions, is the condition already obtained. 

Ex. To determine B so that ** + Dry + yi-6x-7y + 6 = 0 may represent right 
Una. 

The intercepts on the axes are given by the equations 

x* - bx + 6 = 0, y* - 7y + 6 = 0, 

whose roots are x = 2, x = 8; jr => 1, y = 6. Forming, then, the equation of the lines 


(E’-2CF) C (D 1 - 2AF) 
F* + F F» 5 
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joining the points so found, wo sec that If the equation represent right lines, It must be of 
one or other of the forma 

(x + 2y - 2) (2x + y - 6) =» 0, (x + 3y ~ 8) (3x + y - 6) = 0, 

whence, multiplying out, B is determined. 

* 74. To find how many conditions must be satisfied in order 
that the general equation of the n’ k degree may represent right 
lines. 

We proceed as in the last Article ; we compare the general 
equation, having first by division made the absolute term = 1, 
with the product of the n right lines 

(ax + fiy - 1) (a'x + fi'y - 1) (a"x + fi'y - 1) &C. = 0. 

Let the number of terms in the general equation be N ; then 
from a comparison of coefficients we obtain N - 1 equations (the 
absolute term being already the same in both) ; 2 n of these equa- 
tions are employed in determining the 2n unknown' quantities 
a, a.', &c., whose values being substituted in the remaining equa- 
tions afford N - l - 2n conditions. Now if we write the general 
equation ^ 

+ Rr + C y 
+ Dx 1 + E xy + Fy 1 
+ Gx’ + ILr’y + Ly 3 

+ &c., 

it is plain that the number of terms is the sum of the arithmetic 


series 


N= 1 + 2 + 3 + • • 


hence 


N 1 - 2n - 

1-2 

1 • 2 

• 75. To find how many conditions must be fulfilled in order 
that the general equation of the nt h degree should represent n right 

lines, each passing through a 

given point. 

We should now compare the general equation with the equa- 


tion 

\y - y - m(x - x')) \y - y" - m(x - x")| &c. = 0. 
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There arc now but the n unknown quantities, m, ni, &c., to be 
determined ; hence the number of conditions is 


N - 


n(n + 1) 

1 2 ‘ 


* 76. To find the number of conditions which must be fulfilled 
in order that the general equation mag represent n right lines, all 
passing through the same point. 

We now compare the general equation with 

\y -y - m(x - a:')) \y - g - m(x - x')\ &c. = 0. 

Beside the n unknowns m, ni, &c., there are also the two x'y to 
be determined ; hence the number of conditions 

»N-l-(n + 2)=”i^-2. 


CHAPTER VI. 

THE CIRCLE. 

77. Before we proceed to the general investigation of the 
curves represented by t^p general equation of the second degree, 
it seems desirable that wc should examine the equation of the 
circle, which ranks next to that of the right line in simplicity. 

To find the equation of the circle whose centre is the point (ab) 
and radius is r. 

Expressing (Art. 5) that the distance of any point from the 
centre is equal to the radius, we at once obtain the equation 
( x - a) 1 + {y - by = r 1 . 

If the axes be oblique, we have (Art. C) 

(x - a)* + (y - by + 2 (x - a)(y - b) cos<u = r* ; 
but we shall seldom use oblique axes in questions relating to 
circles. 

Cor. 1. — The equation to rectangular axes of the circle whose 
centre is the origin is , , 5=3 
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Con. 2. — Let the axis of a: be a diameter, and the axis of y a 
perpendicular at its extremity, then the co-ordinates of the centre 
are obviously (r, 0), and on substituting these values for a and b, 
the equation of the circle becomes 

x* + y 1 = 2 rx. 

The two forms just mentioned arc the simplest which the 
equation of the circle can be made to assume by a particular choice 
of axes; and are those which most frequently occur in practice. 

• 78. By comparing the equations found in the last Article 

with the general equation of the second degree, 

Ax 2 + B xy + Cy s + Dx + Ey + F = 0, 

we can ascertain the conditions that this latter equation should 
represent a circle. 

If the axes be rectangular, it is evident that B must = 0 and 
A = C, in order that when we divide by A the equation may be 
capable of being put into the form 

(x - a) 1 + (y - by = r 1 , or x 1 + y 1 - 2ax - 2 by + a 1 + b' - r 2 = 0. 


If the axes be oblique, we must compare the general equation 
with the equation 


(x - ay + (y - by + 2(x - a) (y - b) cosu> => r 1 , 

and we find that in this case the general equation will represent 

a circle, if A = C, and ^ = 2cosw. 

A 

If the general equation of the second degree, referred to rect- 
angular axes, fulfil the conditions B = 0, A = C, tee can find the 
radius of the circle represented by it, and also the co-ordinates of its 
centre, thus fully determining the circle, both in magnitude and 
position ; for, comparing the equations, 


. , D E F „ 

^ + A* + A y + A = °’ 


and 
we get 


x 1 + y’ - 2ax - 2 by + a’ + b- - r 3 - 0, 
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and, therefore, 

D E D» + E* - 4AF 

a “"2A’ 6 ““2A’ r= 4Ai ; 

and the general equation is equivalent to 

( D V / EV D 2 + E 2 - 4 AF 
K X+ 2a) + {» + 2a) = 4 ^ * 

The rule, then, for bringing the equation of any circle to the 
form (x - a) 1 + (y - by = r 2 , may be expressed as follows : “ By 
division make the coefficients of X s and y 2 = 1, transpose F, and 
then complete the squares by adding to both sides the sum of the 
squares of half the coefficients of x and y.” 

Ex. 1. Find the co-ordinate* of the centre and the radius of 

u* + y 2 - 8x - dy = 7. , / 6 „ \ V(69) 

"*■ U’ A 8 ’ 

Ex. 2. Reduce to the form of Art. 77, 

x* + y 2 — 2x - 4y = 20. 

Am. (x~ l) 2 + (y-2)«c=5 2 . 

Ex. 8. Find the line joining the centre* of the circle* 

*» + yi = 2y ; x» + y* = 2*. 

Am. x + y = 1. 

Since F docs not occur in the values just found for the co- 
ordinates of the centre, we learn that two circles will be concentric 
if their equations only differ in their constant term. 

79. We consider in this Article the effect of two or three 
particular suppositions on the general equation. 

(1.) If F = 0 the origin is on the curve. For then the equa- 
tion is satisfied by the values x = 0, y = 0 ; that is, by the co-ordi- 
nates of the origin. The same argument proves that if an equa- 
tion of any degree want the absolute term, the curve represented by 
it passes through the origin. ’ • 

(2.) If D 2 + E 2 = 4 AF ; it appears from Art. 78 that the ra- 
dius of the circle vanishes, and that the equation may be reduced 
to the form 

(x - a) 2 + (y - bf m 0. 

It is plain, that this equation can be satisfied by the co-ordi- 
nates of no point save those of the point (x = a, y = b); hence it 
has been common to say, that the equation just written is the 
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equation of this point. We object to this mode of expression 
for the reasons given, Art. 69, and prefer to call it the equation 
of an infinitely small circle, having for centre the point (ab). We 
have seen (Art. 69) that it may also be considered as the equation 
of tico imaginary right lines passing through the point (ab), since 
it can be resolved into the factors 


(x-a)+(y - b)f (- 1) = 0, and (x - a) - (y - b)f(- 1) = 0. 
These remarks, of course, apply, in like manner, to the equation 

x 3 + y 3 = 0, 

wiiich is a particular case of the above. 

(3.) If D 1 + E a be less than 4AF, the radius of the circle 
becomes imaginary, and the equation, being equivalent to one of 
the form 

(x - a) 2 + (g - by + r 3 = 0, 

cannot be satisfied by any real values of the co-ordinates x and y. 

80. To find the co-ordinates of the points in which a given right 
line meets a given circle. 

Let the equation of the circle be x 3 + y 3 = r 3 , and that of the 
right line x cosa + y sina = p. These two equations are sufficient 
(Art. 15) to determine the x and y of the intersection. For ex- 
ample, finding the values of y from both, and equating them to 
each other, we get for determining x, the equation 


or, reducing 


p - X cos a 
sina 


V (r 3 - x 3 ), 


x 3 - 2px cos a + p 2 - r 2 sin -'a => 0 ; 


hence, x = p cosa ± sina f (r 3 - p 3 ), 

and, in like manner, 

y <=/isina + cosa f (r 3 - p 3 ). 

(The reader may satisfy himself, by substituting these values 
in the given equations, that the - in the value of y corresponds 
to the + in the value of a:, and vice versa.) 

Since we obtained a quadratic to determine x, and since every 
quadratic has two roots, we must, in order to make our language 
conform to the language of algebra, assert that every line meets a 
circle in two points. 

L 
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81. Let us, however, examine separately the three cases of 
this solution : 

Fjrst. If p, which is the distance of the line from the centre, 
be less than the radius, we get two real values for x and y, and 
the line meets the circle in two real points. 

Secondly. Let p = r, or the distance of the line from the cen- 
tre = the radius. In this case it is evident geometrically that 
the line is n tangent to the circle, and our analysis points to the 
same conclusion,- since the two values of x in this case become 
equal , as do likewise the two values of y. Consequently, the 
points answering to these two values, which arc in general diffe- 
rent, will in this case coincide. We shall, therefore, not say that 
the tangent meets the circle in only one point, but rather that it 
meets it in two coincident points ; just as we do not say that the 
equation for this case 

X s - 2rx cos a + r 3 cos" a = 0, 

has only one root, but rather that it has two equal roots. And, in 
general, we define the tangent to any curve as the line joining 
two indefinitely near points on it. 

Thirdly. Let p be greater than r. In this case it is usual to 
say, that the line does not meet the circle at all. Analysis, how- 
ever, though it fails to furnish us with real values for x and y, yet 
supplies us with imayinary values. We shall, therefore, find it 
more consistent to say that in this case the line meets the circle 
in two imaginary points. By an imaginary point we mean nothing 
more than a point, one or both of whose co-ordinates are imagi- 
nary. It is a purely analytical conception. We do not attempt 
to represent it geometrically. But the neglect of those imaginary 
points would lead to as great a want of generality in our reasonings, 
and to as much inconvenience in our language, as if, only paying 
attention to the real roots of equations, we were to deny that every 
equation has as many roots as it has dimensions, or to assert that 
the equation 

X s - 2px cos a ■= r 3 sin 3 a - p‘ 

has no root at all when p is greater than r. We shall presently 
meet with many cases in which the line joining two imaginary 
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points is real, anil enjoys all the geometrical properties of the cor- 
responding line in the case where the points are real. 

82. We should proceed as in Art. 80, if it were required to 
find the points where the line ax + by + c - 0 meets the circle 

Ax’ + Ay 2 + Dx + Ey + F = 0. 

Eliminating either variable between the equations, we have a qua»- 
dratic to determine the other ; and if this quadratic have equal 
* roots, the line touches the circle. We only think it necessary to 
notice particularly the case where the given line is one of the axes 
of co-ordinates. By making alternately y = 0, x = 0 in the equa- 
tion of the circle, we find that the points in which it is met by the 
axes are determined by the quadratics 

Ax 5 + Dx + F = 0, Ay 2 + E y + F = 0. 

The axis of x will be a tangent when the first quadratic has equal 
roots, that is, when 

D 3 = 4AF, 

and the axis of y when E a = 4AF. 

When seeking to determine the position of a circle represented 
by a given equation, it is often as convenient to do so by finding 
the intercepts which it makes on the axes, as by finding its centre 
and radius. For a circle is known when three points on it arc 
known ; the determination, therefore, of the four points where the 
circle meets the axes serves completely to fix its position. 

Ex* 1. Find the co-ordinates of intersection of x* 4- y* = 66 ; 3 jt -f y — 25. 

Ant. (7, 4) and (8, 1). 

Ex. 2. Find intersections of (x — c) # + (y — 2c)* = 25c 1 ; 4x + 3y = 35c. 

Ant. The line touches at the point (5c, 5c). 
Ex. 3. Find the points where the axes are cut by x* -f y- — 6r — 7y -f 6 = 0. 

Ant. x — 3, x=2; y = 6, y= 1. 

Ex. 4. What is the equation of the circle which touches the axes at distances from 
the origin = a ? A nt. x* + y* - 2 ax - 2 ay + a 1 = 0. 

Ex. 5. When will y = mx + b touch tfl + y* ~ r* ? Ant. When 6* = r*(l -f »«*). 

Ex. 6. Find the tangent from the origin to A (x* -f- y*) -f Dx + Ey + F = 0. The 
points where any line through the origin (y = wx) meets the circle are given by the 

C<IUatl0n A (m 2 4 l)r» l (D + Em)* i F = 0. 
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If the line touches, this quadratic will have equal roots, 
or (D 4 - Era)* = 4AF (m* + 1), 
which gives a quadratic for determining m. 

Ex. 7. Find the tangents from the origin to x* + y 2 - Gx - 2y + 8 = 0. 

Am. x - y = 0, 7x 4 y = 0. 

83. To find, the equation of the tangent at the point x'y to a 
given circle. 

The tangent having been defined (Art. 81) as the line joining 
two indefinitely near points on the curve, its equation will be * 
found by first forming the equation of the line joining any two 
points (x'y, x'y") on the curve, and then making x = x" and y = y" 
in that equation. 

To apply this to the circle : first, let the centre be the origin, 
and, therefore, the equation of the circle x 2 + y 2 = r 2 . 

The equation of the line joining any two points (x'y') and 
(x"y") is (Art. 29), 

y-y', y'-y" . 

X- X X - x' ’ 

now if we were to make in this equation y - y" and a! = x", the 

right-hand member would assume the indeterminate form of 

The cause of this is, that we have not yet introduced the condi- 
tion, that the two points (x’y, x'y") are on the circle. liy the help 
of this condition we shall be able to write the equation in a form 
which will not become indeterminate when the two points are 
made to coincide. For, since 

r 2 = x ' 4 y' 1 «= x" 2 + y" 2 , we have x' 1 - x" 2 = y" 2 - y' 2 , 

and, therefore, y'~y" x + x” 

x'-x" y' + y" ' 

Hence the equation of the chord becomes 
y-y' = _ x 4 x" 

* - * y + y"‘ 

And if we now make x = x" and y = y", we find for the equation 
of the tangent, y _ y . x - 

x-x! y’ 
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or, reducing, and remembering that x 2 + y 1 = r’, we get finally 
xx + yy = r*. 

If we were now to transform the equations to a new origin, so 
that the co-ordinates of the centre should become a, b, we must 
substitute (Art. 8) x - a, x’ - a, y - b, y - b for x, x, y, y, re- 
spectively : the equation of the circle would become 

(x- a) 2 + (y- by = r 2 , 
and that of the tangent 

(a: - a){x' - a) + (y - b){y' - b) = r 2 ; 

a form easily remembered, from its similarity to the equation of 
the circle. 

W e might have obtained the equation of the tangent 
xx‘ + yy = r 2 

in another way, by forming the equation of a line through the 
point x'y, perpendicular to the radius, whose equation is easily 
seen to be y'x = x'y. We have preferred, however, the method 
actually adopted, both because it is the same as that which we 
shall employ in the case of other curves, and also because we wish 
the learner to perceive that all the properties of the circle can be 
deduced from its equation without a previous acquaintance with 
the geometrical theory of the curve ; as in the present instance, 
where the equation just found may be used to prove that the tan- 
gent to a circle is perpendicular to the radius. 

84. To find, the equation of the tangent to the circle whose 
equation referred to any axes is 

Ax 2 + B.ry + Ay 2 + Dx + Ey + F ■= 0, 
where B = 2A cos w. We form, as in Art. 83, the equation of the 
line joining two points, and then by the help of the conditions 
that x'y, x"y' are points on the circle, we can get an expression for 

^ 7 — , which will not become indeterminate when the two points 
coincide. We have the two conditions 

Ax’ 2 + Bx'y' + Ay' 2 + Dx’ + Ey' + F = 0, 

Ax" 2 + Bx"y"+ Ay ' 2 + Dx" + Ey" + F - 0. 
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Subtracting one from the other 

A(x' 1 - a:" 1 ) + B (ary- x'y") + A(y' J - y” 1 ) + D(a/-**)+E(y- y") = 0. 
Now x'y - x"fi = x'(y' - y") + y"(* - x"). 

Hence, dividing by x - x", and solving for we find 

x — x 

y - y" A (x + x") + By" + D 

x' - x" A (y' + y") + Bx’ + E * 

The equation of the chord is, therefore, 

y - y A (x + x”) + By" + D 

x - x A (y' + y") + Bx' + E' 

If the points x'y, x"y" coincide, we have the equation of the tangent 

y - y 2 Ax' + B f + D 

x - x' 2 Ay + B x' + E’ 

or, reducing, and remembering that x'y satisfies the equation of 
the curve, 

(2Ax' + By' + I))x + (2 Ay + B.r' + E)y + Dx' + Ey' + 2F = 0. 


Ex. 1. Find the tangent at the point (5, 4) to ( x — 2)* + (y — 8)* =10. 

Ant. 3x + y = 19. 

Ex. 2. What is the equation of the chord joining the points xy, x’y " on the circle 
x* + y* = r*? Ant. (x + x")x + (j/' + y")y = r» + fix' + yy". 


Ex. 3. Find the condition that Ax + lly -f C = 0 should touch (ar- a)* + (y-A)’ = r». 

Ao + Hi + c 


Ant. 


V(A* + B-) 


: r ; since the perpendicnlar on the line from ab is equal to r. 


85. To find the points of contact of tangents drawn to a circle 
from a given point. 

Let the given point be x'y', and let the co-ordinates of the 
point of contact which we are seeking be x", f. Then (Art. 83) 
the equation of the tangent will be 

xx" + yy" = r - ; 

but by hypothesis this line passes through the point x'y', hence 

we get the condition ... , » „ , . 

b xx + yy = r ; 


and since the point x"y" is on the circle, we have also the condi- 
tion 

x 2 + y * ■= r : . 
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These two conditions are sufficient to determine the co-ordinates 
x”, y" . Solving the equations, we get 


r 7 x + ry y/ (x' 2 + y' 2 - r ; ) 


X ’* 4 y 2 


r-i f T rxf y/ (x 2 + j 2 - r 2 ) 

+7 J 


lienee, from every point may be drawn two tangents to a circle. 
These tangents will be real when x‘ 4 y 2 is > r-, or the point 
outside the circle ; they will be imaginary when x 2 4 y 2 is < r 2 , 
or the point inside the circle ; and they will coincide when 
x 2 4 y 2 = r 2 , or the point on the circle. 


86. To Jind the equation of the line joining the points of contact 
of tangents from any point. That is, to form the equation of the 
line joining the two points whose co-ordinates were found in the 
last article. It will not, however, be necessary to set about this 
in the usual manner, if we attend to the remark at the end of 
Art. 29. W e saw in the last article that the co-ordinates of each 
point of contact were connected with those of the given point by 
the relation , 


The equation, therefore, of the line joining the points of contact, 

must be . , 

xx 4 yy = r 2 , 


for this is the equation of a right line, and is satisfied for each 
point of contact. In fact, since the co-ordinates of the points of 
contact were found by solving for x and y from the equations 


xx' 4 yy “ r 1 ; x 2 4 y 2 = r 2 ; 

the geometrical meaning of these equations is, that these points 
are the intersections of the circle x 2 4 y 2 = r- with the right line 
xx 4 yy = r 2 . 

\V e see, then, that whether the tangents from xtj be real or 
imaginary, the line joining their points of contact will be the real 
line xx 4 yy = r 2 , which we shall call the polar of xtj with regard 
to the circle. This line is evidently perpendicular to the line 
(x * y - y'x = 0), which joins xy to the centre ; and its distance 

7* 3 

from the centre (Art. 25) is 7 -. . Hence, the polar of 

y/(x‘ + y 0 

any point P is constructed geometrically by joining it to the centre 
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C, taking on the joining line a point M, such that CM • CP = r*, 
and erecting a perpendicular to CP at M. We see, also, that 
the equation of the polar is similar in form to that of the tangent, 
only that in the former case the point x y is not supposed to be 
necessarily on the circle : if, however, x't j be on the circle, then 
its polar is the tangent at that point. 

87. To Jitid the equation of the polar of xy with regard, to the 
circle Ax’ + B xy + Ay ’ + Dx + Ey + F. 

We adopt the same process as in Art. 86. The equation of 
the tangent at any point xy" may be written (Art. 84) 

(2Ax + By + D)x" + (2Ay + Bx + E)y" + Dx + Ey + 2F = 0. 

This expresses a relation between the co-ordinates of any point 
xy on the tangent, and those of the point of contact x'y". Let us 
then suppose the former to be known, and the latter to be un- 
known ; let us denote the known co-ordinates by the accented 
letters a!t/, and the unknown co-ordinates by the unaccented let- 
ters xy, and the relation just written becomes 

(2Ax' + By' + D)x + (2A y + Ex' + E)y + Dx' + Ey + 2F = 0, 

the equation of a line on which both points of contact must lie, 
and therefore the equation of the line joining them. It is still 
similar in form to the equation of the tangent. 

Cor. — The polar of the origin is 

Dx + Ey + 2F = 0. 


Ex. 1. Find the polar of ( 4 , 4) with regard to (x - l) 1 + (y - 2)* = IS. 

Am. Zx + 2y = 20. 

Ex. 2. Find the polar of (4, 6) with regard to + y* - 3a: - Ay = 8. 

Am. Zx 4 = 48. 

Ex. 3. Find the pole of Ax + By + C = 0 with regard to x* 4 y- = r*. 

/ Ar» Br* \ 

Am. I b appears from comparing the given equation with 

xx + yy m r*. 

Ex. 4. Find the pole of 8* + 4y = 7 with regard to r» + yi = 14. A ns. (6, 8). 

Ex. 6. Find the pole of lx + 3y = 6 with regard to (x - 1)» + (y - 2)* = 12. 

Am. (- Jl, - 16). 
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88. To find, the length of the tangent draicn from any point to 
the circle, whose equation is 

(x - o) s + (j/ - If) 1 - r- = 0. 

The square of the distance of any point from the centre 

= (x - a)‘ + (y - by ; 

and since this square exceeds the square of the tangent by the 
square of the radius, the square of the tangent from any point is 
found by substituting the co-ordinates of that point for x and y 
in the first member of the equation of the circle 

(x - a) 1 + (y - by - r* *= 0. 

Since the general equation to rectangidar co-ordinates 
Ax 3 + Ay 1 + Dx + Ey + F = 0, 
when divided by A, is (Art. 78) equivalent to one of the form 
(x - ay + (y - b) 1 - r* = 0, 

we learn that the square of the tangent to a circle whose equa- 
tion is given in its most general form is found by dividing by 
the coefficient of x’, and then substituting in the equation the co- 
ordinates of the given point. 

The square of the tangent from the origin is found by making 
x and y = 0, and is, therefore, = the absolute term in the equation 
of the circle, divided by A. 

The same reasoning is applicable if the axes be oblique. 

* 89. To find the ratio in which the line joining two given 
points, sty, x"y", is cut by a given circle. 

We proceed precisely as in Art. 38. The co-ordinates of any 
point on the line must (Art. 7) be of the form 
lx“ + mx hf + my 
m l + m ’ / + m 

Substituting these values in the equation of the circle 
a ;» + y» - r> = 0, 

and arranging, we have to determine the ratio l : m, the qua- 
dratic 

(z" s + y" 1 - r ! ) + 2/m (x'x" + y'y" - r 1 ) + m , (x' > + y' 1 - r s ) = 0. 

M 
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The values of 7 : in being determined from this equation, we have 
at once the co-ordinates of the points where the right line meets 
the circle. The symmetry of the equation makes this method 
sometimes more convenient than that used Art. 80. 

If x"y" lie on the polar of x'y, we have x'x" + y'y' - r 3 = 0 
(Art. 86) and the factors of the preceding equation must be of the 
form l + ym, l - yin ; the line joining xy, x 'y is therefore cut 
internally and externally in the same ratio, and we deduce the 
well-known theorem, any line drawn through a point is cut har- 
monically by the point, the circle, and the polar of the point. 

* 90. To find the equation of the tangents from a given point 
to a given circle. 

We have already (Art. 85) found the co-ordinates of the points 
of contact ; substituting, therefore, these values in the equation 
xx + yy r - r 3 = 0, we have for the equation of one tangent 

r (xx + yy' - x' 2 - y' 2 ) + (xy - yx) y/ (s' 3 + y' 2 - r 3 ) « 0, 
and for that of the other, 

r(xx + yy' - x' 2 - y' 2 ) - (xy - yx') y/ (a' 3 + y' 2 - r‘) «= 0. 

These two equations multiplied together give the equation of the 
pair of tangents in a form free from radicals. The preceding 
article enables us, however, to obtain this equation in a still more 
simple form. For the equation which determines T.m will have 
equal roots if the line joining x'y, x"y" touch the given circle; if 
then x'y" be any point on either of the tangents through x'y, its 
co-ordinates must satisfy the condition 

(x' 3 + y' 2 - r 3 ) (a: 3 + y 2 - r 3 ) = (xx' 4 yf - r 3 ) 3 . 

This, therefore, is the equation of the pair of tangents through 
the point x’y'. It is not difficult to prove that this equation is 
identical with that obtained by the method first indicated. 

• 

91. To find the equation of a circle passing through three 
given points. 

W e have only to write down the general equation 
x 3 + y 3 4 Dx 4 Ey 4 F = 0, 

and then substituting in it, successively, the corordinates of each 
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of the given points, we have three equations to determine the 
three unknown quantities D, E, F. 

Ex. 1. Find the circle through the origin, and through (2, 3) and (3, 4). 

Here F = 0, and we have 

13 + 2D + 3E = 0, 25 + 3D+4E = 0, whence D = - 23, E = 11. 

Ex. 2. Find the circle through (1, 2), (1, 3), (2, 5). 

We have 5 + D + 2E + F = 0, 10 + D +■ 3E + F = 0, 29 + 2D + 5E + F = 0, 
whence D = — 9, E = — 5, F = 14. 

Ex. 3. Find the circle through (2, — 3), (3, — 4), (— 2, — 1). 

Ant. D = 8, B = 20, C = 31. 

Ex. 4. Find the circle making intercepts a and b on the axis of X . 

Ant. D = — (o + 3), F «= ah, E indeterminate. 

Ex. 5. Taking the same axes as in Art. 48, Ex. 1, find the equation of the circle 
through the origiu and through the middle points of sides. 

Ant. 2j>(i* + y»)-/>(. -t)x- (p* + »»')y = 0. 
The circle, therefore, also passes through the middle point of base. 

* 92. To express the equation of the circle through three points 
x'y, x"y", xr'y"' in terms of the co-ordinates of those points. 

We have to substitute in 

x 3 + y a + Da: + E y + F * 0 
the values of D, E, F derived from 

. (x' a +*/'*) + Da' + E f + F = 0, 

(x" 3 + t/’’ 3 ) + T)x" + Ey" + F = 0, 

(a'" 5 + y" 3 ) + I)x'" + 'Ey"' + F = 0. 

The result of thus eliminating D, E, F between these four equa- 
tions will be iound to be 

(** + y' )[x (y" - jT) + x"(j y ' ) + x'"(y' - y") \ 

- (x' a + y' a ) \x"(y"‘- y )+ x"(y - y") + x (y"-y "') ) 

+ (x"‘ + y"‘)[af"(y - y' )+ x (y' - y") + x' (y'"~ y )) 

- + y"' 5 )> {y' - y") + x' (y" - y ) + x" (y - y ) j ■= 0, 

as may be seen by multiplying each of the four equations by the 
quantities which multiply (x a + y 3 ) &c. in the last-written equa- 
tion, nnd adding them together, when D, E, F will be found to 
vanish identically. 

If it were required to find the condition that four points 
should lie on a circle, we have only to write .r 4 , y, for x and y 
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iu the last equation. It is easy to see that the following is the 
geometrical interpretation of the resulting condition. If A, II, 
C, D be any four points on a circle, and O any -fifth point taken 
arbitrarily, and if we denote by BCD the area of the triangle 
BCD, &c., then 

OA* • BCD + OC* • ABD = OB* • ACD + OD’ • ABC. 

93. We shall conclude this chapter by showing how to find 
the polar equation of a circle. 

We may either obtain it by substituting for x, p cos 6, and 
for y, p sin 9 (Art. 12), in either of the equations of the circle 
already given, 

Ax 2 + Ay* + Dx + E y + F = 0, or (x - a )* + (y - by = r*, 

or else we may find it independently, from the definition of the 
circle, as follows : 

Let O be the pole, C the centre of 
the circle, and OC the fixed axis ; let 
the distance OC = d, and let OP be any 
radius vector, and, therefore, = p, and 
the angle POC = 0, then wc have 

PC* = OP* + OC* - 20P OC cos POC, 
that is, r* = p’ + d 1 - 2pd cos 0, . 

or p’ - 2dp cos 0 + d 2 - r* <= 0. 

This, therefore, is the polar equation of the circle. 

If the fixed axis did not coincide with OC, but made with it 
any angle a, the equation would be, as in Art. 44, 

p’ - 2 dp cos (0 - a) + d 1 - r* = 0. 

If we suppose the pole on the circle, the equation will take a sim- 
pler form, for then r = d, and the equation will be reduced to 

p ■= 2rcos0, 

a result which we might have also obtained at once geometrically 
from the property that the angle in a semicircle is right ; or else 
by substituting for .r and y their polar values in the equation 
(Art. 77, Cor. 2), *5 + ,/ = 2 nr. 
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CHAPTER VII. 


THEOREMS AND EXAMPLES ON THE CIRCLE. 


94. Having in the last chapter shown how to form the 
equations of the circle and of the most remarkable lines related 
to it, we proceed in this chapter to illustrate these equations by 
Examples, and to apply them to the establishment of some of the 
principal properties of the circle. Having sufficiently shown, in 
Chapter in., how in general to apply the analytical method to 
the solution of problems, we do not think it necessary to enter 
into the subject here with equal minuteness, and shall feel our- 
selves at liberty to suppress many details which can easily be 
supplied by the reader who has worked out the examples there 
given. 

We commence with some Examples of circular loci, which 
will serve as examples of the method of determining the position 
of a circle from its equation, if the learner will in each case, by 
Art. 78, determine the co-ordinates of the centre and the radius; 
or else find, by Art. 82, the points where the circle meets the 
axes. 


Ex. 1. Given base and vertical angle of a triangle, to find the locus of vertex. 

Let as take the base for axis of x, and a perpendicular through its middle point for 
axis of y ; let the co-ordinates of the vertex be x, y, and 
let the base = 2c. Then the tangent of the base angle 


CB y 

CAB will be — , or , 

AR c 4 x 


and of CBR = 


CR 

BR’ 


Hence we can find the tangent of the sum of the base 
angles, and make it = — the tangent of C, the given ver- 
tical angle, or 

y , y 


C + X 


1 - 


y* 

c* - X* 


tan C, 



and, reducing this equation, the equation of the locus will be found to be 
x* 4 y* — 2cy cot C - c* = 0, 

which represents a circle which passes through the extremities of the base, whose radius 
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is _ f_ and centre (0, cotC). Tlie centre will therefore be above, on, or below the 
■inC 

bane, according aa C is acute, right, or obtuse. 

Ex. 2. To solve the last example, the axes having any position. 

Let the co-ordinates of the extremities of base be x'y', x'y". Let the equation of 
one side be 

y m (x — 

then the equation of the other side, making with this the angle C, will be (Art. 42) 

(1 + m tan C) (y - y") = (« - tan C) (x - x"). 

Eliminating m, the equation of the locus is 

tan C { (y — y^ (y - y”) + (*-*) ( x -*"))+ * O' - JO ~ E (*’ ~ **) + *V ~ »*" “ °- 

which reduces to the equation of the last example if y' = y" = 0 j x = + c, x" = - e. 

If C be a right angle, the equations of the sides are 

y-y' = m(x-x') ; r« (y - y") + (*-*") = °< 
and that of the locus 

(y - y') (y - y") + (* - *') (* - *") = 0. 

Ex. 8. Given base and vertical angle, to find the locus of the intersection of perpen- 
diculars of the triangle. 

The equations of the perpendiculars to the sides are 

■> (y - y") + (* - *“) = °> ( m - Un c ) O' _ *0 + C 1 + m **" °) (* - = #■ 

Eliminating m, the equation of the locus is 

tan C { (y - y 1 ) (y - y") +(*-'■)('-*■) l = * Cy’ - y") - y (*’-*")+ *V" - y'*“ i 

an equation which only differs from that of the last article by the sign of tan C, and 
which is therefore the locus we should have found for the vertex had we been given the 
same base and a vertical angle equal to the supplement of the given one. 

Ex. 4. Given base and ratio of sides of a triangle, find locus of vertex. 

With the same axes as in Ex. 1, if ratio be to : n, we find, for equation of locus, 


m*(y* +(c - *)*) = * f {y* + (* + *)*)• 

Hence the locus is a circle, whose centre is on the axis of r, at a distance from origin 

= m< * c • whose radius = J? mn - e ; and which meets the base at the points 

m> - a* 


— n* 
to + n 


c, and x = c. 

M f A 


Since the co-ordinates of the extremities of the base arc x=±c, these (Art. 7) are 
the two points where the base is cut in the ratio to : a. 

Ex. 5. Given base of a triangle, and m times square of one side, + n times square of 
other ; find the locus of vertex. 


Ant. A circle whose centre 


, f m + n \ 

w — T~ c > 0 * 

V«* ±« / 


Ex. 6. Find the locus of a point the square of whose distance from a given point is 
proportional to its distance from a given right line. 
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Ex. 7. A line of constant length moves between two fixed right lines, and perpendi- 
culars to the lines are raised at its extremities; find the locus of their intersection. 

Ex. 8. In general, given any number of points, to find locus of a point such that m 
times square of its distance from the first + m" times square of its distance from the se- 
cond -f &c.j = a constant : or (adopting the notation used in p. 48) such that 2 (mr*) may 
be constant. 

The square of the distance of any point xy from xy is 

(x - xy + (y- y y. 

Multi ply. this by m', and add it to the corresponding terms found by expressing the dis- 
tance of the point xy from the other points xy”, &c. If we adopt the notation of p. 48 
we may write, for the equation of the locus, 

2 (m)x* + 2 (m)y* - 22 (mx) x - 22 (m^) y -f 2 (mx*) + 2 (my*) = C. 

Hence the locus will be a circle, the co-ordinates of whose centre will be 
2 (mx') 2 (my') 

* = W y= Tw’ 

that is to say, the centre will be the point which, in p. 48, was called the centre of mean 
position of the given points. 

If we investigate the value of the radius of this circle, we shall find 
R* 2(m) = 2(mr») - 2(mp«), 

where 2 (mr)* = C = sura of m times square of distance of each of the given points from 
any point on the circle, and 2 (mp 3 ) = sum of m times square of distance of each point 
from tiie centre of mean position. 

95. We shall next give one or two examples involving the 
problem of Art. 80, to find the co-ordinates of the points where 
a given line meets a given circle. 

Ex. 1. To find the locus of the middle points of chords of a given circle, drawn pa- 
rallel to a given line. 

Let the equation of any of the parallel chords be 

x cos a + y sin a — p = 0, 

where a is, by hypothesis, given, and p is indeterminate ; the abscissae of the points 
where this line meets the circle arc (Art- 80) found from the equation 


x* - 2 px cosn + p* - r* sin*a = 0. 

Now, if the roots of this equation be x and x", the x of the middle point of the chord 
x + r" 

will (Art. 7) be — - — , or, from the theory of equations, will = pcosa. In like manner, 
i 

y 

the y of the middle point will equal p sin a. Ilence the equation of the loens is = tan a, 

x 

that is, a right line drawn through the centre perpendicular to the system of parallel 
chords ; since a is the angle made with the axis of x by a perpendicular to the chord 
x cos a f y sin a — p = 0. 
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Ex. 2. To find the condition that the intercept made by the circle on the line 
x cos a + y sin a = p 

should subtend a right angle at the point xy. 

We found (Art 94, Ex. 2) the condition that the lines joining the points x'y", x "V" 
to xy should be at right angles to each other ; viz. : 

(x - x“) (x - XT’) + (y - y") (y - y") = 0. 

Let x'y", x'y" be the points where the line meets the circle, then, by the last example, 
x + x'" = 2 p cos a, xV" = />* — r 2 sin* a, y" + y”' = 2p sin a, y"y" = />* - r* cos* a. 
Putting in these values, the required condition is 

x* + y'* — 2 px cos a - 2 py sin a -f 2 p* — r* = 0. 

Ex. 3. To find the locus of the middle point of a chord which subtends a right angle 
at a given point. 

If x and y be the co-ordinates of the middle point, we have, by Ex. 1, 
p cos a = x, />sina=y, p* = x* + y*, 
and, substituting these values, the condition found in the last example becomes 
(x - xy + (y - y')* + x* + y* = r*. 

Ex. 4. To find the locus of the foot of a perpendicular from xy on a chord which 
subtends a right angle at that point. 

The co-ordinates of the foot of perpendicular are determined by the equations 
x cos a + y sina = p ; (x - x') sin a — (y - y) cosa = 0; 
whence, if we write for shortness, 

= (* - *')’ + (y - y) 1 . 

we have R sin a = y — y\ R cos a = x — x', Up = afl + y* - xx' - yy ' ; 
but the condition in Ex. 2 may be written 

0 = x** + y** - r* + 2 p(p -x' cos a - y sin a) = x * + y'* - r* + 2p ( (x - x') cos a + (y - y') sin a ) ; 
but (x - x') cosa + (y - y') sin a = R ; 

hence x** + y* - r* + 2 (x 3 + y* - xx' - yy) = 0; 

or, the locus is the same as that found in the last example. 

Ex. 5. Given a line and a circle, to find a point such that if any chord be drawn 
through it, and perpendiculars let fall from its extremities on the given line, the rectangle 
under these perpendiculars may be constant 

Take the given line for axis of y, and let the axis of x be the perpendicular on it 
from the centre of the given circle, whose length we shall call p. Then the equation of 
the circle is (Art 77) 

y 1 + (*.- v? - r ’- 

Again, if the co-ordinates of the sought point be y', the equation of any line through 
it will be 

Cy - y ) = m(i - z ), or y = mj + y - mr . 
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Substitute this value of y in the equation of the circle, and we shall get, to determine the 
x of the points where the line meets the circle, 

(1 + m*) x* + {2m (y - wx) — 2/> ) x + (y' — mx') 2 + p* - r 2 = 0. 


But x is the perpendicular on the given line, and the product of the two perpendiculars 
(by the theory of equations) 

(y - mx*) 2 + p 2 — r* 

1 + ~mfi * 

This will not be independent of m, unless the numerator bo divisible by 1 + m 2 , and 
it will be found that this cannot be the case unless y — 0 and x* = p 1 - r*. Hence 
there are two such points situated on the axis of x, and at a distance from the origin 
= the tangent drawn from it to the given circle. 


Ex. 6. If any chord be drawn through a fixed point on a diameter of a circle, and ita 
extremities joined to either end of the diameter, the joining lines will cut off on the tan- 
gent, at the other end of the diameter, portions whose rectangle is constant. 

Let us take the diameter for axis of x, and either extremity of it for origin, then 
(Art. 77, Cor. 2) the equation of the circle will be x* + y* = 2 rx, and that of any chord 
through a fixed point on the diameter will be y — m(x — X*). By combining these equa- 
tions we can determine the co-ordinates of the extremities of the chord. We can, how- 
ever, without solving for these co-ordinates, obtain directly fVom the equations the equa- 
tion of the lines joining these extremities to the origin. For if, by combining the equations, 
we can obtain a homogeneous function of the second degree, it will be, by Art. 68, the 
equation of two right lines drawn through the origin, and it evidently must be satisfied 
by the co-ordinates of the points wliich satisfy the two given equations. 

Write these equations thus, 


jfi + y* = 2 rx, and mx - mr - y, 
and, multiplying them together, we get 

mx (x 2 -f- y 2 ) = 2 rx (mx — y ). 

This being homogeneous in x and y, is the required equation of the joining lines. It may 
be written thus, 

mx'.y* + 2 r.xy + m(x' - 2 r) x 2 = 0. 

This equation enables ns to find the values of y corresponding to any value of x, and 

x — 2r 

we see that the product of these values will be — -r— a? 2 , and, therefore, independent of m. 

The intercepts made on a perpendicular at the extremity of the diameter are found by 

x ’ — 2r 

making x — 2r In the preceding cqnation, and their product is 4r* — , which will be 

x 

constant as long as x' is constant. 


96. We shall next obtain one or two of the properties of the 
polar of a point from its cqnation (Art. 86). 

If any chord he drawn through a fixed point and tangents at 
its extremities : to find the locus of their intersection. 

N 
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Let any point on the locus be XY, then the chord joining 
points of contact of tangents passing through XY is 

Xa; + Y y = r 3 ; 

but by hypothesis, this line passes through the point x'y ' , there- 
lbre > X/ + Y y = r»; 

this is the relation connecting the co-ordinates of the point XY, 
its locus, therefore, is the line 

xxf + yif = r 3 , 

or the polar of the point x'y. 

The proposition just proved may be stated otherwise, thus : 
If one point lie on the polar of a second point, the second point 
will lie on the polar of the first point. 

For the condition that x'y should lie on the polar of x'y is 
x'x" + y'y" = r 3 . 

But this is also the condition that the point x'y" should lie on the 
polar of x'y. 

97. Given any point O, and any two lines through it ; join 
both directly and transversely the points in which these lines meet a 
circle ; then, if the direct lines intersect each other in P and the 
transverse in Q, the line PQ will be the polar of the point O, with 
regard to the circle. 

Take the two fixed lines for axes, and let the intercepts made 
on them by the circle be a and a', b and b. Then 


x y 

- + 5-1-0, 

a b 



0 , 


will be the equations of the direct lines ; and 



2 + 5-1 

a b 


= 0 , 


the equations of the transverse lines, 
line PQ will be 


Now, the equation of the 

2 = 0 , 
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for (see Art. 36) this line passes through the intersection of 


and also of 


~+y~ i 

a b ’ 



XI). XV 

- + r. - 1> ~ + r 

ah a b 


If the equation of the circle be 

Ax- + Bxy + A if + T>x + E y + F = 0, 

a and a' are determined from the equation Ax’ + Dx + F = 0 
(Art. 82), therefore, 


1 l 

- + — 

a a 


D ,11 

■P and 6 + 6' 


Hence, equation of PQ is 


E 

F’ 


Dx + 'Ey + 2F = 0 ; 

but we saw (Art. 87) that this was the equation of the polar of 
the origin O. Hence it appears, that if the point O were given, 
and the two lines through it were not fixed, the locus of the points 
P and Q would be the polar of the point O. 

98. Given any tiro points A and 13, and their polars, with 

respect to a circle whose centre is O : let fall a perpendicular AP 

from A on the polar of 13, and a perpendicular BQ/rom B on the 

, , . „ OA OB 

polar of A; then = gg. 

The equation of the polar of A (fry) is xx + yy' - r 2 = 0 ; and 
BQ, the perpendicular on this line from B(x’y'), is (Art. 27) 

xx” + y'y" - r 1 

. 7(x'+y>) • 

Hence, since V (x' s + y' 2 ) = OA, we find 

OA • BQ = x'x" + y'y" - r 2 . 
and, for the same reason, 

OB • AP « x'x" + y'y' - r 1 . 

Hence OA OB 

AP = BQ’ 
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99. Given a circle and a triangle ABC, if we take the polars 
with respect to the circle of the three vertices of the triangle, we 
shall form a new triangle A'B'C ' {where A ' is the pole of BC, B' 
the pole of AC, and C' the pole of AB), then the lines AA', BB', 
CC', will all pass through the same point. 

The equation of the line joining the point x’y' to the intersec- 
tion of the two lines xx" + yy" - r 3 = 0 anil xx" + yy'" - r 3 = 0 is 
(Art. 36) 

A A' {x'x'" + y'y" - r 3 ) (xx" 4 yy" - r 3 ) 

- {xx” 4 y'y" - r 3 ) {xx'" 4 yy" - r 3 ) ■= 0. 

In like manner, 

BB' {xx" 4 y'y" - r‘) ( xx " 4 yy" — r 3 ) 

- {x x” 4 rj'y" - r 3 ) ( xx ' 4 yy - r 3 ) = 0 ; 

and CC' {x"x'” 4 y'y" - r r ) { xx ' 4 yy - r 3 ) 

- {x'x'" 4 y'y"' - r 3 ) {xx” 4 yy" - r 3 ) «* 0 ; 

and by Art. 37 these lines must pass through the same point. 
The following is a particular case of the theorem just proved. 
circle be inscribed in a triangle, and each vertex of the triangle 
joined to the point of contact of the circle with the opposite side, 
the three joining lines will meet in a point. 

Ex. Prove, by Art. 38, that the three points of intersection of AB and A'B', of AC 
and A'C\ and of BC and B'C', lie in one right line. 

100. In working out questious on the circle it is often con- 
venient, instead of denoting the position of a point on the curve 
by its tico co-ordinates x'y, to express both these in terms of a 
single independent variable. Thus, let & be the angle which the 
radius to x'y makes with the axis of a:, then x' ■=/ cos O', f = r sin O', 
and on substituting these values our formula; will generally be- 
come simplified. 

The equation of the tangent at the point x'y’ will by this 
substitution become 

acosfl' 4 j/sinO' = r; 

and the equation of the chord joining x't/, x"y", which (Art. 83) is 
x{x' 4 r") 4 y{y’ + y j = r 3 4 x'x" 4 y’y", 
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will, by a similar substitution, become 

xcos£(0' + 0") + ysin£(0' + 0") = r cos^(0 - 0"), 

0' and 0" being the angles which radii drawn to the extremities 
of the chord make with the axis of x. 

This equation might also have been obtained directly from the 
general equation of a right line (Art. 25), 

xcosa + ysina «= p, 

for the angle which the perpendicular on the chord makes with 
the axis is plainly half the sum of the angles made with the axis 
by radii to its extremities ; and the perpendicular on the chord 

= rcos^(0 - 0"). 

Ex. 1. To find the co-ordinates of the intersection of tangents at two given points on 
the cifcle. The tangents being 

x cos 0' 4 y sin ff = r, x cos 0" + y sin 0" = r, 

the co-ordinates of their intersection are 

cosJ(0'+0 # ') _ sinj(0'4 0") 

* -r co8j(e'-e")’ y=r co«j(fl'- e") - 

Ex. 2. To find the locus of the intersection of tangents at the extremities of a chord 
whose length is constant. 

Making the substitution of this article in 

(j' — x") 1 4 (y* — y"Y — constant, 

it reduces to cos (ff — 0") = const., or 0' — 0" = const. If the given length of the chord 
be 2r sin then & — 0" = 2£. The co-ordinates then found in the lost example fulfil 
the condition 

(x 9 + y 9 ) cos’c = r*. 

Ex. 8. What is the locus of a point where a chord of a constant length is cut iu a 
given ratio ? 

Writing down (Art 7) the co-ordinates of the point where the chord is cut in a given 
ratio, it will be found that they satisfy the condition i 1 + y* = const 


Ex. 4. The diagonals of a hexagon circumscribing a circle meet in a point 
Let the angles made with the axis by radii to the points of contact be 2a, 2/3, 2y, 
2i*, 2f, 2^ ; then the equation of the line joining the intersection of the tangents at 2a, 


2/3, to that of the tangents at 2fl, 2s, will be 


1 

sin (a — C) 


{r cos (a -4 £) 4 y sin (a + S) 


- r cos (a - 3)} + 


- \ (x cos(/3 4 i) 4 y sin (/34 «) - r cos(/3 - 1 )} = 0; which, 

sin {p — i) 


when added to the other two equations of like form, vanishes identically. 
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101. We have seen that the tangent to any circle & + y 1 = r 1 
has an equation of the form 

x cos 0 + y sin 9 = r ; 

and it would appear, in like manner, that the equation to the tan- 
gent to (x - a) s + (y -by -r 2 may be written 

( x - a) co3 0 + (y - b) smO = r : 

conversely, then, if the equation of any right line contain an in- 
determinate 0 in the form 

(a: - a) cosfl + (y - b) sinfl = r, 
that right line will touch the circle 

(x - a ) 2 + (y - by = r\ 


Ex. 1. If a chord of a constant length be inscribed in a circle, it will always touch 
another circle. For, in the equation of tile chord » 

x cos \ (jy + 0") + y sin \ (0' 4- 0") = r cos * (0' - 0") 

by the last article, & — 0" is known, and 0* 4- 0” indeterminate ; the chord, therefore, 
always touches the circle 

x* 4- y * = r* coe*£. 

Ex. 2. Given any number of points, if a right line be such that m‘ times the perpen- 
dicular on it from the first point, 4- m" times the perpendicular from the second, 4- &c., 
be constant, the line will always touch a circle. 

This only differs from the question, p. 48, in that the sum, in place of being = 0, is 
constant. Adopting then the notation of that Article, instead of the equation there found, 

{x2(m) — 2 (tux')} cosa 4- (y2(m) — 2 (my')) sin a — 0, 
we have only to write 


{x2m — 2(mx')} cosa 4 {y2(m) — 2(my')} sin a = const. 
Hence this line must always touch the circle 

( x _^y + ( y _^)y =comt , 

V 2 ( m ) I V 2(») / 

whose centre is the centre of mean position of the given points. 


102. We shall conclude this Chapter with some examples of 
the use of polar co-ordinates. 

Ex. 1. If through a fixed point any chord of a circle be drawn, the rectangle under 
its segments will be constant (Euclid, III. 35, 36). 

Take the fixed point for the pole, and the polar equation is (Art. 93) 

p 7 — Ipd cos 0 4 <9 - r 3 = 0 ; 
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the roots of which are evidently OP, OF, the values of the radius vector answering to 
any given value of 0 or POC. 

Now, by the theory of equations, OP . OF, the product of these roots will = d* - r ! , 
a quantity independent of 0, and therefore constant, whatever be the direction in which 
the line OP is drawn. If the point 0 be outside the circle, it is plain that d* — r* must 
be = the square of the tangent. 


Ex. 2. If through a fixed point O any chord of a circle bo drawn, and OQ taken an 
arithmetic mean between the segments OP, OF; to find the locus of Q. 

We have OP 4 OP', or the sum of the roots of the quadratic in the last example 
= 2cfcos0 ; but OP 4 OF = 20Q, therefore. 


OQ — d cos 0. 

Hence the polar equation of the locus is 

p = d cos 0. 

Now it appears from the final equation in Art. 

03, that this is the equation of a circle described on 
the line OC as diameter. 

The question in this example might have been otherwise stated : “ To find the locus 
of the middle points of chords which all pass through a fixed point." 



Ex. 3. If the line OQ had been taken an harmonic mean between OP and OP', to 
find the locus of Q, 

20P . OP' 

That is to say, OQ — — — ~ Qp : » but OP. = d* — r* and OP 4 OP’ = 2d cos 0, 
therefore, the polar equation of the locus is 


</* — r* rf* - r* 

P = -7 r» or p cos0 = — — . 

a cos 0 a 

This is the equation of a right line (Art 44) perpendicular to OC, and at a distance 

r* r* 

from 0 = d — -, and, therefore, at a distance from C = — . Hence (Art 86) the locus 

is the polar of the point O. 

We can, in like manner, solve this and similar questions when the equation is given 
in the form 

Ax* 4 Ay* 4- Pjr 4 Ey + F = 0, 


for, transforming to polar co-ordinates, the equation becomes 

/ D „ E . \ F 

p* 4- 1 — cos0 4 — sm 0 ] p 4 — = 0, 

and, proceeding precisely as in this example, we find, for the locus of harmonic means, 

- 2F 

^ D cos 0 + E sin 0* 


and, returning to rectangular co-ordinates, the equation of the locus is 
Px 4 Ey 4 2F = 0, 

the same as the equation of the polar obtained already (Art. 87). 
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Ex. 4. Given a point and a right line; if OQ be taken inversely as OP, the radius 
vector to the right line, find the locus of Q. 

Ex. 5. Given vertex and vertical angle of a triangle and rectangle under sides ; if 
one base angle describe a right line or a circle, find locus described by the other base 
angle. 

Take the vertex for pole ; let the lengths of the sides be p and p\ and the angles they 
make with the axis 0 and 0', then we have pp — A* and 0 — O' — C. 

The student must write down the polar equation of the locus which one base angle 
is said to describe; this will give him a relation between p and 0; then, writing for 
ki 

p, — , and for 0, C + 0*, he will find a relation between p' and 0', which will be the 
P 

polar equation of the locus described by the other base angle. 

This example might be solved in like manner, if the ratio of the sides, instead of their 
rectangle, had been given. 

Ex. 6. Through the Intersection of two circles a right line is drawn ; find the locus 
of the middle point of the portion intercepted between the circles. 

The equations of the circles will be of the form, 

p — 2r cos (0 — a) ; p — 2 r cos (0 - a’) ; 

and the equation of the locus will bo 

p = rcos($ — a) -f t cos (0 — a ) ; 
which also represents a circle. 

Ex. 7. If through any point O, on the circumference of a circle, any three chords be 
drawn, and on each, ns diameter, a circle be described, these three circles (which, of 
course, all pass through O) will intersect in three other points, winch lie in one right 
line. (See Cambr. Math . Jour., I. 169.) 

Take the fixed point O for pole, then if d be the diameter of the original circle, its 
polar equation will be (Art. 93) 

p = d cos 0. 

In like manner, if the diameter of one of the other circles make an angle a with the fixed 
axis, its length will be = <1 cos a, and the equation of this circle will be 

p = rfcosa . cos(0 — a). 

The equation of another circle will, in like manner, be 
p = d cos/3 . cos(0 — /3). 

To find the polar co-ordinates of the point of intersection of these two, we should setk 
what value of 0 would render 

cos a . cos(0 - a) = cos/3 . cos(0 — /3), 

and it is easy to find that 0 must = a -f /3, and the corresponding value of p — d cos a co»/3. 
Similarly, the polar co-ordinates of the intersection of the find and thin! circles are 

0 = a + y, and p = #/co*a cosy. 
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Now, to find the polar equation of the line joining these two points, take the general 
equation of a right line, pcos(A — 0) = p (Art. 44), and substitute in it successively 
these values of Q and p, and wc shall get two equations to determine p and h. We shall 
get 

p = d cos a cos/3 cos (A - a + /3) = d cosa cosy cos(* -at y). 

Hence 


h — a -f /3 4- y, and p = d cos u C09/3 cosy. 


The symmetry of these values shows that it is the same right line which joins the 
intersections of the first and second, and of the second and third circles, and, therefore, 
that the three points are in a right line. 


• CHAPTER VIII. 

APPLICATION OF ABRIDGED NOTATION TO THE EQUATION OF THE 

CIRCLE. 

103. If we have an equation of the second degree expressed 
in the abridged notation explained in Chap, iv., and if we desire 
to know whether it represents a circle, wc have only to transform 
to x and y co-ordinates, by substituting for each abbreviation (a) 
its equivalent ( x cosa •+ y sin a - p) ; and then to examine whether 
the coefficient of xy in the transformed equation vanishes, and 
whether the coefficients of x 1 and of if are equal. This is suffi- 
ciently illustrated in the examples which follow. 

Jt'hen tc'ill the locus of a point be a circle if the product of per- 
pendiculars from it on two opposite sides of a quadrilateral !>e in a 
yiven ratio to the product of perpendiculars from it on the other 
two sides f 

Let a - 0, (3 = 0, y = 0, <5 = 0 be the equations of the four 
sides of the quadrilateral, then the equation of the locus is at 
once written down ay = tf}$, which represents a curve of the 
second degree passing through the angles of the quadrilateral ; 
since it is satisfied by any of the four suppositions, 

a = 0, (3 = 0; a = 0, S = 0 ; (3 = 0, 7 = 0; (3 = 0, S = 0. 

Now, in order to ascertain whether this equation represents a 
circle, write it at full length 

o 
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(x cos a + y sin a - p ) (x cos y + y sin y - p n ) 

= k(x cos/3 + y sin/3 - p ,) (* cos 8 + y sin 8 - p,J. 

Multiplying out, equating the coefficient of x 1 to that of y', and 
putting that of xy = 0, we obtain the conditions 

cos (a + y) = k cos (/3 + 8) ; sin (a + y) => h sin (/3 + 8). 

Squaring these equations, and adding them, we find k-± 1 ; and 
if tills condition be fulfilled, we must have 

a + y = /3 + 8, or else = 180° + /3 + 8 ; 

whence a - (3 = 8 - y, or 1 80 + 8 - y. 

Recollecting that a - / 3 is the angle between the perpendicu- 
lars from the origin on the lines a and /3, and is, therefore, the 
supplement of that angle between a and /3, in which the origin 
lies, we see that this condition will be fulfilled if the quadrilateral 
formed by a/3 78 be inscribable in a circle (Euclid, ill. 22). And 
it will be seen on examination that when the origin is within the 
quadrilateral we are to take k *» - 1, and the angle (in which the 
origin lies) between a and (3 is supplemental to that between y 
and 8 ; but that we are to take h <= + 1, when the origin is without 

the quadrilateral, and the opposite angles are equal. 

• 

104. When will the locus of a jtoint be a circle, if the square of 
its distance from the base of a triangle be in a constant ratio to the 
product of its distances from the sides ? 

Let the sides of the triangle be a, (3, y, and the equation of 
the locus is a/3 = hy 1 . If now we look for the points where the 
line a meets this locus, by making in it a = 0, we obtain the per- 
fect square y* - 0. Hence a meets the locus in two coincident 
points, that is to say (Art. 83), it touches the locus at the point 
ay. Similarly, (3 touches the locus at the point (3y. Hence a and 
/3 are both tangents, and y their chord of contact. Now, to ascer- 
tain whether the locus is a circle, writing at full length as in the 
last article, and applying the tests of Art. 78, we obtain the con- 
ditions 

cos (a + (3) = h cos 2y ; sin (a + (3) = h sin 2y, 
whence (as in the last article) we get h = l,a-y=y-/3, or the 
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triangle is isosceles. Hence we may infer tliat if from any point 
of a circle perj>endiculars be let fall on any two tangents and on their 
chord of contact, the square of the last will be equal to the rectangle 
under the other two. 

Ex. When will the locus of a point be a circle if the sum of the squares of the per- 
pendiculars from it on the sides of any triangle be constant. 

The locus is a* +- ft* + y* = e * : and the conditions that this should represent a circle 
are 

cos 2a + cos 2/3 -f- cos 2y = 0 ; sin 2a + sin 2/3 + sin 2y = 0. 
cos 2a = - 2 coe(/3 + y) cos(/3 - y) ; sin 2« = - 2 sin (/3 + y) cos(/3 - y). 

Squaring and adding, 1=4 cos*(/3 - y); ft - y = 60*. 

And so, in like manner, each of the other two angles of the triangle are proved to be 
60% or the triangle roust be equilateral. 

105. To obtain the equation of the circle circumscribing the 
triangle formed by the lines a «* 0, (3 = 0, y = 0. 

Any equation of the form 

l/3y + niya + nafi = 0, 

denotes a curve of the second degree circumscribing the given 
triangle, since it is satisfied by any of the suppositions 

« = 0, j3 = 0; /3 <= 0, y = 0 ; y = 0, a = 0. 

The conditions that it should represent a circle arc found, by the 
same process as in Art. 1 03, to be 

/ cos ((3 + y) + m COS (y + a) + n cos (a + / 3) = 0, 

l sin (/3 + y) + m sin (y + a) + n sin (a + /3) = 0. 

>ting successively m and n between the equations, we get 

m sin(y-a) n sin(a - ft) 

l sin (/3 - y j ’ l siu(/3-y)' 

‘ C be the angle contained by the sides «, |3, then 
sin C = sin (a - /3), &c. 

c - / 3 is the angle between the perpendiculars on those 
hence the equation of the circle circumscribing a triangle 

(3y sin A + ya sinB + a/3 sinC = 0. 

f \ 06. The geometrical interpretation of the equation just found 
Serves attention. If from any point O we let fall perpendicu- 
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lars OP, OQ, on the lines a, ft, then (Art. 53) a, ft are the lengths 
of these perpendiculars; and since the ^ 

angle between them is the supplement 
of C, the quantity aft sinC is double the 
area of the triangle OPQ. In like man- 
ner, ya sin B and fty sin A are double the 
triangles OPR, OQR. Hence the quan- 
tity 

fty sin A + ya sin B + aft sin C 



is double the area of the triangle PQR, and the equation found 
in the last article asserts, that if the point O be taken on the cir- 
cumference of the circumscribing circle, the area PQR will va- 
nish, that is to say (Art. 31, Cor. 2), the three points P, Q, R 
will lie on one right line. 

If it were required to find the locus of a point from which, if 
we let fall perpendiculars on the sides of a triangle, and join their 
feet, the triangle PQR so formed should have a constant magni- 
tude, the equation of the locus would be 

fty sin A + ya sin B + aft sin C = const., 

and, since this only differs from the equation of the circumscrib- 
ing circle in the constant part, it is (Art. 78) the equation of a 
circle concentric with the circumscribing circle. 

107. From the equation 

fty sin A + -ya sin B + aft sin C = 0, 

wc can find the equations of the tangents to the circle at the ver- 
tices of the triangle. Put the equation into the form 

7 (ft sin A + a sin B) + aft sin C = 0, 

and we saw (in Art. 105) that y meets the circle in the two points 
where it meets the lines a and ft, since, if we make y = 0 in the 
equation of the circle, that equation will be reduced to aft = 0. 
Now, for the very same reason, the two points in which the line 
ft sin A + n sin B meets the circle, are the two points where it 
meets the lines a and ft. But these two points coincide, since 
ft sin A + a sin B passes through the point aft. Hence, since the 
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line ft sin A + a sin B meets the circle in two coincident points, it 
is (Art. 83) a tangent at the point aft. 

We saw (Art. 63) that a sin A + ft sin B is the equation of a 
parallel to the base (y) drawn through the vertex a/3. Hence, 
by Art. 57, the tangent a sin B + ft sin A makes the same angle 
with one side that the base makes with the other (Euclid, hi. 32). 

From the forms of the equations of the three tangents, 


° , P _ 0 + _1_ = o y | ." 

sin A sinB ’ sin B sinC ’ einC sin A 


it appears, that the three points in which they intersect each the 
opposite side are in one right line, whose equation is 

a /3 y „ 

- — r + -A-ij + -r— = 0. 
sm A sin Is sin C 

It will be found that the equations of the lines joining the ver- 
tices of the inscribed triangle to those of the circumscribed are 

_? -£ li = 0 _2 ^- = 0- 

sin A sinB ’ sinB sinC ’ siu(J sin A ’ 

and these meet in a point (Art. 36). 


108. We shall next show how to obtain the equation of the 
circle inscribed in the triangle a, /3, y. The equation 

Pa? + m-ji- + n-y' 1 - Imnfty - 2 nlya - 2lmaft = 0 , 

represents a curve of the second degree, touching each of the lines 
u, ft, y ; for if we seek the point where any side (y) cuts the 
figure, making y = 0, we obtain the perfect square. 

Par + )>Pft- - ‘lima ft - 0 ; 

the roots of this equation being equal, we infer that the two points 
coincide in which y cuts the figure, and therefore (Art. 83) that y 
is a tangent. 

In the same manner it can be proved that the sides a and ft 
touch the curve represented by the preceding equation. 

This equation nmy also be written in a convenient form, 

/•n* + m*/3* + «*/ = 0 ; 

for if we clear this equation of radicals, we shall find it to be iden- 
tical with that just written. 
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For the simplest method of obtaining the particular values of 
/, m, n, for which the preceding equation represents a circle , I am 
indebted to Dr. Hart, who derives the equation of the inscribed 
circle from that of the circumscribed, as follows: Join the (mints 
of contact of the circle inscribed in a triangle ; let the equations 
of the sides of the t riangle so formed be a =0, /3' = 0, y' = 0, 
and its angles A', B', C'; then (Art. 105) the equation of the 
circle must be 

fi'y' sin A’ + yd sin B' + a’/3' sin C' = 0. 

Now wc have proved (Art. 104) that for any point on the circle 
a' 2 = [3y ; /3' 2 = ya ; y' 2 = a/3, 

and it is easy to see that 

A' = 90° - £A ; B = 90° - £B ; C ’ - 90° - £C. 
Substituting these values, the equation of the circle becomes 
a* cos ^ A + /3* cos £B + y 1 cos £C = 0. 

The general equation will, therefore, represent a circle if /, m, n, 
be proportional to 

cos’ £A, cos 2 $B, cos 2 £C. 

It can be proved, in like manner, that the equation of the circle 
touching the side a, and the sides b and c produced, is 

a* cos | A + /3* sin £B + y* sin = 0. 

109. Since the general equation given in the last article may 
be written in the form 

tiy ( ny - 2 la - 2wj3) + ( la - »i/3) 2 = 0, 

it follows that the line (la - m/3), w hich obviously passes through 
the point a/3, passes also through the point where y meets the 
curve. The three lines, then, which join the points of contact of 
the sides with the opposite angles of the circumscribing triangle 
are 

la - w/3 = 0, m/3 -ny = 0, ny - la = 0, 

and these obviously meet in a point. 

The very same proof which showed that y touches the curve 
shows also that ny - 2 la - Imfi touches the curve, for when this 


Digitized by Google 



PROPERTIES OF A SYSTEM OF TWO OR MORE CIRCLES. 103 

quantity is put = 0, we have the perfect square (la - m(3)* = 0 ; 
hence this line meets the curve in two coincident points, that is, 
touches the curve, and la - tnfi passes through the point of con- 
tact. Hence, if the vertices of the triangle be joined to the points 
of contact of opposite sides, and at the points where the joining 
lines meet the circle again, tangents be drawn, their equations are 

2 la + 2m/3 - ny = 0, 2mfi + 2 ny - la - 0, 2ny + 2/a - mfl = 0. 

• 

Hence we infer that the three points, where each of these tan- 
gents meets the opposite side, lie in one right line, 
la + wt/3 + ny = 0, 

for this line passes through the intersection of the first line with 
y, of the second with a, and of the third with (j. 


CHAPTER IX. 

PROPERTIES OF A SYSTEM OF TWO OR MORE CIRCLES. 

110. To find the equation of the chord of intersection of two 
circles. 

If S = 0, S' = 0, be the equations of two circles, then any 
equation of the form S - AS' ■= 0 will be the equation of a figure 
passing through their points of intersection (Art. 36). 

Let us write down the equations 

S = (x - a )’ + (y - b y - r* =0, 

S' = (x - a')’ + (y - by - r' x = 0, 

and it is evident that the equation S - AS' = 0 will in general 
represent a circle, since the coefficient of xy = 0, and that of 
x ’ = that of if. There is one case, however, where it will repre- 
sent a right line, namely, when A = 1 . The terms of the second 
degree then vanish, and the equation becomes 

S - S' = 2 (a' - a)x + 2(6' - b)y + r’ J - r* + a J - a' 1 + A* - b’ x = 0. 

This is, therefore, t he equation of the right line passing through 
the points of intersection of the two circles. 
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111. The points of intersection of the two circles are found 
by seeking, as in Art. 80, the points in which the line S - S' 
meets either of the given circles. These points will be real, co- 
incident, or imaginary, according to the nature of the roots of the 
resulting equation ; but it is remarkable that, whether the circles 
meet in real or imaginary points, the equation of the chord of in- 
tersection, S - S' = 0, always represents a real line, having impor- 
tant geometrical properties in relation to the two circles. This 
is in conformity with our assertion (Art. 81), that the line join- 
ing two points may preserve its existence and its properties when 
those points have become imaginary. 

In order to avoid the harshness of calling the line S - S' = 0 
the chord of intersection in the case where the circles do not geo- 
metrically appear to intersect, it has been called* the radical axis 
of the two circles. 

112. One of the most remarkable properties of this line is 
found by examining the geometric meaning of the equation 
S - S' = 0. We saw (Art. 88) that if the co-ordinates of any 
point xy be substituted in S, it represents the square of the tan- 
gent drawn to the circle S, from the point xy. So also S' is the 
square of the tangent drawn to the circle S', and the equation 
S - S’ = 0 asserts, that if from any point on the radical axis tan- 
gents be drawn to the two circles, these tangents will be equal. 

The line (S - S') possesses this property whether the circles 
meet in real points or not. When the circles do not meet in real 
points, the position of the radical axis is determined geometri- 
cally by cutting the line joining their centres, so that the differ- 
ence of the squares of the parts may = the difference of the squares 
of the radii, and erecting a perpendicular at this point ; as is evi- 
dent, since the tangents from this point must be equal to each 
other. 

If it were required to find the locus of a point whence tangents 
to two circles have a given ratio, it nppears, from Art. 88, that 
the equation of the locus will be 

S - k 2 S = 0, 

* By M. Gaultier of Tours ( Journal de V Ecole Potyteclmique, Cahior xvi. ; 1813). 


Digitized by Google 



PROPERTIES OF A SYSTEM OF TWO OR MORE CIRCLES. 105 


which (Art. 1 10) represents a circle passing through the real or 
imaginary points of intersection of S and S'. When the circles 
S and S' do not intersect in real points, we may express the rela- 
tion which they bear to the circle S - A 3 S' by saying that the 
three circles have a common radical axis. 


113. From the form of the equation of the radical axis of two 
circles, we at once derive the following theorem : 

Given any three circles, if tee take the radical axis of each pair 
of circles, these three lines will meet in a point, and this point is 
called the radical centre of the three circles. 

For the equations of the three radical axes arc 

S - S' - 0, S' - S' = 0, S" - S = 0, 


which, by Art. 37, meet in a point. 

From this theorem we immediately derive the following : 

If several circles pass through two fixed points, their chord of 
intersection with a fixed circle will pass through a fixed point. , 
For, imagine one circle through the two given points to be 
fixed, then its chord of intersection with the given circle will be 
fixed ; and its chord of intersection with any variable circle drawn 
through the given points will plainly be the fixed line joining the 
two given points. These two lines determine, by their intersec- 
tion, a fixed point through which the chord of intersection of the 
variable circle with the first given circle must pass. 

Ex. 1. Find the radical axis of 


x* + y* — 4x - By + 7 = 0 ; x* f y* 4- 6x -f 8y - 9 = 0. 

A ns. lOx -f ISy = 16. 

Ex. 2. Find the radical centre of 

• (x - iy f (y - 2)» = 7 ; (* - 3)* +• y* = b ; (x + 4)* + (y + l)t = 9. 


,t„. f-J-.-HY 

V 16 16 1 


114. A system of circles having a common radical axis pos- 
sesses many remarkable properties which arc more easily investi- 
gated by taking the radical axis for the axis of y, and the line 
joining the centres for the axis of x. Then the equation of any 
circle will be 

where <5* is the same for all the circles of the system, and the 

p 
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equations of the different circles are obtained by giving different 
values to k. 

For it is evident (Art. 78) that the centre is on the axis of x, 
at the variable distance k, and if we take any two circles, 
x 2 + y 2 - 2k' x + S 5 = 0, 
x 2 + y 2 - 2k" x + S’- ■= 0, 

and subtract one equation from the other, their chord of intersec- 
tion will be x = 0, or the axis of y. 

"When we give to S 2 the sign +, the radical axis will meet the 
circles in imaginary points, and when wc give the sign -, in real 
points. 

1 15. If several circles pass through two fixed points, the polar 
of a given point, with regard to any of them, will always pass 
through a fixed point. 

The equation of the polar of x’y with regard to 
x 2 + y 2 - 2k x + o J = 0 

is (Art. 87) xx' + yy - h (x + x') + - 0 ; 

therefore, since this line involves the indeterminate k in the first 
degree, this line will always pass through the intersection of 
xx' + yy + & = 0, and x + x = 0. 


116. There can always be found two points, however, such that 
their polars, with regard to any of the circles, will not only pass 
through a fixed point, but will be altogether fixed. 

This will happen when xx' •+ yy + S'- = 0, and x + a;'= 0, re- 
present the same right line, for this right line would then be the 
polar whatever the value of k. But that this should be the case 


we must have 


y' = 0 and x' 2 = B 2 , or x = ± S. 


The two points whose co-ordinates have been just found have 
many remarkable properties in the theory of these circles, and 
are such that the polar of either of them, with regard to any of 
the circles, is a line drawn through the other perpendicular to the 
line of centres. 


The equation of the circle may be written in the form 


y 2 + {x- k) 2 m h 2 - S 2 , 
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which evidently cannot represent a real circle if A 3 be less than 
2 3 ; and if A 3 = o 3 , then the equation will be of Class II. (Art. 79), 
and will represent a circle of infinitely small radius, the co-ordi- 
nates of whose centre are y = 0, x - + 8. Ilcncc the points just 
found may themselves be considered as circles of the system, and 
have, accordingly, been termed by Poncelet* the limiting points 
of the system of circles. 


117. If from any point on the radical axis we draw tangents 
to all these circles, the locus of the points of contact must be a 
circle, since we proved (Art. 112) that all these tangents were 
equal. It is evident, also, that this circle cuts any of the given 
system at right angles, since its radii are tangents to the given 
system. The equation of this circle can be readily found. 

The square of the tangent from any point (x = 0, y = A) to the 

011 C ' C x 1 + y 2 - 2Ax + S 2 = 0, 


being found by substituting these co-ordinates in this equation, 
is A 3 + S 3 ; and the circle whose centre is the point (x = 0, y = A), 
and whose radius squared = A 3 + S 2 , must have for its equation 

x 3 + (y - A) 3 = A 3 + S 3 , 
or x 2 + y 2 - 2hy = 8*. 

Hence, whatever be the point taken on the radical axis (i. e. 
whatever the value of A may be), still this circle will always pass 
through the fixed points (y = 0, x-±8) found in the last Article. 
And we infer that all circles which cut the given system at right 
angles pass through the limiting points of the system. 

Ex. 1. If the polar of A with respect to the system pass through the fixed point B, 
prove that the semicircle described on AB passes through the limiting point*. 

Ex. 2. The square of the tangent from any point of one circle to another is in a 
constant ratio to the perpendicular from that point upon their radical axis. 

Ex. 3. To find the angle (a) at which two circles intersect. 

Let the radii of the circles be R, r, and let D be the distance between their centres, 
,h ™ D 5 = R 3 + r* - 2Rr cos a. 

Since the angle at which the circles intersect is equal to that between the sadii to the 
point of intersection. 


* Traitf det Proprietct Projective f, p. 41. 
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Ex. 4. If a moveable circle cut two fixed circles at constant angles, it will cut all cir- 
cles having the same radical- axis at constant angles. 

Let the equations of the two fixed circles be S = 0, S'= 0, and their radii r,r'; then 
the co-ordinates of the centre of the moveable circle fulfil the relations, 

R* — 2Rr cos a = S, R 2 — 2Rr' cos/3 = S', 
since D* - r* = the square of the tangent to the first fixed circle = S (Art. 88). Then, 
we have Ar cos a + tr cos/3 AS + IS' 

A + / _ A + / * 

which is precisely the condition that the moveable circle should cut the circle AS -f- /S' at 
the constant angle y ; where (A + f) r" cosy = Ar cos a + Zr' cos/3, r" being the radius of 
the circle AS + /S' 

Ex. 5. A circle which cuts two fixed circles at constant angles will also touch two 
fixed circles. 

For we can determine the ratio A : /, so that y shall = 0, or cosy = 1. It will easily 
be found that if D be the distance between the centres of S and S', 

(A + /)*r M *= (A + /) (Ar 3 + Zr'*) - A/D*. 

Substituting this value for r w in the equation of the last example, we get a quadratic to 
determine A : /. 

118. To draw a common tangent to two circlet. 

Let their equations be 

(* - a)* + {y - b) 1 = r a (S), 

and (x - a'y + (y - V) % = r' 1 (S'). 

We saw (Art. 83) that the equation of a tangent to (S) was 

(x - a) (s'- a) + (y - b ) (y' - b) » r * ; 

or, as in Art. 100, writing 

x' - a y - b 

= cos a. * — = sin a 9 

r r 

(x - a) cos a + (y — b) sin a = r. 

In like manner, any tangent to (S') is 

(x - a!) cos/3 + (y - b) sin (i - r. 

Now, if we seek the conditions necessary that these two equa- 
tions should represent the same right line ; first, from comparing 
the ratio of the, coefficients of x and y, we get tan a = tan /3, 
whence 3 either = a, or <= 180° + a. If either of these conditions 
be fulfilled, we must equate the , absolute terms, and we find, in 
the first case, 

(a - a') cos o + (6 - ft') sin a + r - r = 0, 
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and in the second case, 

(a - a) cos a + (b - b') sin a + r + r = 0. 

Either of these equations would give us a quadratic to deter- 
mine a. The two roots of the first equation would correspond 



to the direct or exterior common tangents, A a, A 'a ; the roots 
of the second equation would correspond to the transverse or in- 
terior tangents, Bb, B'b'. 

If ive wished to find the co-ordinates of the point of contact 
of the common tangent with the circle (S), we must substitute, 

X — CL 

in the equation just found, for cos a, its value, -, and for 


y ~b 

sin a, , 


and we find 


(a - a ) (x' - a) + (b - b') (y' - b) + r (r - r') = 0 ; 
or else, 

(a - a) (x' - a) + (b - b) (y' - b) + r (r +* r ) = 0. 


The first of these equations, combined with the equation (S) 
of the circle, will give a quadratic, whose roots will be the co- 
ordinates of the points A and A', in which the direct common tan- 
gents touch the circle (S); and it will appear, as in Art. 86, that 
(a' - a) (x - a) + (b' - b) (y - b) = r (r - r) 
is the equation of AA', the chord of contact of direct common 
tangents. So, likewise, 

(a' - a) (x - a) + (i b ' - b) (y - b) = r (r + r') 
is the equation of the chord of contact of transverse common tan- 
gents. If the origin be the centre of the circle (S), then a and 6 = 0; 
and we find, for the equation of the chord of contact, 
ax + b'y = r (r T r'). 
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Ex. 1. Find the common tangents to the circles 

x* + y 5 — 4x — 2y + 4 = 0, x* + y’ + 4x + 2y — 4 = 0. 

The chords of contact of common tangents with the first circle are 
2x + y = 6, 2x + y = 8. 

2 \ 

, the tangents at which are 


The first chord meets the circle in the points (2, 2), ^ ^ j, 

y = 2, 4* - 3y = 10, 

and the second chord meets the circle in the points (I, 1), ^ j, 
are x = 1, 8x + 4y = 5. 


the tangents at which 


119. The points O and O', in which the direct or transverse 
tangents intersect, are (for a reason explained in the next Ar- 
ticle) called the centres of similitude of the two circles. 

Their co-ordinates are easily found, for O is the pole, with 
regard to circle (S), of the chord A A', whose equation is 
(a'-a)r . (b'-b)r 

r " ' - (* - a > + ~ r - -r' ~ (y - b) = r - 
Comparing this equation with the equation of the polar of the 
point x'y', 


we get 


(*' - a) (x - a) + («/' - b) (y - b) = r\ 

, (a' - a) r . dr - ar' 

x - a = — , or x 


. l (b'-b)r 
> - b = — -f-, or y 


r - r 
Ur - br' 


r - r r - r 

So, likewise, the co-ordinates of O’ are found to be 


dr + ar' , Ur + br' 
x = ■ — — - — , and y ■ 


r + r 


r + / 


These values of the co-ordinates indicate (see Art. 7) that 
the centres of similitude are the points where the line joining the 
centres is cut externally and internally in the ratio of the radii. 

Ex. Find the common tangents to the circles 

X 1 + y* - fix — 8y = 0, *» + y'-4x-6y = 3. 

The equation of the pair of tangents through x'y' to 
(x - a)* + (y - by = r» 

is found (Art. 90) to be 

1 (*’- a)’ 4-(y'- i)* - r*} { (x-a)H(y-6)»-rt) = {(x-o) (x'-a) + (y- i) (y'-6) r»)*. 
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Now, the co-ordinatos of the exterior centre of similitude are found to be (- 2, - 1), and 
hence the pair of tangents through it is 

25 (x*+y*- 6x -8y) = (5x + 5y- 10)*; or xy + x + 2y + 2 = 0; or (x + 2) (y+ 1) = 0. 

As the given circles intersect in real points, the other pair of common tangents become 
imaginary ; but their equation is found, by calculating the pair of tangents through the 
/ 22 31 \ 

other centre of similitude - ■, — 1 , to be 

\ 9 * 9 / 

40x» + xy + 40y*- 199x- 278y + 722 = 0. 

120. Every right line drawn through the intersection of com- 
mon tangents is cut similarly by the two circles. 

It. is evident that if on the radius vector to any point P there 
be taken a point Q, such that OP = m times OQ, then the x and 
y of the point P will be respectively m times the x and y of the 
point Q ; and that, therefore, if P describe any curve, the locus 
of Q is found by substituting mx, my for x and y in the equation 
of the curve described by P. 

Now, if the common tangents be taken for axes, and if wc 
denote Oa by a, OA by a', the equations of the two circles 
are (Art. 82, Ex. 4) 

a: 2 + y' + 2 xy cos to - 2 ax - ‘lay + a 2 = 0, 

+ y % + 2 xy cos w - 2 a'x - 2a' y + a' 2 = 0. 

But the second equation is what we should have found if we 
ox oy 

had substituted — , —7, for x, y, in the first equation ; and it 
a a’ 

therefore represents the locus formed by producing each radius 
vector to the first circle in the ratio a : a . 

Cor. — Since the rectangle Op ■ Op' is constant (sec fig. next 
page), and since we have proved OR to be in a constant ratio to 
Op, it follows that the rectangle OR • Op' = OR'- Op is constant, 
however the line be drawn through O. 

121. If through a centre of similitude we draw any two lines 
meeting the first circle in the jwints R, R', S, S', and the second in 
the points p, p, a, a', then the chords RS.yxr; Ii'S',pV; will be pa- 
rallel, and the chords RS, p'a'; R’S', pa; will meet on the radical 
axis of the two circles. 
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Take OR, OS for axes, then 
we saw (Art. 120)thatOR = mOp, 

OS = mOa, and that if the equar- 
tion of the circle papa be 

Ax 1 + B xy + A?/ 5 + Dx + F.g 

+ F = 0, 

that of the other will be 

Ax' + B xy + Ay 1 + m (D.r + Ey) 

+ m 3 F - 0, 

and, therefore, the equation of the 
radical axis will be (Art. Ill) 

Dx + Ey + (m + 1)F = 
Now let the equations of pa and of pa be 

5 + f-i. -.4 

a b a 



0 . 


1 , 


b ’ a b 

then the equations of RS and of R'S' must be 

ma tub ’ win' mb 
It is evident, from the form of the equations, that RS is pa- 
rallel to pa ; and RS and pa must intersect on the line 


1 . 


K^) + y G + *) = 1 + m ’ 

or, as in Art. 97, on 

Dx + E y + ( 1 + m) F = 0, 
the radical axis of the two circles. 

' A particular case of this theorem is, that the tangents at R 
and p arc parallel, and that those at R and p meet on the radical 
axis. 

122. Given three circles ; the line joining a centre of similitude 
of the first and second to g centre of similitude of the first and 
third will pass through a centre of similitude of the second and 
third. 

Form the equation of the line joining the points 
ra - ar rb - br\ / ra” - ar" rb" - br" 

r - r ’ r - r )' \ r - r" ' r - r" 
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(Art. 1 19), and we get (see Ex. 7, p. 24), 

{ r (b 1 - b") + ri (6" - b) + r" (b - b ) J .r 
- {r(a'~ a") + r (a” - a) + r” (a - a')) y 
+ r {ba" - b"a) + r ( b”a - ba") + r* ( ba ' - b'a) = 0. 

Now the symmetry of this equation sufficiently shows, that the 
line it represents must pass through the third centre of similitude, 

r'b' - r"b 

y = 

r — r 

This line is called an axis of similitude of the three circles. 

Since for each pair of 
circles there are two cen- 
tres of similitude, there 
will be in all six for the 
three circles, and these 
will be distributed along 
four axes of similitude, 
as represented in the 
figure. The equations 
of the other three will 
lie found by changing 
the signs of either r, or 
r', or r", in the equation 
just given. 



123. If a circle (2) touch two others ( Sand S') the line join- 
ing the points of contact will pass through a centre of similitude of 
S and S'. 

For when two circles touch, one of their centres of similitude 
will coincide with the point of contact, and, by the theorem 
proved in the last article, the line joining a centre of similitude of 
S [and 2, to a centre of similitude of S' and S must pass through 
a centre of similitude of S and S'. 

If 2 touch S and S', either both externally or both internally , 
the line joining the points of contact will pass through the external 
centre of similitude of S and S'. If 2 touch one externally and 
the other internally, the line joining the points of contact will 
pass through the internal centre of similitude. 

Q 
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*124. We shall conclude this chapter by investigating the 
problem : To describe a circle to touch three given circles. 

Let the equations of the three circles be 

(* - a )* + (y - b) % - r* = 0, or S = 0, 

( x - a'y 4 (y - b y - r' 1 = 0, or S' = 0, 

(x - «")*4 (y - b y - r '* = 0, or S'' = 0. 

We can determine the position of the centre of the touching 
circle from the condition, that the distance between the centres of 
any two touching circles must equal the sum of their radii. 

Now the square of the distance of any point from the centre 


of(S) 

= (x - ay 4 

(y - by = S 

Hence 

we get the condition 



S 4 r J 

= (R + r)’ ; 

and, in 

like manner, 


S' 4 r * 

*= (R + rO’, 

and 

S'' 4 r"' 

1 =. (R 4 r 'y. 


[These equations, evidently, apply to the case of external con- 
tact. If the contact with any of the circles be internal, the dis- 
tance between the centres will then = the difference of the radii, 
and we must change the sign of r or r or r' in the preceding for- 
mulae. As this gives rise to the following different possible 
combinations of signs, 

r, 4444 , 

r, 4 4- -4 4 --, 
r, 4 - 4 - 4 - 4 

there may be eight circles touching the three given circles.] 

If now we eliminate II from the preceding formulae, we shall 
get two equations which will enable us to determine the co-ordi- 
nates of the centre of the touching circle. 

Subtract the equations, and wo get 

S - S' = 2R(r - r), and S - S" = 2R(r - r"), 
or S-S' S- S" ‘ 

r - r r - r* ’ 

This is the equat ion of the line joining the centre of the touching 
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circle to the radical centre (Art. 1 13). It may be written in the 
more symmetrical form 

(r - r") S 4 (r"-r) S'+ (r - r') S"= 0. 

If we now write for S, &c., their values, the coefficient of x 
in this equation is found to be 

- 2 \a{r - r") + a'(r" - r) 4 a"(r - r')j, 
and of y to be 

- 2 |6(r' - r") 4 b (r" - r) 4 b" (r - r) }. 

Now if we compare these coefficients with the coefficients in 
the equation of the axis of similitude (Art. 122), we arrive at the 
conclusion (see Art. 40) that the centre of the circle tovching three 
others lies on the perpendicular let fall from their radical centre on 
the axis of similitude. 

We saw that eight circles can be drawn to touch tliree given 
circles, and as the three circles have four axes of similitude, the 
centres of the touching circles will lie, a pair on each of the per- 
pendiculars let fall from the radical centre on the four axes of 
similitude. 

Two circles answer to each axis of similitude ; for the equa- 
tion of an axis of similitude (Art. 122) remains unaltered, if we 
change in it the signs of all the radii. Hence the axis answering 
to the case of external contact (or + r + r'+ r") must also answer 
to the case of internal contact (or - r-r - r") ; and similarly for 
the other axes of similitude. 

125. From the three equations found in the last article we can 
obtain another relation between the co-ordinates of the centre of 
the touching circle. This relation, however, will be of the second 
degree, and, though sufficient for the algebraical solution of the 
problem, does not enable us to represent the results in an elemen- 
tary geometrical manner. To remove this inconvenience M. Ger- 
gonne proposed to seek the co-ordinates not of the centre of the 
touching circle, but of its point of contact with one of the given 
circles. We have already one relation connecting these co-ordi- 
nates, since the point lies on a given circle ; therefore, if we can 
find another relation between them, it will suffice completely to 
determine the point.* 

# Gergonno, Annales det Matheinatique** vol. vli. p. ‘289. 
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Let us for simplicity take for origin the centre of the circle, 
the point of contact with which we are seeking, that is to say, let 
us take a = 0, b = 0, then if A and B be the co-ordinates of the 
centre of 2, the sought circle, we have seen in the last article, 
that they fulfil the relations 

S-S'=2R(r-r), S - S" = 2R(r- r"). 

But if x and y be the co-ordinates of the point of contact of 2 with 
S, we have from similar triangles 

A- * (R + r) , B ^ y(R -). 

r r 

Now if in the equation of any right line we substitute mx, my for 
x and y, the result will evidently be the same as if we multiplied 
the whole equation by m and subtract (m - 1 ) times the absolute 
term. Hence, remembering that the absolute term in S - S' is 
(Art. 1 1 0) t' 2 - r 2 - a'* - b‘\ the result of making the above substi- 
tutions for A and B in (S - S') = 2R(r - r') is 

5^- r (S- S') + R (a'*+ b' 2 + r 2 -r' 2 ) = 2R(r-r), 

or (R + r) (S - S' ) = R 1 (r - >' )'■ - a 2 - b’ 2 j . 

Similarly (R + r) (S - S") ■= R [ (r - r’’) 1 - a" 2 - b " 2 ) . 

Eliminating R, the point of contact is determined as one of 
the intersections of the circle S with the right line 

S-S' _ S-S' 

a 2 + V 2 - (r - r) 2 a!' 2 + b" 2 - (r - r") 2 

126. To complete the geometrical solution of the problem it 
is necessary to show how to construct the line whose equation has 
been just found. It obviously passes through the radical centre 
of the circles ; and a second point on it is found as follows. Write 
at full length for S-S' (Art. 1 10), and the equation is 

‘lax + 2 by + r' 2 -r* - a 2 - b' 2 2 a"x + 2 b"y + r" 2 - r 2 - a" 2 - b" 2 

a' 2 + b ‘ - (r - r'y a 2 + b ' 2 — (r - r ) 2 

Add 1 to both sides of the equation, and we have 

ax + by + (r - r)r a x + by + (r'' - r)r 

a 2 + b' 2 - (r - r^ 2 a" 2 + b" 2 - (r - r' y' 
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showing that the above line [Misses through the intersection of 
ax + by + (r - r)r = 0, a"x + b"y + (r" -r)r- 0. 

But the first of these lines (Art. 118) is the chord of common 
tangents of the circles S and 8' ; or, in other words (Art. 119), is 
the polar with regard to S of the centre of similitude of these 
circles. And in like manner the second line is the polar of the 
centre of similitude of Sand S"; therefore (since the intersection 
of any two lines is the pole of the line joining their poles) the in- 
tersection of the lines 

ax + by 4 (r - r) r - 0, ax 4 by + (r" - r) r = 0 

is the pole of the axis of similitude of the three circles, with re- 
gard to the circle S. 

Hence we obtain the following construction : 

Drawing any of the four 
axes of similitude of the three 
circles, take its pole with re- 
spect to each circle, and join 
the points so found (P, P', P") 
with the radical centre ; then, 
if the joining lines meet the 
circles in the points 

(a, b ; a , b; a", b "), 
the circle through a, a, a" will 
be one of the touching circles, 
and that through b, b', b' will 
be another. Bepeating this process with the other three axes of 
similitude, we can determine the other six touching circles. 

127. It is useful to show how the preceding results may be 
derived without algebraical calculations. 

(1.) By Art. 123 the lines ab, a'b, a'b' meet in a point, viz., 
the centre of similitude of the circles aa'a", bbb". 

(2.) In like manner a'a", bb' intersect in S, the centre of simi- 
litude of C', C". 

(3.) Hence (Art. 121) the transverse lines a'b, a'b' intersect 
on the radical axis of C', C". So again a"b", ab, intersect on the 
radical axis of C", C. Therefore the point R (the centre of simi- 
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litude of add', bbb) must be the radical centre of the circles 

C, C , C". 

(4.) In like manner, since ab, ab' pass through a centre of 
similitude of aa'a", bbb" ; therefore (Art. 121) da", bb" meet on 
the radical axis of these two circles. So again the points S’ and 
S" must lie on the same radical axis ; therefore SS'S”, the axis of 
similitude of the circles C, C', C”, is the radical axis of the circles 
ada", bbb". 

(5.) Since ah' passes through the centre of similitude of 
add', bb'b", therefore ( Art. 121) the tangents to these circles where 
it meets them intersect on the radical axis SS'S". But this point 
of intersection must plainly be the pole of ab" with regard to the 
circle C". Now since the pole of a"b" lies on SS'S", therefore 
(Art. 96) the pole of SS’S" with regard to C" lies on a b". Hence 
a"b“ is constructed by joining the radical centre to the pole of 
SS'S" with regard to C". 

(6.) Since the centre of similitude of two circles is on the line 
joining their centres, and the radical axis is perpendicular to that 
line, we learn (as in Art. 124) that the line joining the centres of 
aa'a", bb'b" passes through R, and is perpendicular to SS'S". 

E.x. To describe a circle cutting three given circle* at given angles. 

By the help of (Ex. 5, Art. 117) this is reduced to the problem of the present article; 
or else the three equations 

R* — 2Rr cos a = S, R s — 2 Rr' cos/3 = S', It 2 — *2Rr" cosy = S”, 
nmv be discussed directly as in Art. 124. 


CHAPTER X. 

PROPERTIES COMMON TO ALL CURVES OF THE SECOND DEGREE, 
DEDUCED FROM THE GENERAL EQUATION. 

128. The most general form of the equation of the second 
degree is Ax 5 + Bxy + Cf + Do: + Ey + F = 0, 
where A, B, C, D, E, F are all constants. 

The nature of the curve represented by this equation will vary 
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according to the particular values of these constants. Thus we 
saw (Chap, v.), that in some cases this equation might represent 
two right lines, and (Chap, vi.) that for other values of the con- 
stants it might represent a circle. It is our object in this chapter 
to classify the different curves which can be represented by equa- 
tions of the general form just written, and to obtain some of the 
properties which are common to them all.* 

Five relations between the coefficients are sufficient to deter- 
mine a curve of the second degree. It is true that the general 
equation contains six constants, but it is plain that the nature of 
the curve does not depend on the absolute magnitude of thcse'co- 
cfficicnts, since, if we multiply or divide the equation by any 
constant, it will still represent the same curve. We may, there- 
fore, divide the equation by F, so ns to make the absolute term 
= 1 , and there will then remain but five constants to be deter- 
mined. 

Thus, for example, a conic section can be described through 
Jive points. Substituting in the equation the co-ordinates of each 
point ( x'y) through which the curve must pass, we obtain five 
relations between the coefficients, viz., 


B 


C 


D , E , 


y*y + p’j‘ + p* + + 1 “ 0, &C-, 

A 

which will enable us to determine the five quantities, -p , &c. 


129. We shall in this chapter often have occasion to use the 
method of transformation of co-ordinates ; and it will be useful to 
find what the general equation becomes when transformed to 
parallel axes through a new origin (x'y'). We form the new equa- 
tion by substituting * + x' for x, and y + y for y (Art. 8), and 
we get 


A(jr + a’) 5 + B(x + .r)(y +y’)+C(y + y)*+ D(r + a:')+ E(y+y)+ F = 0. 


* We shall prove hereafter, that the section made by any plane in a cone standing on 
a circular base is a curve of the second degree, and, conversely, that there is no curve of 
the second degree which may not be considered as a conic Mection. It was in this point of 
view that these curves were first examined by geometers. We mention the property here, 
because we shall often find it convenient to use the terms “conic section" or “conic," 
instead of the longer appellation, “ curve of the second degree." 


Digitized by Google 



120 


GENERAL EQUATION OF THE SECOND DEGREE. 


Arranging this equation according to the powers of the va- 
riables, we find that the coefficients of .r 2 , xy, and y', will be, as 
before, A, 15, C ; that 

the new D, D' = 2 Ax' + By' + D ; 
the new E, E’ = 2Cy' + Bx’ + E ; 
the new F, F’ = AA + B xy + Cy' 1 + Dx' + Ey' + F. 

Hence, if the equation of a curve of the second degree he trans- 
formed to parallel axes through a new origin, the coefficients of the 
highest powers of the variables will remain unchanged, while the new 
absolute term will be the result of substituting in the original equa- 
tion the co-ordinates of the new origin .* 

130. Every right line must meet a curve of the second degree 
in two real, coincident, or imaginary points. 

Let us first consider the case of lines which pass through the 
origin. The truth of the proposition will then easily appear by 
transformation to polar co-ordinates. If the angle between the 
axes be o», then for a line making angles a, ft, with the axes, we 
saw (Art. 1 2) that x sin to = p sin a, y sin to = p sin ft, or, as we shall 
write for shortness, x = mp, y = tip. Making these substitutions in 
the general equation, we have, to determine the length of the ra- 
dius vector to either of the points where the line (whose equation 
obviously is my= nx) meets the curve, the quadratic, 

(Am 5 + Both + C« ! ) p 1 + (Dot + En) p + F = 0. 

Since this equation always gives two values for p, we see, as in 
Art. 81, that every line through the origin will meet the curve 
in two real, coincident, or imaginary points. 

The case of a line not passing through the origin is reduced 
to the former, by transferring the origin to any point on the line. 
The equation will then become 

Ax’ + B xy + Cy’ + D'x + E'y + F’ «= 0 ; 
where D', E', F' have the values found in the last article, and the 
distances from the new origin of the points where any line through 
it meets the curve, are the two roots of a quadratic equation, pre- 
cisely similar in form to that already given. 


* This is equally true for equations of any degree, as can be proved in like manner. 
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131. The next articles will be occupied with a discussion of 
the different forms assumed by the quadratic just found for p, 
according to the different values we may give the ratio m : n. 
The reader will better understand the method we pursue if he 
bear in mind the following elementary principles. Suppose that 
we have to discuss any quadratic, 

ap 7 + 6p + c = 0, 

its solution may be written in either of the following equivalent 
forms, 

- b ± y/ (1? - Aac) 2c 

^ 2 a - b + ^ (lr - 4ac) ’ 

the latter being the form in which the solution would have pre- 
sented itself had we divided the given equation by p 7 , and solved 
it for the reciprocal of p. 

i. If we have c = 0, the quadratic is divisible by p, and one of 

its roots is p = 0, the other being = - If we had not only c = 0, 

but also b = 0, then the quadratic would be divisible by p 7 , and 
both its roots would = 0. 

ii. If we have a -0, then one of the roots of the equation is 
p r- oo. For if we had written the equation 



it appears from the last case that when a = 0 the two roots are 

- « 0, - ■=■ — , to which values correspond p = oo, p = - The 
p p c b 

same thing may be seen by making a - 0 in the general form of 

the solution. If not only a - 0, but also 6 = 0, both the roots 

= X . 

hi. If 6 = 0, the roots of the quadratic are equal with oppo- 
site signs. 

iv. If we have b'- = 4ac, the two roots are equal, and we may 
6 2c 

write either p = - — or = — If b 7 be greater than 4ae, the 
1 2a b 

roots of the quadratic are real ; if 6’ be less than 4ae, the roots are 
imaginary. 

R 


Digitized by Google 



122 


GKNEHAL EQUATION OF THE SECOND DEGHEE. 


132. Let us now apply these principles to the equation which 
determines the points where the line (my = nx) meets the curve, 
v ' z> (Am 1 + B mn + C »*)/»’ + (Dm + E n)p + F = 0. 

i. Let F = 0. In this case one of the values of p is = 0, or 
the origin is one of the points where the line meets the curve 
(see also Art. 79). The other value is 

I)m + En 

^ Am* + limn + ('it* 

If, however, we have not only F = 0, but also the line be drawn 
in such a direction that Dm + En = 0, then the second value of p 
is also = 0 : the line ( my = nx) meets the curve in two coincident 
points at the origin, or, in other words, is a tangent at the origin. 
Multiplying by p the equation Dm + En = 0, and remembering 
that mp = x, np = y, we find the equation of the tangent at the 
origin, viz. Dx + Ey = 0. 

Ex. 1. Find the tangent at the origin to 

6 x 3 + 7-ry + y* — x + 2y = P. Am. x - 2y. 

Ex. 2. The point (1, 1) is on the curve 

8x* — try + 2y- + 7x — 5y - 3 = 0 ; 

transform the equation to parallel axes through this [toint, and find the tangent at it. 

Am. 9x — 5y = 0 referred to the new axes, or 9 (jr — 1) - 5 (y — 1) = 0 
referred to the old. 

133. To find the equation of the tangent at any point xy on 
the curve. 

Transform to parallel axes through xy, and (Art. 129) F' 
will vanish, since xy is on the curve. The equation of the tan- 
gent will then be D'.r + E 'y = 0 referred to the new axes, or 
D’(.r- x) + E'(y - y) = 0 referred to the old. Write for D and 
E' the values found in Art. 129, and the equation of the tangent 
is (2 Ax' + By' + D) (x - x') + (Bx' + 2Cy + E) (y - y) » 0, 

which may be written in a simpler form by adding to both sides 
the identity 

2 Ax'* + 2Bxy' + 2Cy' 1 + 2Dx' + 2Ey’ + 2F = 0, 
when the equation of the tangent becomes 

(2A,r'+ By' + D)x + (Bx'+ 2Cy’+ E)y + Dx' + Ey' + 2F = 0. 
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This equation might also have been found by the method pur- 
sued in Art. 84. 

Ex. Find the tangent at (2, 1) to 

8-r* + 4 ry + 6y* — Tx — - 3 «= 0. 

An*. Ox -I- lOy = 28. 

134. i». Let us next consider the case in which one value of 
p may become infinite. We have seen (Art. 131) that this will 
be the case when the coefficient of p 3 vanishes in the quadratic 
which determines p ; or, in other words, when 

Am 3 +Bmn + Cn 5 = 0. 

If then m:n be taken so as to satisfy this relation, the line 
{rny •= nx) will meet the curve in one infinitely distant point : 
the other value of p will in general remain finite, and will 

F 

Dm + En" 

Since two values of m : n can in general be found, which will 
render Am 3 + Bmn + Cn 3 = 0, there can he drawn through the 
origin two real, coincident, or imaginary lines, which will meet the 
curve at an infinite distance, and each of these lines will mdy meet 
the curve in one other point. If we multiply by p 1 the equation 
Am 3 + Bmn + Cm 3 = 0, and substitute for nip and np their values 
x and y, we obtain for the equation of these two lines, 

Aa; 3 + Bxy + Cy 3 = 0. 

We may prove, by the transformation of co-ordinates, as in 
Art. 130, that there arc two directions in which lines can be drawn 
through any point to meet the curve at infinity ; and, since it was 
proved, in Art. 129, that, the coefficients A, B, C were unaltered 
by transformation, we obtain for every point the very same 
quadratic, Am 3 + Bmn + Cn 3 ■= 0, to determine those directions. 
Hence, if through any point two real lines can be drawn to meet 
the. curve at infinity, parallel lines through any other point will 
meet the curve at infinity* 


* This, indeed, is evident geometrically, since parallel lines may be considered as 
passing through the same point at infinity. 
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1 35. The most important question we can ask, concerning the 
form of- the curve represented by any equation, is, whether it be 
limited in every direction, or whether it extend in any direction 
to infinity. We have seen, in the case of the circle, that an equa- 
tion of the second degree may represent a limited curve, while 
the case where it represents right lines shows us that it may also 
represent loci extending to infinity. It is necessary, therefore, 
to find a test whereby we may distinguish which class of locus is 
represented by any particular equation of the second degree. 

With such a test we are at once furnished by the last article. 
For if the curve be limited in every direction, no radius vector 
drawn from the origin to the curve can have an infinite value ; 
but we found in the last Article, that, in order that the radius vec- 
tor should become infinite, we must have Am* + Bmn + Cn’ = 0. 

(1.) If now we suppose B 1 - 4 AC 
to be negative, the roots of this equa- 
tion will be imaginary, and no real 
value of m : n can be found which will 
render A m 3 + Bmn + Cn ! ■= 0. In this 
case, therefore, no real line can be 
drawn to meet the curve at infinity, 
and the curve will be limited in every direction. We shall show, 
in the next chapter, that its form is that represented in the figure. 
A curve of this class is called an Ellipse. 

(2.) If B’ - 4AC be positive, 
the roots of the equation 

Am’ + Bmn + Cn’ = 0 
will be real ; consequently, there 
are two real values of m : n which 
will render infinite the radius vector 
to one of the points where the line 
(my = nx) meets the curve. Hence, 
two real lines (At’ + B xy + Cy 2 = 0) 
can, in this case, be drawn through the origin to meet the 
curve at infinity. A curve of this class is called an Hyperbola, 
and we shall show, in the next chapter, that its form is that re- 
presented in the figure. 
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(3.) If B 3 - 4 AC = 0, tlic roots 
of tlie equation Am*+B»i« + C«’= 0 
will then be equal, and, therefore, 
the two directions in which a right 
line can be drawn to meet the curve 
at infinity will in this case coincide. 

A curve of this class is called a 
Parabula , and we shall (Chap.xu.) 
show that its form is that here represented. 

136. In applying to Examples the principles just laid down, 
the following are some of the particular cases which most fre- 
quently present themselves : — 

( 1 .) The circle is a particular form of the ellipse , for, since 
in the most general form of the equntion of the circle C = A, 
B = 2 A cosa> (Art. 78), we have 

B ! — 4 AC = - 4 A 5 sin 4 w, 

and, therefore, always negative. 

(2.) If B = 0, the curve will be an ellipse if A and C have 
the same sign ; but an hyperbola if they have different signs. 

(3.) If cither A or C = 0, and B not = 0, the quantity B 3 - 4 AC 
will reduce to B 3 , which being essentially positive, the curve is 
an hyperbola. 

In the case where A = 0 the axis of x is itself one of the lines 
which meet the curve at infinity; and where C = 0, the axis of y, 
these lines being in general given by the equation 

A .r 3 + Bxy + C y 1 = 0. 

(4.) If either A or C be = 0, and at the same time B = 0, 
then B 3 - 4 AC - 0, and the curve is a parabola. 

(5.) In general the curve will be a parabola, if the three first 
terms form a perfect square. 

Ex. Determine the species of each of the following curves : 


8x* -f Azy 4- 6y* — 2x — 7y — 4 = 0. 

An*. 

Ellipse. 

2x« + xy - yi + Qr + y = 0. 

A n*. 

Hyperbola. 

x* - 2 xy + y- — x-y-l = 0. 

An*. 

Parabola. 

x» 2xy y« 2x 2 y ^ 

a' 1 ab hi a h 

An*. 

Parabola. 
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137. in. Let us next examine the ease where the value of 
m : n is such that the quadratic (Art. 130) which determines p 
has its roots equal with opposite signs. This will be the case 
(Art. 131) when Dm + E» = 0. 

The points answering to the equal and opposite values of p 
are equidistant from the origin, and on opposite sides of it ; 
therefore, the chord represented by the equation Dx + Ey = 0 is 
bisected at the origin. 

Hence, through any given point can in general be drawn one 
chord, which will be bisected at that point. 

138. There is one case, however, where more chords than one 
can be drawn, so as to be bisected, through a given point. 

If, in the general equation, we had D *= 0, E = 0, then the 
quantity Dm + En would be = 0, whatever were the value of min; 
and we see, as in the last Article, that in this case every chord 
drawn through the origin would be bisected. The origin would 
then be called the centre of the curve. Now, although for any 
origin, taken arbitrarily, the quantities D and E are not = 0, yet 
we see, that if the curve have a centre, by taking this point for 
our origin, the quantities D and E will vanish ; or, conversely, 
that if the axes be transformed to any new origin, so that the co- 
efficients of x and y may vanish, then will the new origin be a 
centre of the curve. 

In order to determine whether it be possible, by transforma- 
tion of co-ordinates, to make the new I) and E = 0, we have only 
to refer to the formula' given in Art. 129, whence we find, that 
the co-ordinates of the new origin must fulfil the conditions 
2Ax' + By’ + D = 0, 2C y + Bx' + E = 0. 

These two equations are sufficient to determine x and y, and, 
being linear, can be satisfied by only one value of x and y; hence, 

Conic sections have in general one, and only one centre. 

Its co-ordinates are found, by solving the above equations, to 
bc BE-2CD BD-2AE 

* = B* - 4 AC ’ ^ B’ - 4 AC ‘ 

In the ellipse and hyperbola B- - 4 AC is always finite (Art. 
135); but in the parabola B 2 - 4 AC = 0, and the co-ordinates of 
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the centre become infinite. The ellipse and hyperbola are hence 
often classed together as central curves, while the parabola is 
called a nun-central curve. The student must be careful, how- 
ever, to remember that, strictly speaking, every curve of the se- 
cond degree has a centre, although in the case of the parabola 
this centre is situated at an infinite distance. 

139. To find the locus of the middle points of chords, parallel 
to a given line, of a curve of the second degree. 

w e saw (Art. 137) that a chord through the origin my = nx 
is bisected if Dm + En = 0. Now, transforming the origin to any 
point, it appesirs, in like manner, that a parallel chord will be 
bisected at the new origin if m times the new D + n times the 
new E = 0, or (Art. 129) 

m (2 Ax' + B y + D) + n (Bar’ + 2Cy' + E) = 0. 

This, therefore, is a relation which must lie satisfied by the co- 
ordinates of the new origin, if it be the middle point of a chord 
parallel to my - nx. I Icnce the middle point of any parallel chord 
must lie on the right line 

m (2Ax + By + D) + n (Ex + 2C j + E) = 0, 

which is, therefore, the required locus. 

Every right line bisecting a system of parallel chords is called 
a diameter, and the lines which it bisects are called its ordinates. 

The form of the equation shows (Art. 36) that every diameter 
must pass through the intersection of the two lines 

2 Ax + By + D = 0, and 2Cy + Bx + E = 0 ; 

but, these being the equations by which we determined the co- 
ordinates of the centre (Art. 138), we 
infer, that < very diameter passes through 
the centre of the curve. 

Since 

m(2Ax +By + D) + n(Bx+ 2C y 4 E)= 0 
is the equation of the diameter bisect- 
ing chords parallel to my = nx, it appears, by making m and n 
alternately = 0, that 2 Ax + By + D = 0 
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is the equation of the diameter bisecting chords parallel to the 
axis of x, and that 

2Cy + Bx + E = 0 

is the equation of the diameter 
bisecting chords parallel to the 
axis of y. 

In the parabola B J = 4 AC, 


or 


2 A B 


B 2C 


, and hence the line 


M 


w£ 




m 

l 


i 


2 Ax + By + D = 0 is parallel to the line 2Cy 4 Bx + E = 0 ; con- 
sequently, all diameters of a pa- 
rabola are parallel to each other. 

This, indeed, is evident, since we 
have proved that all diameters 
of any conic section must pass 
through the centre, which, in the 
case of the parabola, is at an in- 
finite distance ; and since parallel 
right lines may be considered as 
meeting in a point at infinity.* 

The familiar example of the circle will sufficiently illustrate 
to the beginner the nature of the diameters of curves of the second 
degree. He must observe, however, that diameters do not in 
general, as in the case of the circle, cut their ordinates at right 
angles. In the parabola, for instance, the direction of the dia- 
meter being invariable, while that of the ordinates may be any 
whatever, the angle between them may take any possible value. 



140. The direction of the diameters of a parabola is the same 
as that of the line throuyh the oriyin xchich meets the curve at an 
infinite distance. 

For the lines through the origin which meet the curve at in- 
finity are (Art. 134) Ax’ + Bxy + C if = 0, 


# Hence, given any conic section, we can find its centre geometrically. For if we 
draw any two parallel chords, and join their middle points, we have one diameter. In 
like manner we can find another diameter. Then, if these two diameters be parallel, the 
curve is a parabola, but if not, the point of intersection is the centre. 
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or, writing for 13 its value, V (4 AC), 

( j Ax + ^Cy)’ = 0. 

But the diameters are parallel to 2 Ax + By = 0 (by the last Ar- 
ticle), which, if we write for B the same value, f (4 AC), will also 
reduce to ^ A* 4 y/Cy = 0. 

Hence every diameter of the parabola meets the curve once at 
infinity, and, therefore, can only meet*it in one finite point. 

141. If two diameters of a conic section be such, that one of 
them bisects all chords parallel to the other , then, conversely, the 
second will bisect all chords parallel to the frst. 

The equation of the diameter which bisects chords parallel to 
my = nx is (Art. 139) 

(2 Am + B«).r 4 (B m 4 2C n)y 4 Dm 4 En «* 0. 

If then this be parallel to m'y *> nx, we must have 
m Bm 4 2Ck 

n' 2 Am 4 B?<’ 

or 2 Amm' + B (m'n 4 mri) 4 2C«n' = 0. 

But the symmetry of the equation shows that it is also the con- 
dition that the line my = nx should be parallel to the diameter 
bisecting the chord my = n'x. 

Diameters so related, that each bisects every chord parallel to 
the other, are called conjugate diameters .* 

If in the general equation B = 0, the axes will be parallel to 
a pair of conjugate diameters. 

For the diameter bisecting chords parallel to the axis of x will, 
in this case, become 2Ar 4 D = 0, and will, therefore, be parallel 
to the axis of y. In like manner, the diameter bisecting chorda 
parallel to the axis of y will, in this case, be 2C y 4 E = 0, and 
will, therefore, be parallel to the axis of x. 

142. iv. Lastly, let us discuss the case, when the equation 
which determines p has equal roots. When this is the case, the 


• It is evident that none but central curve* can have conjugate diameter*, since in 
the parabola the direction of all diameters is the same. 

8 
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line my = nx will meet the curve in two coincident points, and 
will therefore touch it. Now (Art. 131) the equation 

(Am 2 + Bmn + Cn 2 )p 2 + (Dm + E ti)p + F = 0 
will have equal roots if 

(Dm + En) 2 = 4F (Am 2 + Bmn + C'n 2 ). 

Since this gives us a quadratic to determine m : n, we see that 
through the origin can always be drawn two real, coincident, or 
imaginary tangents. Multiplying by p 2 , the equation just found, 
and substituting x and y for mp, »p, we obtain the equation of the 
pair of tangents through the origin, viz., 

(D 2 - 4 AF) X 1 + 2 (DE - 2BF) xy 4 (E 2 - 4CF) y 2 = 0. 

It is only necessary to notice particularly the case where these 
two tangents coincide. If we apply the condition that the equa- 
tion just obtained should have equal roots, we get 

(D 2 - 4AF) (E 2 - 4CF) = (DE - 2BF) 2 , 
or 4F (AE 2 + CD 2 + FB 2 - BDE - 4 ACF) = 0. 

This will be satisfied, if F = 0, that is, if the origin be on the 
curve. Hence, any point on the curve may be considered as the 
intersection of two coincident tangents, just as any tangent may be 
considered as the line joining two coincident points. 

The equation will also have equal roots if 

AE 2 + CD 2 4 FB 2 - BDE - 4 ACF = 0. 

Now we obtained this equation (p. 67) as the condition that the 
equation of the second degree should represent two right lines. 

To explain why we should here meet with this equation again, 
it must be remarkod that by a tangent we mean in general a line 
which meets the curve in two coincident points ; if then the curve 
reduce to two right lines, the only line which can meet the locus 
in two coincident points is the line drawn to the point of inter- _ 
section of these right lines, and since tiro tangents can always be 
drawn to a curve of the second degree, both tangents must in 
this case coincide with the line to the point of intersection. 

143. To find the equation of the line joining the points of con- 
tact of tangents through the origin. 
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We have seen in the last article that if m : ri be either of the 
roots of 


(D* - 4 AF) m* 4 2 (DE - 2BF) mn + (E J - 4CF) n* = 0, 
the line my = n'x will touch the curve, and the quadratic 


(Am'* + Bm ri + Cri') p 1 + (Dm' 4 Eh') p 4 F = 0 
will have equal roots. But (Art. 131) when ap 5 4 bp + c = 0 has 

2c 

equal roots, the common value of the equal roots is — The 

value, therefore, of the radius vector to the point of contact is 
2F 

p = ~D^TTE^’ - or Dm> + E«> 4 2F = 0. 


The co-ordinates, then, of cither point of contact satisfy the 
relation Dx 4 Ey 4 2F = 0, 


which is the equation of the line required. This is the equation 
of a real line, whether the tangents through the origin be real or 
imaginary. We shall call it, as in the case of the circle, the polar 
of the origin, and, conversely, we shall call the origin the pole of 
this line. 


144. To find the equation of the polar of any point x'y. 

If we transform the equation to parallel axes through x'y , the 
polar of the new origin is Di 4 Ey 4 2F' = 0, or, transforming 
back to the old origin by writing x - x' for x, and y - y' for y, 
D'(x - x') 4 E'(y - y) + 2F' = 0. 

Writing for D', E', F' their values (Art. 129), and reducing 
as in Art. 133, we find for tire equation of the polar 

(2 Ax' 4 By' 4 D)x 4 (Bx 4 2Cy' 4 E)y 4 Dx' 4 Ey' + 2F = 0. 

Comparing this with the equation found in Art. 1 33, we see that 
the polar of any point on the curve is the tangent at that point. 

145. The polar of the origin (Dx4 Ey 4 2F = 0) is parallel to 
the chord (Dx 4 Ey = 0) drawn through the origin so as to be 
bisected, which evidently is an ordinate to the diameter passing 
through the origin. Hence, the polar of any point is parallel to 
the ordinates of the diameter passing through that point. This in- 
cludes, as a particidar case : The tangent at the extremity of any 
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diameter is parallel to the ordinutes of that diameter. Or, again, 
in the case of central curves, since the ordinates of any diameter 
are parallel to the conjugate diameter, we infer that, The polar 
of any point on a diameter of a central curve is parallel to the con- 
jugate diameter. 

146. If any point (x'yj be taken on the polar of (xy r ), its polar 
must pass through (xy). 

For, the condition that (x'y") should lie on the polar of (x'y') 
is (Art. 144), 

(2Ax' + By + D)x" + (2Cy + Bx' + E)y" + Dx' + Ey + 2F = 0. 
But this may be arranged 

(2 A x" + By" + D)x' 4 (2Cy + Bx'' + E)y' + Dx" + Ey" 4 2F = 0, 
and is, therefore, also the condition that (x’yj should lie on the 
polar of ( x"y") . % 

The form of the equation of tlie polar indicates (see Art. 50) 
that, if any point move along a fixed right line, its polar must always 
pass through a fixed point, namely, as appears from this article, the 
pole of the fixed line. 

The theorem of this article may also he stated thus : The in- 
tersection of any tico lines is the pole of the line joining their poles ; 
or, conversely : The line joining any two points is the polar of the 
intersection of the polars of these points. For the polars of any 
two points on the polar of x'y intersect in x'y'. 

147. If on any radius vector through the origin, OK be taken 
an harmonic mean between OK' and OII" : to prove that R lies on 
the polar of O. 

We found (Art. 130) that OK', OK" 
were determined by the quadratic 
(Am 5 4 Bmn 4 C n 5 ) p 1 

4 (Dm 4 En) p + F = 0. 

Hence, by the theory of equations, 

2 11 Dm 4 En 

OR = OR' + OR' = F ‘ 

In order to find the locus of R we 
must write x and y for m • OR and 
n ■ OR, and the equation of the locus is 
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D.r + Ey + 2F = 0, 

that is, the equation of the polar of the origin. 

Hence, any line drawn through a point is cut harmonically by 
the point, the curve, and the polar of the point* 

148. If two lines be drawn through any point, and the points 
joined where they meet a curve of the second degree, the joining 
lines will intersect on the polar of that point. 

The proof given (p. 90) of this property in the case of the 
circle will apply, word for word, to conics in general, since no 
use was made of the equality of the coefficients of x 1 and y 1 . 

If through a point O any line OR be drawn, the tangents at 
R' and R" will meet on the polar of O. 

This is a particular case of the preceding theorem, namely, 
where the two lines arc supposed to coincide ; or else it follows 
immediately from Art. 146, since the pole of any chord through 
O must lie on TT’ ; and by the pole of the line we mean the in- 
tersection of tangents at the points where it meets the curve.t 

149. If any line (OR) be drawn through a point (O), and (1*) 
the pole of that line, be joined to O, then the lines OP, OR will 
form an harmonic pencil with the tangents from O. 

For, since OR is the polar of P, PTRT is cut harmonically, 
therefore OP, OT, OR, OT', form an harmonic pencil. 

Ex. 1. If a quadrilateral, ABCD, be inscribed 
in a conic section, any of the points E, F, O, is the 
pole of the line joining the other two. 

Since EC, EL), arc two lines drawn through 
the point E, and CL), AB, one pair of lines joining 
the poiuts where they meet the conic, these lines 
must intersect on the polar of E ; so must also AD 
and CB; therefore, the line OF is the polar of K. 

In like manner it can be proved that EF is the 
I>olar of O, and EO the polar of F. 

Ex. 2. To draw a tangent to a given conic sectiou from a point outside, with the 
help of the ruler only. 



* For an enumeration of some of the particular cases included in this theorem, the 
reader is referred to the section (Chap. XV.) on the anhartnonic properties of conics. 

t From this property the polar of a point might have been defined as the locus of the 
intersection of tangents at the extremities of any chord passing through the point. This 
definition applies, whether the point be within or without the conic. 


Digitized by Google 



134 


GENERAL EQUATION OF THE SECOND DEGREE. 


Draw any two lines through the given point E, and complete the quadrilateral ns iu 
the figure, then the line OF will meet the conic in two points, which, being joined to E, 
will give the two tangents required. 

Ex. 3. If a quadrilateral be circumscribed about a conic section, any diagonal is the 
polar of the Intersection of the other two. 

We shall prove thi* Example, as we might have proved Ex. 1, by means of the har- 
monic properties of a quadrilateral. It was proved (p. 57) that EA, EG, EH, EF, are 
an harmonic pencil. Hence, since EA, EB, are, by hypothesis, two tangents to a conic 
section, and EF a line through their point of intersection, by Art. 149, EO must pass 
through the pole of EF ; for the same reason, FO must puss through the pole of EF: this 
pole must therefore be O. 

* 150. The theorem of Art. 147 may also be proved by a pro- 
cess precisely similar to that employed (Art. 89). We may seek 
the ratio in which the line joining two points is cut by the curve. 

.. . . lx" + mx hi" + mu' „ , . .... 

Substituting , lor x and u, the ratio / : m is de- 
ls- m l + m 17 

termined by the quadratic 

l 2 (Ax’* + B x"y" + C y" J + Dx" + Ey" + F) 

+ lm { (2 A c + By" + D)x' + ( Bx" + 2Cy" + E) y + D.r" + E y" + 2 F j 

+ tn 7 ( Ax'* + B.r y' + Cy 1 + Dx' + Ey' + F) = 0. 

Now if x'y" be on the polar of x'y' the coefficient of lm vanishes, 

the roots of the equation are of the form l - ± firn, and the line 

joining the points is cut harmonically. 

The same equation enables us to form the equation of the 
pair of tangents drawn from any point to the curve. For if 
x'y" lie on either of the tangents through x'y, the equation for 
l : m must have equal roots, and x'y" must therefore satisfy the 
equation 


4(Ax J + Bxy +Cy’+ Dx-t Ey + F) (Ax' , + Bx'y'+Cy'*+ Dx'+Ey' t F) 
= j (2 Ax’ + By' + D) x + (Bx' + 2Cy' + E) y + Dx' + Ey' + 2F j *. 


151. If through any point O two chord* be drawn, meeting the 
curve in the points R', R", S', S", then the ratio of the rectangle s 

OS ' OS" cons ^ an ^’ whatever be the position of the point O, 

provided that the directions of the lines OR, OS be constant. 

For, from the equation given to determine p in Art. 130, it 
appears that 

OR - OR" - J . - . 

A m 1 + 13////! + Cn* 
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In like manner 


hence 


OS'- OS" 


F 

A »»'* + BmV + Cn' J ’ 


OR'- OR" A m* + B m'n' + C ri‘ 
OS' • OS" A«* + limn + C« 3 


But this is a constant ratio : for A, B, C remain unaltered 
when the axes are transformed to any new origin (Art. 1 29)> 
and m, n, m', n depend only on the angles which the radius vec- 
tor makes with the axes, and are therefore constant while the 
direction of this radius vector is constant. 

The theorem of this Article may be otherwise stated thus : 
If through two fixed points O and O' any two parallel lines OR and 

O'p be drawn, then the ratio of the rectangles ^ ^ will be con- 

0/3 O/U 

slant, whatever be the direction of these lines. 

For, these rectangles are 

F F 

Am 1 + Cum + Cn a ’ Am’ + B inn + Cif 


(F' being the new absolute term when the equation is transferred 

F 

to O' as origin); the ratio of these rectangles = and is, there- 

D 

fore, independent of m and n. 

This theorem is the generalization of Euclid, hi. 35, 36. 

152. The theorem of the last Article includes under it seve- 
ral particular cases, which it is useful to notice separately. 

I. Let O' be the centre of the curve, then Op = O'p" and the 
quantity O'p'- O'p" becomes the square of the semidiameter parallel 
to OR’. Hence, The rectangles under the segments of two chords 
which intersect are to each other as the squares of the diameters 
parallel to those chords. 

II. Let the line OR be a tangent, then OR' = OR', and the 
quantity OR’-OR' becomes the square of the tangent; and, since 
two tangents can be drawn through the point O, we may extract 
the square roots of the ratio found in the last paragraph, and in- 
fer that Two tangents drawn through any point are to each other 
as the diameters to which they are parallel. 
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III. Let the line 00’ be a diameter, and OR, Op, parallel to 
its ordinates, then OR = OR" and O’p = Op". Let the diame- 

or> oy 


ter meet the curve in the points A, B, then 


AO - OB AO OB' 


Hence, The squares of the ordinates of any diameter are propor- 
tional to the rectanyles under the segments which they make on the 
diameter. 


153. There is one case in which the theorem of Article 151 
becomes no longer applicable, namely, when the line OS is pa- 
rallel to one of the lines which meet the curve at infinity ; the 
segment OS' is then infinite, and OS only meets the curve in 
one finite point. We propose, in the present Article, to inquire 


whether, in this case, the ratio 


OS’ 

OR • OR' 


will he constant. 


Let us, for simplicity, take the line OS for our axis of t, and 
OR for the axis of y. Since the axis of x is parallel to one of 
the lines which meet the curve at infinity, the term A will = 0 
(Art. 136(3)), and the equation of the curve will be of the form 
Bry + C y’ + Dx + E y + F = 0. 

Making y = 0, the intercept on the axis of x is found to be 
F 

OS’ = - ; an d making x = 0, the rectangle under the intercepts 

F 

on the axis of y is = g . 

Hence OS' C 

OR - OR" = ~ i) ' 


Now, if we transform the axes to any parallel axes (Art. 129), 
C will remain unaltered, and the new D = By' + D. 

Hence the new ratio will be 


C_ 

By'+ D‘ 

Now, if the curve be a parabola, B = 0, and this ratio is constant ; 
hence, if a line parallel to a given one meet any diameter (Art. 1 40) 
of a paralx/la, the rectangle under its segments is in a constant 
ratio to the intercept on the diameter. 

If the curve he a hyperbola, the ratio will only be constant 
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while y is constant ; hence the intercepts made by two parallel 
chorda of a hyperbola , on a parallel to an asymptote, are propor- 
tional to the rectangles under the segments of the chords. 

“154. To find the condition that the line ax + by + c « 0 
should touch the conic represented by the general equation. 

Solving for y from ax + by + c = 0, and substituting in the 
general equation, the abscissas of the points where this line meets 
the conic are determined by the quadratic 
(A A 2 - Bab + C a-)x 1 -( Bbc - 2C ac- DA’- + EaA) x+Cc 2 - EAc + FA 3 = 0. 
If the line touch the conic, this quadratic will have equal roots, or 
(BAc- 2Cac - DA 2 + EaA) 2 = 4 (AA 2 - BaA + Ca 2 ) (Cc 2 - EAc + FA’). 
Multiplying out, this equation becomes divisible by A 2 , and may 
be arranged 

(E 2 - 4CF) a 2 + (D 2 - 4 AF) A 2 + (B 2 - 4 AC) c 2 + 2 (2AE - BD) Ac 
+ 2 (2CD - BE) ca + 2 (2BF - DE) ab = 0. 

Miscellaneous Examples. 

Ex. 1. To find the equation of the conic which makes intercepts a, a, h , b\ on 
the axes. 

The intercepts on the axes are given by the quadratics 

x* - (a + a') X 4- aa' =0, y % — (b + &') y 4- bb' — 0, 
but these must be what the general equation becomes when in it we make y = 0, r * 0 ; 
hence the equation is 

bb'x* 4- Bxy + aa'y* — bb' (a 4- o’) x — aa (fc 4 b') y ,-f aa'bb' =s 0, 
where B is still indeterminate. 

Ex. 2. To find the equation of the parabola which touches the axes at points 
x = a, y = 6. 

In the preceding make a = a, b = b\ and determine B by the condition B- = 4AC, 
and we find 

b % & — 7,abxy 4- a*y* — 2 b*ax - 2a*by 4- a*6- = 0. 

We give the sign - to the coefficient of xy, since if we gave the sign 4- it would not re- 
present a parabola, but the square of the line bx 4- ay - ab = 0. 

Ex. 3. Given four points on a conic, the polar of any fixed point passes through a 
fixed point. 

Take for axes two opposite sides of the quadrilateral formed by the points ; then form 
by Art. 144 the polar of x'y with regard to the conic found in Ex. 1, and it will contain 
the indeterminate B in the first degree, and therefore passes through a fixed point. 

Ex. *4. Find the locus of the ceutre of a conic passing through four given points. 

The centre of the conic in Ex. 1 is given by the equations 

2 bb'r 4 By - bb' (a f 0, 2 any 4. B.r - aa (b b') « 0. 

T 
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Eliminate the indeterminate B, and the locus is 

2 bb'x* — 2 aa‘y* — bb’ (a 4- a') x — aa (b + 6*) y = 0 t 
a conic passing through the intersections of each of the three pair of lines which can be 
drawn through the four points, and through the middle points of those lines. 


CHAPTER XI. 


EQUATIONS OF THE SECOND DEGREE REFERRED TO THE CENTRE 

AS ORIGIN. 


155. In investigating the properties of the ellipse and hyper- 
bola, we shall find our equations much simplified by choosing the 
centre for the origin of co-ordinates. If we transform the gene- 
ral equation of the second degree to the centre as origin, we saw 
(Art. 138) that the coefficients of x and y will = 0 in the trans- 
formed equation, which will be of the form 
Aa: 5 + Bay + Cy 5 + F ■= 0. 

It is sometimes useful to know the value of F' in terms of the co- 
efficients of the first given equation. We saw (Art. 129) that 
F' = Ax' 5 + B xy + C y' 5 + Dx' + Ey' + F, 


where x', y', are the co-ordinates of the centre. The calculation 

of this may be facilitated by putting F into the form 

F' = £ ( (2 Ax' + By' + D) x + (2Cy r + Bx' + E) y' + Dx' + Ey' + 2F J . 

The first two terms must be rendered = 0 by the co-ordinates 
of the centre, and the last (Art. 138) 


Hence 


JCD^ J*E-BD 

B 5 - 4AC B 5 - 4AC 

AE 5 + CD 5 + FB 2 - BDE - 4 ACF 


F = 


B* - 4 AC 


156. If the numerator of this fraction were = 0, the trans- 
formed equation would be reduced to the form 
Ax’ + Bxy + Cy 5 = 0, 

and would, therefore (Art. 69), represent two real or imaginary 
right lines, according as II 2 - 4 AC is positive or negative. Hence, 
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as we have already seen, p. 67, the condition tliat the general 
equation of the second degree should represent two right lines, is 
AE* + CD 2 + FB 3 - BDE - 4ACF = 0. 

For it must plainly be fulfilled, in order that when we transfer 
the origin to the point of intersection of the right lines, the abso- 
lute term may vanish. 

Ex. 1. Transform 8*’ + 4-ry + - ix - 6y — 3 = 0 to the centre ( — 4 V 

Ant . 12 z* + 16 xy + 4 y* + 1 = 0 

Ex. 2. Transform x* + 2 xy — y® + 8x + 4y - 8 = 0 to the centre (-3,-1 ). 

Ant. x* ■+ 2ry — y* = 22. 

157. We have seen (Art. 134) that the equation 
Ax’ + Bxy + Cy 3 = 0 

represents the real or imaginary lines drawn through the origin 
to meet the curve at infinity ; and that each of these lines will 
meet the curve in one other point, at a distance from the origin, 

- F 

^ Dm + Eb 

But if the origin be the centre, we have D = 0, E = 0, and this 
distance will also become infinite. Hence two lines can be drawn 
through the centre, which will meet the curve in two coincident 
points at infinity, and which therefore may be considered as tan- 
gents to the curve whose points of contact are at infinity. These 
lines are called the asymptotes of the curve ; they are imaginary 
in the case of the ellipse, but real in that of the hyperbola. We 
shall show hereafter that though the asymptotes do not meet the 
curve at any finite distance, yet that the further they are pro- 
duced the more nearly they approach the curve. 

Since the points of contact of the two real or imaginary tan- 
gents drawn through the centre are at an infinite distance, the 
line joining these points of contact is altogether at an infinite dis- 
tance. Hence, from our definition of poles and polars (Art. 143) 
the centre may be considered as the pole of a line situated altogether 
at an infinite distance. This inference may be confirmed from 
the equation of the polar of the origin, Dx + Ey + 2F = 0, which, 
if the centre be the origin, reduces to F = 0, an equation which 
(Art. 64) represents a line at infinity. 
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158. We have seen that by taking the centre for origin the 
coefficients D and E in the general equation can be made to va- 
nish ; but the equation can be further simplified by taking a pair 
of conjugate diameters for axes, since then (Art. 141) B will 
vanish, and the equation be reduced to the form 

Ax 3 + Cy 3 = F. 

It is evident, now, that any line parallel to either axis is bisected 
by the other, for if we give to x any value, we obtain equal and 
opposite values for y. Now the angle between conjugate diame- 
ters is not in general right; but we shall show that there is 
always one pair of conjugate diameters which cut each other at 
right angles. These diameters are called the axes of the curve, 
and the points where they meet, it arc called its vertices. 

The equation of the diameter conjugate to my = vx is 
m (2 Ax + By + I)) + n (2C y + Bar + E) « 0, 

(Art. 141) ; and this will be perpendicular to my = nx (Art. 40) 
(2Am + Bn) n - (Bm + 2Cn) m <= 0, 
or Bm 3 - 2 (A - C) inn - Bn 3 = 0 ; 

or, multiplying by p 3 , and writing x, y for mp, tip, 

Bx 3 - 2(A - C) xy - By 3 «* 0. 

This is the equation of two real lines at right angles to each other 
(Art. 70) ; we perceive, therefore, that central curves have two, 
and only two, conjugate diameters at right angles to each other. 

On referring to Art. 7 1 it will be found, that the equation 
which we have just obtained for the axes of the curve is the same 
as that of the lines bisecting the internal and external angles be- 
tween the real or imaginary lines represented by the equation 
Ax 3 + Bxy + Cy 3 = 0. 

The axes of the curve, therefore, are the diameters which bisect 
the angles between the asymptotes ; and (note, p. 66) they will 
be real whether the asymptotes be real or imaginary : that is to 
say, whether the curve be an ellipse or an hyperbola. 

159. We might have obtained the results of the last Article 
by the method of transformation of co-ordinates, since we can 
thus prove directly that it is always possible- to transform the 
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equation to a pair of rectangular axes, such that the coefficient, 
of xy in the transformed equation may vanish. Let the original 
axes be rectangular ; then, if we turn them round through any 
angle 0, we have (Art. 9) to substitute for x, xcos0 - y sin 0, 
and for y, x sin 0 + y cos 0 ; the equation will therefore become 

A (x cos 0 - y sin 0) 3 + B (i cos 0 - y sin 0) ( x sin 0 + y cos 0 ) 

+ C (x sin 0 + y cos 0) 3 = F ; 
or, arranging the terms, we shall have 

the new A - A cos 3 0 + B cos0 sinO + C sin-0 ; 

the new B = 2C sin0 cos0 + B(cos 3 0 - sin 3 0) - 2 A sin0 cos 0 ; 

the new. C = A sin 3 0 - B cos 0 sin 0 + C cos 3 0. 


Now, if we put the new B = 0, we get the very same equation to 
determine tan0, which we had, in Art. 158, to determine m:n. 
This equation gives us a simple expression for the angle made 
with the given axes by the axes of the curve, namely, 


tan 20 = 


B 

A - C' 


160. When it is required to transform a given equation to the 
form Ax'- + Cy 3 = F, and to calculate numerically the value of 
the new coefficients, our work will be much facilitated by the 
following theorem : If we transform an equation of the second de- 
gree from one set of rectangular axes to another, the quantities 
A + C, and B 3 - 4 AC, will remain unaltered. 

The first part is proved immediately by adding the values of 
the new A and C (Art. 159), when we have 

A' + C' = A + C. 

To prove the second part, write the values in the last article, 

2 A' = A + C + B sin 20 + (A - C) cos 20, 

2C' = A + C - B sin 20 - ( A - C) cos 20. 

Hence 

4 AC' = (A + C) s - |B sin 20 + (A - C) cos20j«. 

But B' 3 = j B cos 20 - (A - C) sin 20]* ; 

therefore, 

B 3 - 4A'C = B 3 + (A - C) 3 - (A + C) 3 » II 3 - 4 AC. 
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When, therefore, we want to form the equation transformed to 
the axes, we have the new B = 0, 

A' + C' - A + C, 4A'C' - 4 AC - B 3 . 

Having, therefore, the sum and the product of A' and C', we can 
form the quadratic which determines these quantities. 


Ex. 1. Find the axes of the ellipse 14x* - 4 xy +11 y* = 60, and transform the 
equation to them. 

The axes are (Art. 158) 4 jfl + 6 xy - 4y* = 0, or (2x - y) £r + 2y) = 0. 

Wehave A' + C* = 25; 4A'C'*= 600; A' = 10; C = 16; and the transformed equa- 
tion is 2 x* + 3 y* = 12. 

Ex. 2. Transform the hyperbola llx 2 + 84xy - 24y* = 166 to the axes. 

A' + C' = — 13, AC' = - 2028 ; A‘ = 39, C'=-52. 

Transformed equation is 3x* — 4y* = 12. 

Ex. 3. Transform Ax- + Bxy + Cy* = F to the axes. 

An$. (A + C - R) ifl + (A + C + R) y 2 = 2F : where R* = B 2 + (A - C)*. 

* 161. Having proved that the quantities A + C, and B 3 - 4 AC 
remain unaltered when we transform from one rectangular sys- 
tem to another, let us now inquire what these quantities become 
if we transform to an oblique system. We may retain the old 
axis of x, and if we take an axis of y inclined to it at an angle u>, 
then (Art. 9) we arc to substitute x + y cos <u for x, and y sin u> 
for y. We shall then have 

A' = A, B" = 2 A cos oi + B sin w, 

C' = A cos 3 o> + B cos ui sin o» + C sin’oi. 


Hence, it easily follows 

A' + C' - B cos o> . „ B 3 - 4 A'C' 

7—. — = A + C, 

siu*ui sin 3 o) 


B 3 - 4 AC. 


If, then, we transform the equation from one pair of axes to any 


other, the quantities 
altered. 


A + C - B cos i 
8in 3 u( 


and 


B 3 - 4 A C 
sin 3 cu 


remain un- 


We may, by the help of this theorem, transform to the axes 
an- equation given in oblique co-ordinates, for we can still express 
the sum and product of the new A and C in terms of the old co- 
efficients. 
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Ex. 1. If cos 


3 

u « - transform to the axes, lOx 5 + 6jy 4 5 y- 


■- 10 . 


A 4 C = 


285 

16 


AC = 


1025 

16 


A = 5, C 


205 
16 ' 


Ant. 16x» + 41y» = 32. 

Ex. 2. Transform to the axes, x* - $jy 4 y« + 1 = 0, where u = 60*. 

Ant. z % — 15y* = 8. 

Ex. 3. Transform Ax» f Bxy s Cy 5 = F to the axes. 

Ant. (A 4 C — B cosw — R) x* 4 (A 4 C — B coso# 4 R) y* — 2F sin ? o#, 
where R 3 = {B -(A + C)coso#}« + (A - C) ! ain’a#. 


*162. "VVe add the demonstration of the theorems of the last 
two articles given by Professor Boole (Cambridge Math. Jour., 
iii. 1, 106, and New Series, vi. 87). 

Let us suppose that we are transforming an equation from 
axes inclined at an angle w, to any other axes inclined at an an- 
gle Q ; and that, on making the substitutions of Art. 9, the 
quantity Ax ’ + B xy + Cy* becomes A'X’ + B'XY + C'Y’. Now 
we know that the effect of the same substitution will be to make 
the quantity x’ + 2 xy cos w + y % become X 2 + 2XY cos ll + Y’, 
since either is the expression for the square of the distance of any 
point from the origin. It follows, then, that 

Ax 5 4 Bxy 4 Cy* 4 h (x 2 4 2.r// cos w 4 j 1 ) 

- A'X 1 4 B'XY 4 C'Y’ 4 k (X’ 4 2XY cosQ 4 Y»). 

And if we determine h so that the first side of the equation may 
be a perfect square, the second must be a perfect square also. 
But the condition that the first side may be a perfect square is 
(B + 2/i coso.)’ = 4 (A 4 h) (C 4 /<), 
or h must be one of the roots of the equation 

4 A’ sin’o# 4 4 (A 4 C - B cosa#) A 4 4AC - B’ = 0. 

We get a quadratic of like form to determine the value of A, 
which will make the second side of the equation a perfect square ; 
but since both sides become perfect squares for the same values 
of A, these two quadratics must be identical. Equating, then, 
the coefficients of the corresponding terms, we have, as before, 


A4C-Bcoscj A'4C'-B’cosQ B’-4AC B’-4A'.C' 
sin’a# sin’G ’ sin’a# siu’G 


Ex* 1. The gum of the squares of the reciprocal* of two semidiametcra at right angles 
to each other is constant. 
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Let their lengths be a and b ; then making alternately x ~ 0, y = 0, in the equation 
of the curve, we have Aa* = F, C 6* = F, and the theorem just stated is only the geome- 
trical interpretation of the fact that A -f C is constant. 


Ex. 2. The area of the triangle formed by joining the extremities of two conjugate 
semidiameters is constant. 


y* 

The equation referred to two conjugate diameters is — + — - * 

a* o* 


t , . 4 AC - B* 

1, and since — 

8U1*M 


is constant, we have db ' sin ui constant 

Ex. 8. The sum of the squares of two conjugate semidiameters is constant. 
• C — B cosu> . 


Since 


sin*<u 

is constant, so must a‘* + b **. 


1/1 1 \ ....... 

is constant, ■ ■ ■ - I — -f rr, » constant : and since a b sin u 
wn*w \ a * b - J 


THE EQUATION REFERRED TO THE AXES. 


163. Wc saw that the equation referred to the axes was of 
the form Ax J + Cf = 

C being positive in the case of the ellipse, and negative in that 
of the hyperbola (Art. 136, n.) 

The equation of the ellipse may be written in the following 
more convenient form : — 

Let the intercepts made by the ellipse on the axes be x = a, 
y = b, then a is found by making y = 0 and x *» a in the equation 

F . F 

of the curve, or A a 3 = F, and A = — . In like manner, C = 


Substituting these values, the equation of the ellipse may be 
written 


+ y - 

b J 


1 . 


Since we may choose whichever axis we please for the axis of 
x, we shall suppose that we have chosen the axes so that a may 
be greater than b. 

The equation of the hyperbola, which, we saw, only differs 
from that of the ellipse in the sign of the coefficient of y 5 , may be 
written in the corresponding form, 


The intercept on the axis of x is evidently = ± a, hut that 
on the axis of y, being found from the equation if = -l> is ima- 
ginary ; the axis of y, therefore, does not meet the curve in real 
points. 
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Since we have chosen for our axis of x the nxis which meets 
the curve in real points, we are not in this case entitled to as- 
sume that a is greater than b. 

164. To find, the polar equation of the ellipse, the centre being 
the pole. 

Write p cos 0 for .r, and p sin 6 for y, in the preceding equa- 
tion, and we get i cos *0 gin? 0 



an equation which we may write in any of the equivalent forms, 
t a 1 b‘ a 7 b' 1 a 2 6* 

p a 3 sited + b- cos 2 9 b' 1 + (a- - b-) sin 3 d a 1 - (a’-i’)cos’fl 

It is customary to use the following abbreviations, 

a'-b* 


-b- 


e 1 ; 


and the quantity e is called the eccentricity of the curve. 

Dividing by a 1 the numerator and denominator of the frac- 
tion last found, we obtain the form most commonly used, viz., 

, 

p 1 -e-cos 2 6 


165. To investigate the figure of the ellipse. 

The least value that l? + (n 2 - b‘‘) sin 1 0 can have, is when 
6 = 0; therefore, since 

p ir* 4 (a 2 - i 2 ) sin* 6’ 

the greatest value of p is the intercept on the axis of x, and is = a. 

Again, the greatest value of b 2 4 (a 2 - b 1 ) sin 2 6, is, when 
sin 0 = 1 , or 6 = 90° ; hence the least value of p is the intercept 
on the axis of y, and is = b. The greatest line, therefore, that can 
be drawn through the centre is the axis 
of x, and the least line, the axis of y. 

From this property these lines are 
called the axis major and the nxis mi- 
nor of the curve. 

It is plain that the smaller 6 is, the 
greater p will be ; hence, the nearer 
any diameter is to the axis major, the greater it will be. The form 
of the curve will, therefore, be that here represented. 

v 
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We obtain the same value of g whether we suppose 0 = a, or 
0 = - a. Heuce, Two diameters which make equal angles with 
the axis will he equal. And it is easy to show that the converse of 
this theorem is also true. 

This property enables us, being given the centre of a conic, 
to determine its axes geometrically. For, describe any concentric 
circle intersecting the conic, then the ieinidiameters drawn to the 
points of intersection will be equal; and by the theorem just 
proved, the axes of the conic will be the lines internally and ex- 
ternally bisecting the angle between them. 

166. The equation of the ellipse can be put into another form, 
which will make the figure of the curve still more apparent. If 
we solve for y we get 

(***-**)• 

Now, if we describe a concentric circle with the radius a, its 
equation will be y = V (a 2 - z 5 ). 

Hence we derive the following construction : 

“ Describe a circle on the axis major, and take on each ordinate 
LQ a point P, such that LP may be to LQ in the constant ratio 
b : a, then the locus of P will be the required ellipse.” 

Hence the circle described on the D 

axis major lies wholly without the curve. 

We might, in like manner, construct 
the ellipse, by describing a circle on the ^ 
axis minor, and increasing each ordinate 
in the constant ratio a : b. 

Hence the circle described on the 
axis minor lies wholly within the curve. 

The equation of the circle is the particular form which the 
equation of the ellipse assumes when we suppose b= a. 

167. To find the polar equation of the hyperbola. 

Transforming to polar co-ordinates, as in Art. 164, we get 

a‘l? a-b 1 a 1 b- 

P ~ 'l? cos-0 - a‘ sin-0 b- - (a- + b‘) sill-0 " («- + IP) cos-0 - «** 
Since formulae concerning the ellipse are altered to the corres- 
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ponding formulae for the hyperbola by changing the sign of A 2 , 
\vc must, in this case, use the abbreviation e 2 for a 2 + A 2 , and 

a* f 6* . . ' . . 

e- for — , the quantity e being called the eccentricity of the 

hyperbola. Dividing then by a ■ the numerator and denominator 
of the last found fraction, we obtain the polar equation of the 
hyperbola, which only differs from that of the ellipse in the sign 
of A*, viz., 

p3 — , 

e 2 cos 2 0 - 1 

168. To investigate the figure of the hyperbola. 

The terms axis major and axis minor not being applicable to 
the hyperbola (Art. 163), we shall call the axis of x the transverse 
axis, and the axis of g the conjugate axis. 

Now Ir - (a* + A-) sin 9 0, the denominator in the value of p 9 , 
will plainly be greatest when 0 = 0, therefore, in the same case, 
p will be least ; or the transverse axis is the shortest line which 
can be drawn from the centre to the curve. 

As 0 increases, p continually increases, until 

eln0 = v WTFy ( ortan0 ^) 

when the denominator of the value of p becomes = 0, and p be- 
comes infinite. After this value of 0, p 2 becomes negative, and 
the diameters cease to meet the curve in real points until 

sin 0 = - ■ ,f , fortan0 = --\ 

v/^ + A 2 ) V a J 

when p again becomes infinite. It then decreases regularly as 0 
increases, until 0 becomes = 180°, when it again receives its mini- 
mum value = a. 

The form of the hyperbola, therefore, is that represented by 
the dark curve on the figure. 

169. We found 
that the axis of g 
does not meet the 
hyperbola in real 
points, since we ob- 
tained the equation 
y 1 = - A 2 to determine its point of intersection with the curve. 
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We shall, however, still mark off on the axis of y portions, CB, 
CB' = + A, and wc shall find that the length CB has an important 
connexion with the curve, and may be conveniently called an 
axis of the curve. In like manner, if we obtained an equation to 
detennine the length of any other diameter, of the form p 1 = - It 5 , 
although this diameter cannot meet the curve, yet if we measure 
on it from the centre lengths = + R, these lines may be conve- 
niently spoken of as diameters of the hyperbola. 

The locus of the extremities of these diameters which do not 
meet the curve is, by changing the sign of p 1 in the equation of 
the curve, at once found to be 

1 sin 5 0 cos’ 0 
p 5 = “A 5 d r> 

or j / 1 x* 

•i- =1. 

A 5 a 2 


This is the equation of a hyperbola having the axis of y for its 
axis meeting it in real points, and the axis of x for the axis meet- 
ing it in imaginary points. It is represented by the dotted curve 
on the figure, and is called the hyperbola conjugate to the given 
hyperbola. 


170. We proved (Art. 168) that the diameters answering to 

tan 6 = ± ^ meet the curve at infinity ; they are, therefore, the 

same as the lines called, in Art. 157, the asymptotes of the curve. 
They are the lines CK, CL on the figure, and evidently separate 
those diameters which meet the curve in real points from those 
which meet it in imaginary points. It is evident also, that two 
conjugate hyperbola; have the same asymptotes. 

The expression tan 0 = + - enables us, being given the axes 

in magnitude and position, to find the asymptotes, for, if we form 
a rectangle by drawing parallels to the axes through B and A, 
then the asymptote CK must be the diagonal of this rectangle. 


Again, 


cos 0 = 


* a 

y/ (a 5 + A 5 ) 


£ 

e 


But, since the asymptotes make equal angles with the axis of x. 
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the angle which they make with each other must be = 20. Hence, 
being given the eccentricity of a hyperbola, we are given the angle 
between the asymptotes, which is double the angle whose secant is 
the eccentricity. 

Ex. To find the eccentricity of a conic given by the general equation. 

We can (Art. 70) write down the tangent of the angle between the lines denoted by 
Ax* 4- B ry 4- Cy* = 0, and thence form the expression for the secant of its half; or we 
may proceed by the help of Art. 160, Ex. 3. 

We have 1 A 4- C — R 1 _ A + C + R 

= 2F ’ b * ” 2F ’ 

where R» = B* 4 (A - C)>, = B* - 4AC 4- (A 4- C)*. 

Hence 1 1 R a* - 6* 2R 

~ a> “ F ’ a* "A + C + H* 


THE TANGENT. 


171. We now proceed to investigate some of the properties 
of the ellipse and hyperbola. We shall find it convenient to con- 
sider both curves together, for, since their equations only differ 
in the sign of b-, they have many properties in common which 
can be proved at the same time, by considering the sign of b * as 
indeterminate. We shall, in the following Articles, use the signs 
which apply to the ellipse. The reader may then obtain the cor- 
responding formula; for the hyperbola by changing the sign of If. 

We might deduce several of the results which follow, as par- 
ticular cases of those obtained in the last chapter from the general 
equation, but we have thought it worth while to establish the 
more important equations independently. 


To find the equation of the tangent to the curve 


x % 
a ’ 



= 1 . 


The method we pursue is identical with that used Art. 83. 
The co-ordinates of two points on the curve satisfy the relations 



hence x' 1 - x " 2 a * y - y" b 1 x + x 

y" 1 - y" 1 b 1 ’ x - x a 3 y + y" 

The equation of the line joining the two points is, therefore. 


y - y = y - y " m _ & x + x" 

x - x x - x" a 1 f + f 


Digitized by Google 



150 


CENTRAL CONIC SECTIONS — THE TANGENT. 


That of the tangent is found by making x *= x", yi ~ y " ; 

y - f = _ x , 

x - at a 5 y ' 


or, reducing, 
the curve, 


and remembering that xy satisfies the equation of 


xx_ y£ 
a} b‘ 


1. 


1 72. To find the equation of the line joining the points of con- 
tact of tangents through any point (x't/). 

Let the co-ordinates of the point of contact of one of the tan- 
gents through {x’yj be X, Y; then forming (Art. 171) the 
equation of the tangent at X Y, and substituting in it the co-ordi- 
nates xy' which must satisfy it, we have 


Xx' Y g 
a* + 6 s 


1. 


We see, therefore, that the co-ordinates of either point of con- 
tact must satisfy the equation 


x at 



and, since this is the equation of a right line, it must represent 
the line joining them. 

x y 

Ex. 1. To find the condition that any line — + - = 1 should touch the conic section 

m n 


T t yl 


Comparing the equations 


we find 


i+*. 

m a 


4- e 1. 

at b' 


x 1 y 1 

— = — , and - = - : 

«♦ m &» *’ 


and, substituting for xy in the equation of the curve, we have, for the required condition, 
at bt 

Ex. 2. To find the equation of the pair of tangents through xy to the conic. 
Proceeding, as in Art. 150, we find 
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Ex. 3. To find the angle 0 between the pair of tangents from x'y' to the curve. 

When an equation of the second degree represents two right lines, the three highest 
terms being put = 0, denote two parallel lines through the origin ; hence, the angle included 
by the first pair of right lines depends solely on the three highest terms of the general equa- 
tion. Arranging, then, the equation found in the last Example, we find, by Art. 70, 


tan 0 = 



x * + y* - a* - 62 


Ex. 4. Find the locus of a point the tangents through which intersect at right angles. 
Equating to 0, the denominator in the value of tan^, we find x* -f y2 = a* + h*, 
the equation of a circle concentric with the ellipse. The locus of the intersection of tan- 
gents which cut at a given angle is, in general, a curve of the fourth degree. 


CONJUGATE DIAMETERS. 


173. When the equation of the curve is referred to any pair 
of conjugate diameters, the coefficient of xy vanishes (Art. 158) ; 
and if o', b', be the lengths of these diameters, the equation may 
be written (as in Art. 163) 


Now it can be proved, precisely as in Art. 171, that the equation 
of any tangent, referred to these axes, is 


x * . y'J , 

o* b- 


and, as in Art. 172, that the equation of the polar of any point 
(x'y') is of the same form. The polar of any point on the axis 
of x is, therefore, 

"" = 1 . 


xx 

7P7 


Hence, the polar of any point P is found by drawing a diameter 
through the point, taking CP • CP' = to the square of the semi- 
diameter, and then drawing through P' a parallel to the conjugate 
diameter. This includes, as a particular case, the theorem proved 
already (Art. 145), viz. : 

The tangent at the extremity of any diameter is parallel to the 
conjugate diameter. 

174. The theorem just stated enables us easily to find the 
equation, referred to the rectangular axes, of t he diameter conj li- 
gate to that passing through any point (x'y) on the curve. 
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For we have only to form the equation of a line drawn through 
the origin parallel to the tangent, whose equation we found 
(Art. 171); and we have for the equation of the conjugate 

diameter ^ 

— = 0 . 

a 1 b 1 

Let 0 be the angle made with the axis of x by the original 
diameter, then tan 0 plainly = and if O' be the angle made by 
the conjugate diameter, this equation shows (Art. 22) that 

b'x 

tan 9 = - ~ v 
aPy 


Hence 


tan 0 tan O' = 


b 1 

a *" 


This relation, connecting the angles made with the axis major 
by a pair of conjugate diameters, enables us at once to determine 
whether any given pair of diameters be conjugate or not. 

The corresponding relation for the hyperbola is (see Art. 171) 

tan 0 tan O’ = 

a- 

175. Since, in the ellipse, tan 0 tan O' is negative, if one of 
the angles 0, O', be acute (and, therefore, its tangent positive), 
the other must be obtuse (and, therefore, its tangent negative). 
Hence, conjugate diameters in the ellipse lie on different sides of 
the axis minor (which answers to 0 - 90°). 

In the hyperbola, on the contrary, tan 0 tan 0 is positive, 
therefore, 0 and O' must be either both acute or both obtuse. 
Hence, in the hyperbola, conjugate diameters lie on the same side 
of the cuijuyate axis. 

In the hyperbola, if tan 0 be less, tand must be greater than 

-, but (Art. 170) the diameter answering to the angle whose 
a 

tangent is — , is the asymptote which (by the same Article) sepa- 
rates those diameters which meet the curve from those which do 
not intersect it. Hence, if one of two conjugate diameters meet 
a hyperbola in real points, the other will not. Hence also it may 
be seen that each asymptote is its own conjugate. 
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176. To find the co-ordinates x'y" of the extremity of the dia- 
meter' conjugate to that passing through xif. 

These co-ordinates are obviously found by solving for x and 
y between the equation of the conjugate diameter, and that of 
the curve, viz., 


xx IJl/ 
a 2 + ft 2 


= 0 , 


a 2 ft 2 


1 . 


Substituting in the second the values of x and y, foimd from the 
first equation, and remembering that x',y' satisfy the equation of 
the curve, we find without difficulty 

j' y" 

a ~ b' b a 

177. To express the lengths of a diameter ( a ) , and its conju- 
gate (ft'), in terms of the abscissa of the extremity of the diameter. 

(1.) "We have a i „ + y»; 


But 

A 2 

y' = («’ - *' 5 )- 

Hence 

— x' 2 = ft 2 + e 2 x' 2 . 

a 2 

(2.) Again, 

we have 

ft' 2 = x' 2 + y' 2 = ^ y’ 2 + -x\ 

or 

- («’ ~ **) + ^> ’5 

hence 

ft' 2 = a 2 - e 2 x' 2 . 


From these values we have 

a* 4 ft' 2 = a’ + ft 3 ; 

or, 'The sum of the squares of any pair of conjugate diameters of 
an ellipse is constant (see Ex. 3, Art. 162). 

178. In the hyperbola we must change the signs of b % and ft' 2 , 
and we get a 'a _ yi = «« _ ft 2 , 

or, The difference of the squares of any pair of conjugate diame- 
ters of a hyperbola is constant. 

x 
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If in the hyperbola we have a = b, its equation becomes 
x 1 - y 2 = a 2 , 

and it is called an equilateral hyperbola. 

The theorem just proved shows that every diameter of an 
equilateral hyperbola is equal to its conjugate. 

The asymptotes of the equilateral hyperbola being given by the 
equation x i _ y «. 0 , 

are at right angles to each other. Hence this hyperbola is often 
called a rectangular hyperbola. 

The condition that the general equation of the second degree 
should represent an equilateral hyperbola is A = - C ; for (Art. 70) 
this is the condition that the asymptotes (Ax 2 + Bay + C y 1 = 0) 
should beat right angles to each other; but if the hyperbola be 
rectangular it must be equilateral , since (Art. 170) the tangent 

of half the angle between the asymptotes = - ; therefore, if this 
angle = 45°, we have 6 = a. 


179. To find the length of the perpendicular from the centre 
on the tangent. 

The length of the perpendicular from the origin on the line 
xx yy 


a 2 + b- “ 1 


is (Art. 27) 


1 


ah 


/lx ' 2 y 2 ) / ilrx - oVV 


but we proved (Art. 177) that 


hence 


... b 2 x 2 a , u'* 

* r + 

o 2 h 
ah 


180. To find the angle beticeen any pair of conjugate diameters. 
The angle between the diameters is 
equal to the angle between either, and the 
tangent parallel to the other. Now 

sin CPT - 

tr a 
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Hence 


sin M or PCX’) = ~ 


The equation a'b' sin <p = ab proves, that the triangle formed 
by joining the extremities of conjugate diameters of an ellipse or 
hyperbola has a constant area (see Art. 162, Ex. 2). 


181. The sum of the squares of any two conjugate diameters 
of an ellipse being constant, their rectangle is a maximum when 
they are equal, and, therefore, in this case, sin 0 is a minimum ; 
hence the acute angle between the two equal conjugate diameters 
is less (and, consequently, the obtuse angle greater) than the 
angle between any other pair of conjugate diameters. 

The length of the equal conjugate diameters is found by 
making a = V in the equation a 3 + b 1 = a 2 + 5 s , whence a'* is half 
the sum of a 2 and ft 3 , and in this case 

2 ab 

sm <p = -3 — jv 

r « 3 + ft 3 

The angle which either of the equiconjugate diameters makes 
with the axis of x is found from the equation 

ft' 

tan 0 tan O' = 5 - 

1 ft* 


by making tan 0 = - tan O', for any two equal diameters make 
equal angles with the axis of x on opposite sides of it (Art. 165). 

Hence ' n ft 

tan 6 = — 
a 

It follows, therefore, from Art. 170, that if an ellipse and hyper- 
bola have the same axes in magnitude and position, then the 
asymptotes of the hyperbola will coincide with the equiconjugate 
diameters of the ellipse. 

The general equation of an ellipse, referred to two conjugate 
diameters (Art. 173), becomes x 2 + y 2 = a 2 , when a' = ft - . We 
see, therefore, that, by taking the equiconjugate diameters for 
axes, the equation of any ellipse may be put into the same form 
ns the equation of the circle, x' 1 + y 2 = r 3 , but that in the case of 
the ellipse the angle between these axes will be oblique. 

182. To express the perpendicular from the centre, on the tan- 
gent in terms of the angles which it makes with the axes. 
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If we proceed to throw the equation of the tangent 
into the form arcosa + y sin a = p (Art. 25), we 

find immediately, by comparing these equations, 
x cos a y' sin a 

o’ p ’ U 1 p 

Substituting in the equation of the curve the values of x', y, 
hence obtained, we find 

p 2 = d 1 cos 2 a + d 1 sin 2 a.* 

The equation of the tangent may, therefore, be written 
xcosa + ysina - y/(a*coa*a + d 1 sin’a) = 0. 

Hence, by Art. 27, the perpendicular from any point (xyj on 
the tangent is 

x‘ cos a + y sin a - \/ (a? cos*a + d sin 2 a). 

Ex. To find the locus of the intersection of tangents which cut at right angles. 

Let p, p be the perpendiculars on those tangents, then 

p* = a* cos*a + 6* sin*a, p 2 = a* sinVi + 6 1 cos *a, p 5 + p * = fl* + 5*. 

But the square of the distance from the centre of the intersection of two lines, which cut 
at right angles, is equal to the sum qf the squares of its distances from the lines them- 
selves. This distance, therefore, is constant, and the required locus is a circle (see p. 151). 

183. The chords which join the extremities of any diameter 
to any point on the curve arc called supplemental chords. 

Diameters parallel to any pair of supplemental chords are 
conjugate. 

For if wc consider the triangle formed by joining the extre- 
mities of any diameter AB to any point on the curve D ; since, 
by elementary geometry, the line joining the middle points of two 
sides must be parallel to the third, the diameter bisecting AD 
will be parallel to BD, and the diameter bisecting BD will be 
parallel to AD. The same thing may be proved analytically, 
by forming the equations of AD and BD, and showing that the 
product of the tangents of the angles made by these lines with the 

. . IP 

axis is = 

cr 



* In like manner, p 2 - a* coe*« + 6’* cob*/?, a and /? being the angles the perpendi- 
cular makes with any pair of conjugate diameters. 
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This property enables us to draw geometrically a pair of con- 
jugate diameters making any angle with each other. For if we 
describe on any diameter a segment of a circle containing the 
given angle, and join the points where it meets the curve to the 
extremities of the assumed diameter, we obtain a pair of supple- 
mental chords inclined at the given angle, the diameters parallel 
to which will be conjugate to each other. 


Ex. 1. Tangents at the extremities of any diameter are parallel. 


Their equations are 


-y + -7“ =* ± !• 

a * 6 * 


This also follows from the theorem of Art. 148, and from considering that the centre is 
the pole of the line at infinity (Art 157). 

Ex. 2. If any variable tangent to a central conic section meet two fixed parallel tan- 
gents, it will' intercept portions on them, whose rectangle is constant, and equal to the 
square of the semidiameter parallel to them. 

Let us take for axes the diameter parallel to the tangents and its conjugate, then the 
equations of the curve and of the variable tangent will be 

~ = i ** sy*_ . 

a* 5’* * a'* b‘ l 

The intercepts on the fixed tangents are found by making x alternately = £ a in the 
latter equation, and we get 

'-?(»?)■ 

and, therefore, their product is 

S(-S)' 

which, substituting for y * from the equation of the curve, reduces to 6 *. 

Ex. 3. The same construction remaining, the rectangle under the segments of l he 
variable tangent is equal to the square of the semidiametcr parallel to it. 

For, the intercept on either of the parallel tangents is to the adjacent segment of the 
variable tangent as the parallel sem {diameters (Art. 152); therefore, the rectangle under 
the intercepts of the fixed tangents is to the rectangle under the segments of the variable 
tangent as the squares of these semidiameters ; and, since the first rectangle is equal to 
the square of the semidiameter parallel to it, the second rectangle roust be equal to tl»e 
square of the semidiameter parallel to it. 

Ex. 4. If any tangent meet any two conjugate diameters, the rectangle under its 
segments is equal to the square of the parallel semidiametcr. 

Take for axes the semidiameter parallel to the tangent and its conjugate ; then the 
equations of any two conjugate diameters being (Art. 174) 


y = 


- + £Uo, 

a'' 4» 


the intercepts made by them on the tangent are found by making x - a to be 

V . , b* x 

y = ~ a, and y = . — 

x ay 

whose rectangle is evidently = bX 
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We might, in like maimer, have given a purely algebraical proof of Ex. 3. 

Hence, also, if the points be joined to the centre where two parallel tangents meet 
any tangent, the joining lines will be conjugate diameters. 

Ex. 5. Given, in magnitude and position, two conjugate seuiidiameters, Oa, 06, 
of a central conic, to determine the axes. 

The following construction is founded on the theorem 
proved in the last Example: — Through a, the extremity of 
either diameter, draw a parallel to the other ; it must of 
course be a tangent to the curve. Now, on On take a point 
P, such that the rectangle Oa . a P = 06* (on the side remote ^ 
from 0 for the ellipse, on the same side for the hyperbola), O 
and describe a circle through O, P, having its centre on aC, 
then the lines OA, OB, are the axes of the curve ; for, since 
the rectangle Aa. aB = Oa. aP = 06*, the lines OA, OB arc conjugate diameters, and 
since AB is a diameter of the circle, the angle AOB is right. 

Ex.’ C. Given any two semidiameters, if from the extremity of each an ordinate bo 
drawn to the other, the triangles so formed will be equal in area. 

Ex. 7. Or if tangents be drawn at the extremity of each, the triangles so formed will 
lie equal in area. 

TIIE NORMAL. 



184. A line drawn through any point of a curve perpendi- 
cular to the tangent at that point is called the Normal. 

Forming, by Art. 40, the equation of a line drawn through 

( XX t/v' \ 

— + = 1 j, we find for the equation 

of the normal to a conic 


or 


Jty-y') = Jr (*"*')» 


fry 


a-x 

x y 

c 5 being used, as in Art. 164, to denote a’ 
Hence we can find the portion 
CN intercepted by the normal on 
either axis ; for, making y = 0 in the 
equation just given, we find 


x - — x, orx= e*x . 
a 5 


b\ 



W c can thus draw a normal to an ellipse from any point on 
the axis, for given CN we can find x', the abscissa of the point 
through which the normal is drawn. 
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The circle may be considered as an ellipse whose eccentricity 
*= 0, since c 2 = a, 2 - b 2 = 0. The intercept CN, therefore, is con- 
stantly = 0 in the case of the circle, or every normal to a circle 
passes through its centre. 

185. The portion MN intercepted on the axis between the 
normal and ordinate is called the Subnormal. Its length is, by 
the last Article, c j ft 

X X = — x'. 

a 2 a 2 

The normal, therefore, cuts the abscissa into parts which are in 
a constant ratio. 

If a tangent drawn at the point P cut the axis in T, the in- 
tercept MT is, in like manner, called the Subtangent. 

q} 

Since the whole length CT = — , (Art. 173), the subtangent 

a 5 , a 2 - x ' 2 


x si 

The length of the normal can also be easily found. For 
PN 2 = PM 2 + NM* = y' 2 + ~ x 2 = ~( ~ y’ 2 + — xA 

J a‘ a 2 \br y a 2 / 

But if b be the semidiametcr conjugate to CP, the quantity 
within the parentheses = l' 2 (Art. 177). Hence the length of the 

normal PN = — . 

a 

If the normal be produced to meet the axis minor it can be 
proved, in like manner, that its length = — . Hence, the rectangle 

under the segments of the normal is equal to the square of the semi- 
conjugate diameter. 

Again, we found (Art. 181) that the perpendicular from the 
centre on the tangent = -p-. Hence, the rectangle under the normal 

and the perpendicular from the centre on the tangent, is constant 
and equal to the square of the semiaxis. 

Thus, too, we can express the normal in terms of the angles 
it makes with the axis, for 

PN - - - - > 7 v A ft- - , , (Art. 1 82) ; = - a(1 ~ - Q -. 
p ^{a 7 cos 2 a + o 2 sin’a) yj ( 1 - e 7 sin 2 «) 
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Ex. 1. To draw a normal to an ellipse or hyperbola passing through a given point. 
Let the point on the curve at which the normal is drawn be XY, theu its equation 
is (Art. 184) a*x b*y _ f 

X“T"“ C : 

and if this normal passes through a fixed point xy\ we have the relation 
ciV b'y 

ir~ — = c - 

Hence the points on the curve, whose normals will pass through (x y) are the points of 
intersection of the given curve with the hyperbola 

c 2 xy — a 2 xy — b'yx. 

Ex. 2. If through a given point on a conic any two lines at right angles to each 
other be drawn to meet the curve, the line joining their extremities will pass through 
a fixed point on the normaL 

Let us take for axes the tangent and normal at the given point, then the equation of 
the curve must be of the form 

Ax* + Bxy -f C y 1 4- Ey = 0 

(for F = 0, because the origin is on the curve, and D = 0 (Art 132), because the tan- 
gent is supposed to be the axis of x, whose equation is y = 0). 

Now, let the equation of any two lines through the origin be 
x* + pxy 4 yy 2 = 0. 


Multiply this equation by A, and subtract it from that of the curve, and we get 
(B - A p) xy + (C - Ay) y* + Ey = 0. 

This (Art. 36) is the equation of a figure passing through the points of intersection of 
the lines and conic ; but it may evidently be resolved into y = 0 (the equation of the 
tangent at the given point), and 

(B - A p) x + (C - Ay) y + E = 0, 


which must be the equation of the chord joining the extremities of the given lines. 

£ 

The point where this chord meets the normal (the axis of y) is y = — ; but if the 

Ay — C 

lines are at right angles y = - 1 (Art. 70), and the intercept on the normal has the con- 
stant leugth 

_ ~ E 
= A + C' 


This theorem will be equally true if the lines be drawn so as to make with the nor- 
mal angles, the product of whose tangents is constant, for, in this case, y is constant : 
E 

and, therefore, the intercept — is constant 

Ay — t 

Ex. 3. To find the co-ordinates of the intersection of the tangents at the points 
xy, x"y“. 

The co-ordinates of the intersection of the lines 


** ,yy 

a ■ + b* * 


». - 3 - 


.Z ±_ , 

(i* 6* 


are 


JO .. 

* ~ ... ... i y — . .. ■ . • 

yx -y x xy - yx 
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Thes« results may be written in another form, since 

2 (y'x“ - y V) = (*• + *") (y' - y") - (y + y") (*' - *'), 
and (Art. 171) y* - y" _ x' + x" 

x — x“ a # y' + y"' 

on making which substitutions, the preceding values become 




i + ZL + 'jL' 

a* 6» 


- 1 ; y~) 

i + i£. + £L 
r «• 6* 


Ex. 4. To find the co-ordinates of the intersection of the normals at the points 

*y, xy. 

Proceeding as in tlic last Example, we find 




(y-s»)yyY 


where X, T arc the co-ordinate* of the intersection of tangents, found in the last Example. 


THE FOCI. 

186. If on the axis major of an ellipse 
we take two points equidistant from the 
centre, whose common distance 
= ± \/ (a* - b 1 ), or = ± c, 
these points are called the foci of the curve. 

The foci of an hyperbola are two points on the transverse axis, 
at a distance from the centre still = ± c, c being in the hyperbola 
= y/ (a? + b 7 ). 

To express the distance of any point on an ellipsefrom the focus. 

Since the co-ordinates of one focus are (* = ■+ c, y = 0), the 
square of the distance of any point from it 

= (x - r) 3 + y 7 = x 1 + y* - 2fx' + c 7 . 

But (Art. 177) 

x' 7 + y 2 = b‘ + e'x 7 , and b 7 + e 3 = a 7 . 

Hence FP 3 = a 7 - 2 cx + e 7 x ; 

and recollecting that c - ae, we have 
FP = a - ex. 

[We reject the value (ex - a) obtained by giving the other 
sign to the square root. For, since x is less than a, and e less 
than 1, the quantity ex - a is constantly negative, and, therefore, 
does not concern us, as we are now considering, not the direction, 
hut the absolute magnitude of the radius vector FP.] 

Y 
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We have, similarly, the distance from the other focus 
F'P = a + ex, 

since we have only to write - c for + c in the preceding formula:. 

Hence FP + FP = 2 a, 

or, The sum of the distances of any point on an ellipse from the 
foci is constant and equal to the axis major. 

187. In applying the preceding proposition to the hyperbola, 
we obtain the same value lor FP 2 ; but in extracting the square 
root we must change the sign in the value of FP, for in the hy- 
perbola x is greater than a, and e is greater than 1 . 

Hence, a - ex is constantly negative ; the absolute magni- 
tude, therefore, of the radius vector is 

FP = ex - a. 

In like manner, FP = ex 4 a. 

Hence FP - FP = 2a. 

Therefore, in the hyperbola, the difference of the focal radii is con- 
stant, and equal to the transverse axis. 

For both curves the rectangle under the focal radii ■= a 2 - e t x’ > , 
that is (Art. 177), is equal to the square of the semiconjuyate dia- 
meter. 

188. The reader may prove the converse of the above results 

by seeking the locus of the vertex of a triangle, if the base and 

either sum or difference of sides be given. 

© 

Taking the middle point of the base (= 2c) for origin, the 
equation iB 

V [y 1 + (c + a:) 1 , 1 ± V (it* + (c - x)’j = 2a, 
which, when cleared of radicals, becomes 



Now, if the sum of the sides be given, since the sum must 
always be greater than the base, a is greater than c, therefore the 
coefficient of y’ is positive, and the locus an ellipse. 

If the difftrcnce be given, a is less than c, the coefficient of y 1 
is negative, and the locus an hyperbola. 
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1B9. By the help of the preceding theorems, we can describe 
an ellipse or hyperbola mechanically. 

If the extremities of a thread be fastened at two fixed points 
F and F, it is plain that a pencil moved about so as to keep the 
thread always stretched will describe an ellipse whose foci arc F 
and F', and whose axis major is equal to the length of the thread. 

In order to describe an hyperbola, let a 
ruler be fastened at one extremity (F), and 
capable of moving round it, then if a thread, 
fastened to a fixed point F“, and also to 
a fixed point on the ruler (R), be kept 
stretched by a ring at P, ns the ruler is moved round, the point 
P will describe an hyperbola; for, since the sum of F'P and PR 
is constant, the difference of FP and F'P will be constant. 



190. The polar of either focus is called the directrix of the 
conic section. The directrix must, therefore 
(Art. 173), be a line perpendicular to the axis 

■ . fl 1 

major at a distance from the centre = ± — . 

Knowing the distance of the directrix from 
the centre, we can find its distance from any point 
on the curve. It must be equal to 



a > a , « 1 / 

x, or = - (a - ex) = - (a - ex). 

c c e ' * 1 

But the distance of any point on the curve from the focus = a- ex'. 

Hence we obtain the important property, that the distance of 
any point on the curve from the fOcus is in a constant ratio to its 
distance from the directrix, viz., as e to 1. 

Conversely, a conic section may be defined as the locus of a 
point whose distance from a fixed point (the focus) is in a constant 
ratio to its distance from a fixed line (the directrix). On this de- 
finition several writers have based the theory of conic sections. 
Taking the fixed line for the axis of x, the equation of the locus 
is at once written down 


• (x - aff + (y - y'Y « ey, 

which it is easy to see will represent an ellipse, hyperbola, or pa- 
rabola, according as e is less, greater than, or equal to 1 . 
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Ex. If a curve be such that the distance of any point of it from a fixed point can be 
expressed as a rational function of the first degree of its co-ordinates* then the curve must 
be a conic section, and the fixed point its focus (see O’Brien’s 44 Co-ordinate Geometry,” 
p.85). 

For, if the distance can be expressed 

p = Ax + By -f C, 

since Ax + By -f C is proportional to the perpeudicular let fall on the right line whose 
equation is (Ax + By +- C = 0), the equation signifies that the distance of any point of 
the curve from the fixed point is in a constant ratio to its distance from this line. 


191. To find the lerujth of the perpendicular from the focus on 
the tangent. 

The length of the perpendicular from the focus (+ c, 0) on 
the line ™ = 1 j is, by Art. 27, 


but. Art. 179, 

Hence 

Likewise, 



Hence FT • F'T' = 6 s (since a 2 - e 2 .r 2 = A' 2 ), 

or, The rectangle under the focal perpendiculars on the tangent is 

constant, and equal to the square of the semiaxis minor. 

This property applies equally to the ellipse and the hyperbola. 


192. Some important consequences may be drawn from the 
value of the perpendicular just found. 

For we had f, vt t. 

FT-tFP.or 


but 


b 
FT 

|^=:sinFPT. 


Hence the sine of the angle which the focal radius vector 


makes with the tangent = 


b 

b 


i 
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We find, in like manner, the same value for sinF'PT', the 
sine of the angle which the other focal radius vector makes with 
the tangent. Hence the focal radii make equal angles with the 
tangent. 

This property is true both for the ellipse and hyperbola, and, 
on looking at the figures, it is evident 
that the tangent to the ellipse is the 
external bisector of the angle between 
the focal radii, and the tangent to the 
hyperbola the internal bisector. 

Hence, if an ellipse and hyperbola, 
having the same foci, pass through the 
same point, they will cut each other at right angles, that is to say, 
the tangent to the ellipse at that point will be at right angles to 
the tangent to the hyperbola. 

Ex- 1. Prove analytically that confocal conics cut at right angles. 

The co-ordinates of the intersection of the conics 



„« + J» ’ 

satisfy the relation obtained by subtracting the two equations 

(m-gl)* 1 * (&« - f«) y « _ 


a» o» 


b*b‘ 


But if the conics be confocal a* - a* = it - i’, and this relation becomes 

+ JL — - o. 

b*V* 


But this is the condition (Art. 40) that the two tangents 

s'+a'-i, 

o* 6> ’ a» »•» ’ 


should be perpendicular to each other. 

Ex. 2. Find the length of a line drawn through the centre parallel to either focal ra- 
dius vector, and terminated by the tangent. 

This length is found by dividing the perpendicular from the centre on the tangent 

j by the sine of the angle between the radius vector and tangent f ^ j, and is 
therefore = o. 


I ab 
\ <>' 


193. The normal, being perpendicular to the tangent, is the 
internal bisector of the angle between the focal radii in the case of 
the ellipse, and the external bisector in the case of the hyperbola. 
We can give an independent proof of this, by showing that 
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it cuts the distance between the foci into parts which are in the 
ratio of the focal radii (Euc. vi. 3), for the distance of the foot 
oftlic normal from the centre is (Art. 184) = e 7 x. Hence its dis- 
tances from the foci are c + e*xt and c - e‘x', quantities which arc 
evidently e times a + ex' and a - ex. 


Ex. To draw a normal to the ellipse from any point on the axis minor. 

Am. The circle through the given point, and the two foci, will meet the 
curve at the point whence the normal is to be drawn. 


194. Another important consequence may be deduced from 
the theorem (of Art. 191), that the rectangle under the focal per- 
pendiculars ou the tangent is constant. 

For, if we take any two tangents, we have 


FT FT - Ft • F t'. 


FT FT 
or W ~ FT’ 


FT . 

but is the ratio of the sines of the parts into which the line 

F<’ 

FP divides the angle at P, and is the ratio of the sines of 

it i 


the parts into which F P divides the same angle ; we have, there' 
fore, the angle TPF = f'PF. 

If we conceive a conic section to pass 
through P, having F and F' for foci, it 
was proved in Art. 191, that the tangent 
to it must be equally inclined to the lines 
FP, F'P; it follows, therefore, from 
the present Article, that it must be also 
equally inclined to PT, Pf ; hence we derive a useful theorem, 
that if through any point (P) of a conic section toe draw tangents 
(PT, P t) to a confocal conic section, these tangents will be equally 
inclined to the tangent at P. 



195. To find the locus of the foot of the perpendicular let fall 
from either focus on the tangent. 

The perpendicular from the focus is expressed in terms of 
the angles it makes with the axis by putting x = c, g' = 0 in the 
formula of Art. 182, viz., 

p = x'cosa + y sin a - y^a’cos’a + sin’a). 
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Hence the polar equation of the locus is 

p = c cos o - \/ (a 2 cos 2 a 4 U 2 sin 2 a), 
or p 2 - 2 cp cosa 4 c 2 cos 2 a = a J cos J a 4 IP sin 2 a, 

or p 2 - 2cp cos a = b 2 . 

This (Art. 93) is the polar equation of a circle whose centre 
is on the axis of x, at a distance from the focus = c ; the circle is, 
therefore, concentric with the curve. The radius of the circle 
is, by the same Article, = a. 

Hence, if we describe a circle having for diameter the transverse 
axis of an ellipse or hyperbola , the perpendicular from the fonts 
will meet the tangent on the circumference of this circle. 

Or, conversely, if from any point F (see figure, p. 166) we 
draw a radius vector FT to a given circle, and draw TP perpen- 
dicular to FT, the line TP will always touch a conic section having 
F for its focus, which will be an ellipse or hyperbola, according as 
F is within or without the circle. 

It may be inferred from Art. 192, Ex. 2, that the line CT, 
whose length = a, is parallel to the focal radius vector F"P. 

196. To fond the angle subtended at the focus by the tangent 
drawn to a central conic from any point (xy). 

Let the point of contact be (ary'), the centre being the origin, 
then, if the focal radii to the points (xy), ( x'y ), be p, p, and make 
angles 0, O', with the axis, it is evident that 

„ X 4 c • a y ty x ' + c • nr y 

cos 0 = , 8in9 = -; cos (f = — — , sraff = -■ 

P P P P 


Hence ... M (*'4 c) + yy\ 

cos lu — U I = , 1 

pp 

but from tho equation of the tangent we must have 
xx _ . 
a? + b 2 ~ ' 

Substituting this value of yy, we get 

IP 

pp cos ( 0 - O') = xx 4 car 4 cx 4 c 2 - ^ xx' 4 b ! , 
=> ePxx 4 cx 4 ex' 4 aP = (a 4 ex) (a 4 ex ') ; 


or 


or since p' = a 4 ex' we have (see O’Brien’s “ Co-ordinate Geo- 


metry, p. 156) 


cos (0 - O') 


a + ex 
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Since this value depends solely on the co-ordinates xy, and does 
not involve the co-ordinates of the point of contact, either tan- 
gent drawn from xy subtends the same angle at the focus. 
Hence, The angle subtended, at the focus by any chord is bisected 
by the line joining the focus to its pole. 

197. The line joining the focus to the pole of any chord pass- 
ing through it is perpendicular to that chord. 

This may be deduced as a particular case of the last Article, 
the angle subtended at the focus being in this case 180°; or di- 
rectly as follows : — The equation of the perpendicular through 

( xod w' \ 

— + = 1 J is, as in 

Art. 184, o»£ 

x y 

a* 

But if x'y be anywhere on the directrix, we have x = — , and it 

will then be found that both the equation of the polar and that 
of the perpendicular are satisfied by the co-ordinates of the focus 
(x = c, y = 0). 

When in any curve we use polar co-ordinates, the portion in- 
tercepted by the tangent on a perpendicular to the radius vector 
drawn through the pole is called the polar subtangent. Hence 
the theorem of this Article may be stated thus : The focus being 
the pole , the locus of the extremity of the polar subtangent is the 
directrix. 

It will be proved (Chap, xn.) that the theorems of this and 
the last Article are true also for the parabola. 

Ex. 1. The angle is constant which is subtended at the focus, by the portion inter- 
cepted on a variable tangent between two fixed tangents. 

By Art, 196, it is half the angle subtended by the chord of contact of the fixed 
tangents. 

Ex. 2. If any chord PP' cut the direc- 
trix in D, then PD is the external bisector 
of the angle PFP'. For FT is the internal 
bisector (Art. 196); but D is the polar of 
FT (since it is the intersection of PP', the 
polar of T, with the directrix, the polar of 
F) ; therefore, DF is perpendicular to FT, 
and is therefore the external bisector. 
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[The following theorems (communicated to me by the Rev. W. D. Sadleir) arc 
founded on the analogy between the equations of the polar and the tangent] 

Ex. 3. If a point be taken anywhere on a fixed perpendicular to the axis, the per- 
pendicular from it on its polar will pass through a fixed point on the axis. For the 
intercept made by the perpendicular will (as in Art. 184) be e* x\ and will therefore be 
constant when x is constant. 

Ex. 4. Find the lengths of the perpendicular from the centre and from the foci on 
the polar of x'y. 

Ex. 5. Prove CM . PN' = 6>. This is analogous to 
the theorem that the rectangle under the normal and 
the central perpendicular on tangent is constant. 

Ex. 6. Prove I‘N'. NN = - (a« - .’x’). Wheu P 

a* 

is on the curve this equation gives us the known ex- 
pression for the normal = — (Art. 185). 

a 

Ex. 7. Prove FG . FG' = CM . NN’. When P is on the curve this theorem becomes 
FG . FG' = b*. 

198. To find the polar equation of the ellipse or hyperbola, the 
focus being the pole. 

The length of the focal radius vector (Art. 186) = a - ex' ; 
but x (being measured from the centre) = p cos 0 + c. 

Hence p = a - ep cos 0 - ec, 

or a(l - e s ) b l 1 

p 1 +« cos 0 a 1 + e cos U 

The double ordinate at the focus is called the parameter ; its 
half is found by making 0 = 90° in the equation just given, to be 

/p 

= — = a( 1 - e 1 ). The parameter is commonly denoted by the 
letter p. Hence the equation is often written 

P » 

p 2 1 + e cos 0 

The parameter is also called the Latus Rectum. 

Ex. 1. The harmonic mean between the segments of a focal chord is constant, and 
equal to the semiparametcr. 

For, if the radius vector FP, when produced backwards through the focus, meet the 
curve again in F, then FP being^ . - , FP*, which answers to (9 -f 180°), will 

= P 1 

2 ■ 1-«CO80‘ 

Hence 


C ite voa u 


1 

FP 


FP ’ 
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Ex. 2. The rectangle under the segments of a focal chord is to the whole chord in a 
constant ratio. 

This is merely another way of stating the result of the last Example; but it may be 
proved directly by calculating the quantities FP. FP', FP + FP’, which are easily seen 
to be, respectively, 

6 ‘ 1 26 * 1 
— — — , and — - - . 

a* 1 — e* cos ‘0 a 1 - e*coe*0 

Ex. 3. Any focal chord is a third proportional to the transverse axis and the parallel 
diameter. 

For it will be remembered that the length of a semidiameter making an angle 0 with 
the transverse axis is (Art. 164) 

6 * 

Hi = . 

1 — e 2 cos '# 

2R* 

Hence the length of the chord FP f FP' found in the last Example = . 

a 

Ex. 4. The sum of two focal chords drawn parallel to two conjugate diameters is 
constant 

For the sum of the squares of two conjugate diameters is constant (Art 177). 

Ex. 5. The sum of the reciprocals of two focal chords at right angles to each other 
is constant 


199. 1 he equation 


O - a Y .y* . 

a 3 + b' ~ *’ 


or 


y’ 





Hence, in the ellipse, the square of the ordinate it less than the 
rectangle under the parameter and abscissa. 

The equation of the hyperbola is found in like manner, 

, ’ b' 

y=px + - x'. 


Hence, in the hyperbola, the square of the ordinate exceeds the 
rectangle under the parameter and abscissa. 

We shall show, in the next chapter, that in the parabola these 
quantities are equal. 

It was from this property that the names parabola , hyperbola , 
and ellipse, were first given (see Pappus, Math. Coll., Book vii.). 


THE ASYMPTOTES. 

200. We have hitherto discussed properties common to the 
ellipse and the hyperbola. There is, however, one class of pro- 
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perties of the hyperbola which have none corresponding to them 
in the ellipse, those, namely, depending on the asymptotes, which 
in the ellipse are imaginary. 

We saw that the equations of the asymptotes were always 
obtained by putting the highest powers of the variables = 0, the 
centre being the origin. Thus the equation of the curve, referred 
to any pair of conjugate diameters, being 

_ f- 

a 2 b‘‘ 

that of the asymptotes is 


1, 


x* y 2 x v 

-=* " Fj ” °» °r - t . = 0, 

a 2 o* a 


and 


+ ! 


o. 



b* ” d b 
Hence the asymptotes are parallel to the diagonals of the paral- 
lelogram, whose adjacent sides are any pair of conjugate semi- 
diameters. For, the equation of CT 

is - = and must, therefore, coin- 
x a 

cide with one asymptote, while the 
equation of AB^, + = 1 j is pa- 

rallel to the other (see Art. 170). 

Hence, given any two conjugate diameters, we can find the 
asymptotes ; or, given the asymptotes, we can find the diameter 
conjugate to any given one ; for if we draw AO parallel to one 
asymptote, to meet the other, and produce it equal to itself, we 
find B, the extremity of the conjugate diameter. 

20 1 . The portion of any tangent intercepted by the asymptotes 
is bisected at the curve , and is equal to the conjugate diameter. 

This appears at once from the last Article, where we have 
proved AT = b' = AT ; or, directly, taking for axes the diameter 
through the point and its conjugate, the equation of the asymp- 


totes is 


*•4.0 


Hence, if we take x = we have y = ±b \ but the tangent at A 
being parallel to the conjugate diameter, this value of the ordi- 
nate is the intercept on the tangent. 
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202. If any line cut an hyperbola, the portions DE, FG, in- 
tercepted between the curve and its asymptotes, are equal. 

For, if we take for axes a 
diameter parallel to DG and its 
conjugate, it appears from the 
last Article, that the portion 
DG is bisected by the diame- 
ter; so is also the portion EF ; 
hence DE ■= FG. 

The lengths of these lines can immediately be found, for, from 

the equation of the asymptotes ^3 - = 0 we have 

y (= DM = MG) = i jjr x. 



( 3 ? V 3 \ 

Again, from the equation of the curve ( — - -G- = 1 l 

y(~ EM = FM) = ± Vy/iji - 1 ) 


we have 

Hence 

and 


DF(.EG)- S -{! +V /(£-l)}. 


203. F rom these equations it at once follows, that the rectangle 
DE • DF is constant, and = It*. Hence, the greater DF is, the 
smaller will DE be. Now it is evident, that the further from 
the centre we draw DF the greater will it be, and that by taking 

x sufficiently large, we can make DF b | 4 -y / ~ ^ } 3 

greater than any assigned quantity. Hence, the further from the 
centre we draw any line, the less will be the intercept between the 
curve and its asymptote, and by increasing the distance from the 
centre, we can make this intercept less than any assigned quantity. 

204. If the asymptotes be taken for axes, the coefficients D 

and E of the general equation vanish, since the origin is the 
centre ; and the coefficients A and C vanish since the axes meet 
the curve at infinity (Art. 130, 111.): hence the equation reduces 
to the form xy = A 5 . 
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The geometrical meaning of this equation evidently is, that 
the area of the parallelogram formed by the co-ordinates is constant. 

205. The equation being given in the form xy = A 3 , to form the 
equation of any chord or of any tangent. 


We have 


therefore. 


A 3 , „ A 3 
? ,andy 


y - y =- 


A 3 (.*' - x") 


the equation of a chord is, therefore, 

y-y k ' 

x—x' XX?’ 

which may be written (since A 3 = xy = x"y") 
y'x + xy = A 3 + y'x". 

Making x'=x" and ‘y-y", we find the equation of the tangent, 
xy + y'x = 2A 3 , 

or (writing xy' for A 3 ) 

x v 
— , + — = 2 . 
x x/ 

From this form it appears that the intercepts made on the 
asymptotes by any tangent = 2 xi and 2 y ; their rectangle is, 
therefore, 4A 3 . Hence, the triangle which any tangent forms with 
the asymptotes has a constant area, and is equal to double the area 
of the parallelogram formed by the co-ordinates. 


Ex. 1. If Iwo fixed point# (ary*, x'tj"') on a hyperbola be joined to any variable point 
(x'y'"), the portion which the joining Ikies intercept on either asymptote is constant. 
The equation of one of the joining lines being 

x“y + y'x = yx m + k\ 

the intercept made by it from the origin on the axis of x is found by making y = 0 to 
be x’" -f x\ Similarly the intercept from the origin made by the other joining line is 
x" -f x \ and the difference between these two (x' — x") is independent of the position of 
the point x"Y". 

Ex. 2. Find the co-ordinates of tho intersection of the tangents at xy', x"y". 

Solve for x and y from 

x'y + y'x = 2 h\ x"y 4 y"x = 2 A*, 

and we find 2A* (x - x") __ 2x'x ' 2yy" - 

xy" - y'x" / t * '* y' 4 y'*’ 
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206. To express the quantity A 2 in terms of the lengths of the 
axes of the curve. 

Since the axis bisects the angle between the asymptotes, the 
co-ordinates of its vertex are found, by putting x ■= y in the equa- 
tion xy = A 2 , to be x = y = k. 

Hence, if 9 be the angle between the axis and the asymptote, 
a - 2/fc cos 9 

(since a is the base of an isosceles triangle whose sides = A and 
base angle = 0), but (Art. 170) 

hence A (a 2 + b 2 ) 

2 ' 

And the equation of the curve, referred to its asymptotes, is 

a 2 + 1) 2 
Xy 4 ~- 

207- The perpendicular from the focus on the asymptote is 
equal to the conjugate axis b. 

For it is CF sin 0, but CF = f (a 2 + Ir), and sin 9 = ^ ^ ^ . 

This might also have been deduced as a particular case of the 
property, that the product of the perpendiculars from the focus 
on any tangent is constant, and = b 2 . For the asymptote may be 
considered as a tangent, whose point of contact is at an infinite 
distance (Art. 157), and the perpendiculars from the foci on it 
are evidently equal to each other. 

208. The distance of the focus from any point on the ctirve is 
equal to the length of a line draivn through the point parallel to an 
asymptote to meet the directrix. 

For the distance from the focus is e times the distance from 
the directrix (Art. 190), and the distance from the directrix is to 

the length of the parallel line as cos0^= Art. 1 70 j is to 1. 

lienee has been derived a method of describing the hyperbola 


* 
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by continued motion. A ruler ABR, bent 
at B, slides along the fixed line DD'; a 
thread of a length = RB is fastened at the 
two points R and F, while a ring at P keep* 
the thread always stretched; then as the 
ruler is moved along, the point P will de- 
scribe an hyperbola, of which F is a focus, 
DD' a directrix, and BR parallel to an 
asymptote, since PF must always ■= PB. 


CHAPTER XII. 

THE PARABOLA. 

209. The equation of the second degree, we saw (Art. 136), 
will represent a parabola, when the first three terms form a per- 
fect square, or when the equation is of the form 
(ax + by) 1 + Da: + Ey + F « 0. 

We saw that we could not transform this equation to any 
finite point so as to make the coefficients of x and y both vanish. 
The form of the equation, however, points at once to another 
method of simplifying it. 

We know (Art. 27) that the quantity Dar + Ey + F is propor- 
tional to the length of the perpendicular from the point ( xy ) on 
the right line whose equation is Da; + Ey + F = 0 ; and, in like 
manner, the quantity ax + by is proportional to the perpendicular 
on the line ax +by = 0. 

Hence if we construct the two lines whose equations are 
ax + by = 0, Da: + Ey + F = 0, 
the equation of the curve 'asserts that the square of the perpen- 
dicular from any point of the curve on the first line is in a con- 
stant ratio to the perpendicular on the second line. 

Now if we transform our axes, and make the line ax + by our 
new axis of*, and Da;+ Ey + F = 0 our new axis of y, then our new 
y will, of course, be proportional to the perpendicular on the line 
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ax + by, and our new x to the perpendicular on Dr + \'.y 4 F = 0, 
and the transformed equation must be of the form 

y- = P x - 

It is evident that' our new origin is a point on the curve, and 
since for every value of x we have two equal and opposite values 
of y, our new axis of x will be a diamete~r, and our new axis of y 
parallel to its ordinates. But the ordinate drawn at the extremity 
of any diameter is (Art. 145) a tangent to the curve, therefore, 
the new axis of y is the tangent at the origin. Hence, if we are 
given the equation of the parabola in the form 
(ax + by) 3 + Da: 4 Ey + F = 0, 

the equation ax + by=0 represents the diameter passing through 
the origin, and the equation Dr 4 Ey 4 F = 0 represents the tan- 
gent at the point where this diameter meets the curve. And the 
equation of the curve, referred to a diameter and tangent at its 
extremity as axes, is of the form 

y - - P x 

210. Though we have transformed the equation of the para- 
bola into a very simple form, yet our new axes have the incon- 
venience of not being in general rectangular. We shall prove, 
however, that it is possible to transform the equation into this 
form, still retaining the axes rectangular. 

If we introduce an arbitrary constant k, the equation 
(ax 4 by) 3 4 Da: 4 Ey 4 F = 0 
will be found to be equivalent to the equation 

(ax 4 by 4 k) 3 4 (D - 2 ak) x 4 (E - 2 bk) y 4 F - k 3 = 0. 
Hence, as in the last Article, 

ax 4 by 4 k - 0 

is the equation of a diameter, and 

(D - 2 ak)x 4 (E - 2 bh)y 4 F - k 3 = 0 
of the tangent at its extremity. (This confirms our proof (Art. 
139) that all the diameters of the parabola are parallel.) 

Now, the condition that these two lines should be perpen- 
dicular is (Art. 40) 

o (D - 2uA) s- b (E — 2 bk) = 0. 
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Hence , aD + &E 

2 (a 2 + IP) 

Since we get a simple equation to determine the particular 
value of k, which would make the new axes rectangular, there is 
one diameter whose ordinates cut it perpendicularly, and this dia- 
meter is called the axis of the curve. And we see, as in the last 
Article, that if we take for axes, this diameter ax + by + k, and 
the perpendicular tangent (D - 2 ah) x + (E - 2 bk) y + F - k 2 = 0, 
the transformed equation must be of the form 

y 2 = px. 

211. From the equation y- = px we can at once perceive the 
figure of the curve. It must be symmetrical on both sides of the 
axis of x, since every value for x gives two 
equal and opposite for y. None of it can 
lie on the negative side of the origin, since 
if we make x negative y will be imagi- 
nary , and as we give increasing positive 
values to x, w r c obtain increasing values for 
y. Hence the figure of the curve is that here represented. 

Although the parabola resembles the hyperbola in having in- 
finite branches, yet there is an important difference between the 
nature of the infinite branches of the two curves. Those of the 
hyperbola, we saw, tend ultimately to coincide with two diverging 
right lines ; but this is not true for the parabola, since, if we seek 
the points where any right line ( x = ky + l) meets the parabola 
( y ! = px), we obtain the quadratic 

y 7 - phy -pl= 0 , 

whose roots can never be infinite as long as k and / are finite. 

There is no finite right line which meets the parabola in two 
coincident points at infinity ; for any diameter (y = m) which 
meets the curve once at infinity (Art. 140) meets it once also in 

• m 3 # # 

the point x = — ; and although this value increases as m increases, 
yet it will never become infinite as long as m is finite. 

212. The figure of the parabola may be more clearly con- 
ceived from the following theorem : 

2 A 
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If we suppose one vertex and focus of an ellipse given, while 
its axis major increases without limit, the curve will ultimately 
become a parabola. 

The equation of the el- 
lipse, referred to its vertex, T 
is (Art. 199) 



We wish to express b in terms of the distance VF (= m ), 
which we suppose fixed. W e have m = a- y/ {a 2 - b 2 ) (Art. 1 86), 
whence fr - 2 am - m*, and the equation becomes 

30 * 

Now, if we suppose a to become infinite, all but the first term of 
the right-hand side of the equation will vanish, and the equation 
becomes ,fi = 4 mj) 

the equation of a parabola. 

Hence we see that the focus and vertex of an ellipse being 
given, while the axis major is indefinitely increased, the parame- 
2 b 2 

ter (= — , Art. 198) will remain finite, and = Am. 

Hence if the equation of the parabola be given in the form 
y 2 = px, the quantity p is called the principal parameter. 

A parabola may also be considered as an ellipse whose ecccn- 

b l b 2 

tricity is equal to 1 . For e* = 1 — Now we saw that which 

is the coefficient of x l in the preceding equation, vanished as we 
supposed a increased according to the prescribed conditions ; 
hence e 2 becomes finally = 1 . 

* 213. To find the parameter of the parabola 
{ax + by) 2 + D.r 4 Ey 4 F = 0. 

We have seen (Art. 210) that the equation may be written 
in the form 

{ax 4 by 4 k) 2 4 (D - 2 ak) x 4 (E - 2 bk) y 4 F - k 2 = 0 ; 
which, when k has the value found in that article, is 
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/ i iv, AD-aE., 

(ax + Ay + A )* + (Ax - ay + b ) = 0, 

where we have written for shortness, 

(g»+6»)(F-A») 

AD — aE 

Now, let Y and X denote the perpendiculars from any point on 
the lines ax + Ay + k = 0, and bx - ay + F' = 0, and this equation 

becomes a E - AD 

(a’ + A0Y*--^-^X, 


and 


v/(a J +A 2 ) 
aE - AD 


(a* + A ! )i 

Ex. 1. Change to the form y* = px the equation 

9x* + 24 xy + 16y* + 22s + 46y + 9 = 0. 

Here k = 6 and the equation may be written 

(3s + 4y + 5)» =* 2(4s - 3y + 8) ; 

or if the distances of any point from 3s + 4y + 5 and 4x — 3y + 8 be Y and X, 

Y 3 = \ X. 

Ex. 2. Find the parameter of the parabola 


y?_2s_2y 

ah + 6* a b 


Am. 


4«*6* 


(o’ + 6»)i' 

This value may also be deduced directly by the help of the following theorems, which 
will be proved afterwards : — “ The focus of a parabola is the foot of a perpendicular let 
fall from the intersection of two tangents which cut at right angles on their chord of con- 
tact and “ The parameter of a conic is found by dividing four times the rectangle under 
the segments of a focal chord, by the length of that chord” (Art. 198). 

Ex. 3. If a and b be the lengtlis of two tangents to a parabola which intersect at 
right angles, and m one quarter of the parameter, prove 

d _i_ 

6* J m* 


* 214. To find the parameter of (ax + Ay) 1 + Dx + Ey + F = 0, 
the axes being oblique. 

We proceed as in Art. 210, but the axes being oblique, wc 
must use the condition (Art. 41) that two lines should cut at 
right angles, and the equation which determines A becomes 
a(D - 2aA) + A(E - 2AA) = (a(E - 2AA) + A(D - 2aA)J cosw 
aD + AE - (aE + AD) cosa> 

2 (a 1 + A 1 - 2aAcosa») 
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The transformed equation then is 

{ax + bi/+ky+ a ^ ~J^ 03 ~ ((*-acosa>)a:-(a-6cosco)y+F'j =0, 
where 


Now, let 


(F - P) (a 2 + b i - 2ab cos a ») 
* = {bl) - aE) ‘ 


Y m 


(ax 


V{a* 

and we get 


+ 6y + &) sin v (ft-acos&^at-^a-icosa^y+F' 
+ b* - 2ab cos oj)’ V (® 2 + -2ab cos u) 


P = 


(aE - 4D) sin 2 te 


(a 2 + 1/ -2a6cosci))* 

Ex. Find the parameter of the parabola 

** 2-ry y» 2* 2y 

a 1 ah ' b* a b 

Ant. p = 


4 a*6* sin*w 


(a* -f 6* 4- 2a6 co»«)^ 


THE TANGENT. 

215. The equation of any chord of the parabola can be easily 
obtained. For, since y' 2 = px and y" 2 = px", we have 

y" 1 - y" 2 = p (x' - x"), and — %, = 

v x - x y +y 

and the equation of the chord is 

y-y' = p 

x - x' y + y" ’ 

or (y + y") y - px - y'y" = 0. 

The equation of the tangent is foimd from this, by supposing 
y = y", or (remembering that y' 2 = px) is 2 y'y - p {x + x). 

If we seek the point where the tangent meets the axis, we 
obtain x = - x', or TM (which is called the subtangent) is bisected 
at the vertex. 

We saw that if the oblique axes were any diameter and a 
tangent through its vertex, the equation of the parabola was still 

y 2 = px. 

The equations of the chord and tangent remain the same, and it 
will be equally true that the subtangent is = twice the abscissa. 
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This Article enables us, there- 
fore, to draw a tangent at any 
point on the parabola, since we 

have only to take TV = VM and 

join PT ; or again, having found 
this tangent, to draw an ordinate 
from P to any other diameter, 
since we have only to take V'M' = T'V', and join PM'. 

216. It follows from Art. 144 (or may be proved as in Art. 
172) that the equation of the polar of any point x xj is similar in 
form to that of the tangent, and is, therefore, 

2 y'y = p(x+x). 

If we seek the point where this polar meets the axis of x, we get 

x = — x. 

Hence we derive a theorem, which will be useful hereafter, 
that the intercept which the polars of any two points cut off on the 
axis is equal to the intercept between perpendiculars from those 
points on that axis ; each of these quantities being equal to (x - x"). 

DIAMETERS. 

217. We have said, that if we take for axes any diameter and 
the tangent at its extremity, the equation will be of the form 

'f = P x - 

We shall prove this again by actual transformation of the 
equation referred to rectangular axes (y 5 = px), because it is de- 
sirable to express the new p in terms of the old p. 

If we transform the equation y J = px to parallel axes through 
any point (x'y') on the curve, writing x + x and y + y for x and 
y, the equation becomes 

y* + 2 y<J = px. 

Now if, preserving our axis of x, we take a new axis of y, in- 
clined to x at an angle 0, then our old y = PN = PM' sin 0, and 
our old x = V'M’ + PM' cos0. (Sec figure, above.) 

We, therefore, substitute y sin 9 for y, and x + y cos 0 for x, 
and our equation becomes 

y* sin J 0 + 2y'ysin0 = px + py cos 9. 
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In order that this should reduce to the form y 3 = px, we must 

have _ 4 p 

2w'sin0 = pcoad, or ta.nd = ~ 

2 y 

Now this is the very angle which the tangent makes with the 
angle of x, as we see from the equation 
2 y'y = p(x + x"). 

This equation, therefore, referred to a diameter and tangent, will 
take the form p 

m*' or y^p’ x - 

The quantity p is called the parameter corresponding to the 
diameter V'M', and we see that the parameter of any diameter is 
to the principal parameter (p), inversely as the square of the sine of 

the angle which its ordinates make with the axis, since p' = - ? 

We can express the parameter of any diameter in terms of the 
co-ordinates of its vertex, from the equation tan 0 hence, 


1 ' m 9 V(p l + 4 y’*) ^{p + 4x') ’ 


2 y 


hence 


V O 2 + 4/ J 
pi = p + 4x. 


THE NORMAL. 

218. The equation of a line through (xij) perpendicular to 
the tangent 2 yy = p {x + x) is 

p(y - y) + 2y'(x - x) = 0. 

If we seek the intercept on the 
axis of x we have 

x(= VN) = */+!; 
and, since VM = x, we must have 

MN (the subnormal, Art. 185) «=?• 

Hence in the parabola the subnormal is constant, and equal to 
the semiparameter. The normal itself 

= V' (PM* + MN 4 ) = \/[y ’ 3 if) = \/{p(x + ?)}• 
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THE FOCUS. 

219. A point situated on the axis of a parabola, at a distance 
from the vertex equal to one-fourth of the principal parameter, is 
called the focus of the curve. This is the point which, Art. 214, 
has led us to expect to find analogous to the focus of an ellipse ; 
and we shall show, in the present section, that a parabola may in 
every respect be considered as an ellipse, having one of its foci 
at this distance, and the other at infinity. To avoid fractions 
we shall often, in the following Articles, use the abbreviation 



To Jind. the distance of any point on the curve from the focus. 

The co-ordinates of the focus being (m, 0), the square of its 
distance from any point is 

(x - m) 3 + f 3 = x '* - 2 mx' + m 3 + 4 mx = {x + m) 1 . 

Hence the distance of any point from the focus = x + m. 

This enables us to express more simply the result of Art. 217, 
and to say that the parameter of any diameter is four times the 
distance of its extremity from the focus. 

220. The polar of the focus of a parabola is called the direc- 
trix, as in the ellipse and hyperbola. 

Since the distance of the focus from the vertex = m, its polar 
is (Art. 216) a line perpendicular to the axis at the same distance 
on the other side of the vertex. The distance of any point from 
the directrix must, therefore, = x + in. 

Hence, by the last Article, the distance of any point on the 
curve from the directrix is equal to its distance from the focus. 

We saw (Art. 190) that in the ellipse and hyperbola, the dis- 
tance from the focus is to the distance from the directrix in the 
constant ratio e to 1. We see, now, that this is true for the pa- 
rabola also, since in the parabola e = 1 (Art. 212). 

The method given for mechanically describing an hyperbola, 
Art. 208, can be adapted to the mechanical description of the 
parabola, by simply making the angle ABR a right angle. 

221. The point where any tangent cuts the axis, and its point 
of contact, are equally distant from the focus. 
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For, the distance from the vertex of the point where the tan- 
gent cuts the axis = x (Art. 215), its distance from the focus is, 
therefore, x + m. 


222. Ang tangent makes equal angles with the axis and with 
the focal radius vector. 

This is evident from inspection of the isosceles triangle, which, 
in the last Article, we proved was formed by the axis, the focal 
radius vector, and the tangent. 

This is only an extension of the property of the ellipse 
(Art. 192), that the angle TPF «= T'PF'; for, if we suppose the 
focus F' to go off to infinity, the line PF' will become parallel to 
the axis, and TPF «* PTF. (See figure, p. 178.) 

Hence the tangent at the extremity of the focal ordinate cuts 
the axis at an angle of 45°. 


223. To find the length of the perpendicular from the focus on 
the tangent. 

The perpendicular from the point (m, 0) on the tangent 
\yy - 2m (x + a?')) is 

2 m(x'+m) 2m(tf + m) , , , , 

- VWTinf) “ V(W ~ 4m -) “ V + W »- 


Hence (see fig. p. 182) FR is a mean proportional between FV 
and FP. 

It appears, also, from this expression, and from Art. 218, that 
FR is half the normal, as we might have inferred geometrically 
from the fact that TF = FN. 


224. To express the perpendicular from the focus in terms of 
the angles which it makes icith the axis. 

We have 

cos a = sin FTR = (Art. 217) 

Therefore (Art. 223), 

FR = J [mix' + m)\ = — — 
cos a 

The equation of the tangent, the focus being the origin , can, 
therefore, be expressed 

• m 

x cosa + y sina + = 0, 

cos a 
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and hence we can express the perpendicular from any other point 
in terms of the angle it makes. 

225. The locus of the extremity of the perpendicular from the 
focus on the tangent is a right line. 

For, taking the focus for pole, we have at once the polar 

equation m 

p = , p cos a = m ; 

cos a 

which obviously represents the tangent at the vertex. 

Conversely, if from any point F we draw FR a radius vector 
to a right line VR, and draw PR perpendicular to it, the line 
PR will always touch a parabola having F for its focus. 

We shall show hereafter how to solve generally questions of 
this class, where one condition less than is sufficient to determine 
a line is given, and it is required to find its envelope, that is to 
say, the curve which it always touches. 

We leave, as a useful exercise to the reader, the investigation 
of the locus of the foot of the perpendicular by ordinary rectan- 
gular co-ordinates. 

226. To find the locus of the intersection of tangents which cut 
at right angles to each other. 

The equation of any tangent being (Art. 224) 
x cos* a + y sina cosa + m = 0 ; 

the equation of a tangent perpendicular to this (that is, whose 
perpendicular makes an angle = 90° + a with the axis) is found 
by substituting cos a for sina, and - sina for cos a, or 
■r sin*a - y'sina cos a + m = 0. 
a is eliminated by simply adding the equations, and we get 

x + 2m = 0, 

the equation of the directrix, since the distance of focus from di- 
rectrix = 2m. 

227. The angle between any two tangents is half the angle be- 
tween the focal radii vectores to their points of contact. 

For, from the isosceles PFT, the angle PTF which the tan- 
gent makes with the axis is half the angle PFN, which the focal 
radius makes with it. Now, the angle between any two tangents 

2 B 
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is equal to the difference of the angles they make with the axis, 
and the angle between two focal radii is equal to the difference of 
the angles which they make with the axis. 

The theorem of the last Article follows as a particular case 
of the present theorem ; for if two tangents make with each other 
an angle of 90°, the focal radii must make with each other an 
angle of 180°, therefore, the two tangents must be drawn at the 
extremities of a chord through the focus, and, therefore, from the 
definition of the directrix, must meet on the directrix. 

228. The line joining the. focus to the intersection of two tan- 
gents bisects the angle which their points of contact subtend at the 
focus. 

The equations of two tangents being 
X cos 5 n + y sina cos a •+ m - 0, x cos 5 /3 + y sin/3 cos/3 + m = 0 ; 
subtracting them, we find for the line joining their intersection 
to the focus, x g i n (« + /3) - y cos (a 4 ft) = 0. 

This is the equation of a line making the angle a + ft with the 
axis of x. But since a and ft are the angles made with the axis 
by the perpendiculars on the tangent, we have VFP = 2 a and 
VFP = 2/3; therefore the line making an angle with the axis 
= u + ft must bisect the nngle PFP. This theorem may also be 
proved by calculating, as in Art. 196, the angle (0 - 0 ) subtended 
at the focus by the tangent to a parabola from the point xy ; when 

X + 771 

it will be found that cos (0 - 0 ) - — - — , a value which, being 

independent of the co-ordinates of. the point of contact, will 
be the same for each of the two tangents which can be drawn 
through xy. (See O’Brien’s Co-ordinate Geometry , p. 156.) 

Cor. 1. If we take the case where the angle PFP' =» 180°, 
then PP' passes through the focus; the tnngents TP, TP will 
intersect on the directrix, and the angle TFP = 90°. (See Art. 
197.) This may also be proved directly by forming the equations 
of the polar of any point (- m, y) on the directrix, and also the 
equation of the line joining that point to the focus. These two 
equations are 

y’y = 2m (x - m), 2m (y - yj s y'(x - m) = 0, 
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which obviously represent two right lines at right angles to each 
other. 

Cor. 2. If any chord PP' 
cut the directrix in D, then FD 
is the external bisector of the 
angle PFP. This is proved as 
at p. 168. 

Cor. 3. If any variable tan- 
gent to the parabola meet two fixed tangents, the angle sub- 
tended at the focus by the portion of the variable tangent inter- 
cepted between the fixed tangents, is the supplement of the angle 
between the fixed tangents. 

For the angle QRT is half pVq (Art. 227), and, by the pre- 
sent Article, PFQ 
is obviously also half 
pV q, therefore, 

PFQ is = QRT, 
or is the supplement 
ofPRQ. 

Cor. 4. The cir- 
cle circumscribing the triangle formed by any three tangents to a 
parabola will pass through the focus. For the circle described 
through PRQ must pass through F, since the angle contained 
in the segment PFQ will be the supplement of that contained in 
PRQ. 

229- To find the polar equation of the parabola, the focus be in// 
the pole. 

"VYe proved (Art. 219) that the focal 
radius 

= x'+ m =VM + m =FM+ 2m = pcoa0 t 2m. 

Hence 2m 

p 1 - cos 0 

This is exactly what the equation of Art. 198 becomes, it we 
suppose e = l(Art.212). The properties proved in the Examples 
to Art. 198 arc equally true of the parabola. 

In this equation 61 is supposed to be measured from the side 
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FM ; if we suppose it measured from the side FV, the equation 
becomes 2 m 

^ 1 + cos 0 

This equation may be written 

p cos’ $ 0 = m, 
or p*cos £0 = (m)*, 

and is, therefore, one of a class of equations, 
p n cos nti = a", 

some of whose properties we shall mention hereafter. 


CHAPTER XIII. 


EXAMPLES AND MISCELLANEOUS PROPERTIES OF THE CONIC SECTIONS. 


230. The method of applying algebra to problems relating 
to conic sections is essentially the same as that employed in the 
case of the right line and circle, and will present no difficulty to 
any reader who has carefully worked out the Examples given in 
Chapters 111 . nnd vii. "Wc, therefore, only think it necessary to 
select a few out of the great multitude of examples which lead to 
loci of the second order, and we shall then add some properties 
of conic sections, which it was not found convenient to insert in 
the preceding chapters. 

Ex. 1. A line of constant length moves about 
in the legs of a given angle : to find the locus de- 
scribed by a fixed point on it. 

Denoting PL by n, PK by «*, and LK by /, we 
have, by similar triangles, 

OL = — , and OK =— . 
m n 

Rut since LK* = OL 2 4 OK 2 - 20K . OL cosw, 

we have ^ Pt* 2/*xycosw 

in 2 «* mn 



or 



2 xy cos u) 

mn 


the equation of an rllipir having the* point O for its centre, since B*- 4 AC is here ne- 
gative, being = *in»0. 
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Ex. 2. If P be a fixed point, and LK any right line drawn through it, to find the 
locus of intersection of the parallels to OK, OL, through the points L and K. 


Ex. 3. Or of perpendiculars erected to OK, OL, through the same points. 


Ex. 4. If a point Q be taken on LK so that QK = PL, to find its locus. 


Ex. 5. Two equal rulers, AB, BC, are connected 
by a pivot at B ; the extremity A is fixed, while the 
extremity C is made to traverse the right line AC ; 
find the locus described by any fixed point P on BC. 

Ex. 6. Given base and difference of base angles of a 
triangle : to find the locus of vertex. 

We may proceed exactly as at page 85, where the turn of the base angles is given. 
The locus will bo found to be an equilateral hyperbola, of which the base is a diameter. 
The difference of base angles being given, it is easy to see that the internal and external 
bisectors of the vertical angle must be parallel to fixed lines, and these lines will be pa- 
rallel to the asymptotes of the locus. Conversely, if we consider the triangle whose base 
is any diameter of an equilateral hyperbola, and whose vertex is on the curve, the sides 
are parallel to conjugate diameters (Art. 183) ; but conjugate diameters of an equilateral 
hyperbola make equal angles with the asymptotes (Art 178). 



Ex. 7. Given base and the product of the tangents of the base angles of a triangle : 
find the locos of vertex. 

It will be a conic section, of which the extremities of the base are vertices. This is 
the converse of Art 174. 


Ex. 8. Given base and the product of the tangents of the halves of the base angles : 
find the locus of vertex. 

Expressing the tangents of the half angles in terms of the sides, it will be found that 
the sum of sides is given : and, therefore, that the locus is an ellipse, of which the extre- 
mities of the base are the foci. 

Ex. 9. Given base and sum of sides of a triangle : find the locus of the centre of the 
inscribed circle. 

It may be immediately inferred, from the last two examples, that the locus is an el- 
lipse, whose vertices are the extremities of the given base. 

Ex. 10. Given the vertical angle of a triangle in magnitude and position, and also 
the area : find the locus of a point dividing the base in a given ratio. 

Ex. 11. Given base of a triangle, and that one base angle is double the other; find 
locus of vertex. 

Ex. 12. Trisect a given arch of a circle. 

Ant. The point of trisection is determined os the intersection of the given 
arch with a given hyperbola. 

Ex. 13. Given base and area of a triangle; find the locus of the intersection of per- 
pendiculars. 

Ex. 14. Find the locus of the centre of a circle which touches two others; or which 
touches a given circle and a given right line. 

Ex. 15. Given the base of a triangle, and the length of the intercept made by tlw* 
sides on a given line; find the locus of vertex. 
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Ex. 16. Two vertices of a giten triangle move along fixed right lines ; find the locus 
of the third. 

Ex. 17. Two vertices of a triangle move along fixed right lines, and the sides pass 
through fixed points; find the locus of the third vertex. 

Ex. 18. Find the locus of the centre of a circle which makes given intercepts on two 
given lines. 

Ex. 19. A triangle ABC circumscribes a given circle; the angle at C is given, and 
B moves along a fixed line ; find the locus of A. 

Let us use polar co-ordinates, the centre O being the pole, and the angles Wing mea- 
sured from the perpendicular on the fixed line ; let the co-ordinates of A, B, be p, 0 ; p\ O'. 
Then we have p cos Q‘ -p. But it is easy to see that the angle AOB is given ( = a). 
And since the perpendicular of the triangle AOB is given, we have 

pp* sin a 

V (p* -f p '* — 2 pp cos a) 

But 0 + O' = a ; therefore the polar equation of the locus is 

p*p“* ain’a 

p* cu3* (a — (f) + p % — 2 pp cos a cos (a - 0)’ 

which represents a conic. 

Ex. 20. Given two conic sections, to find the locus of the pole, with reg|»ect to one, 
of any tangent to the other. 

Let their equations bo x* y* _ ^ 

a- b* 1 

Ax* + Bay f Cy* + Dx + Ey + F = 0, 
the polar of any point, with regard to the second, is (Art. 144) 

(2Aar* + By' + D) x + (2Cy' + Bx' + E)y + Dx* + Ey + 2F = 0. 

But the condition that this should touch the first is (p. 150) 

o* (2 Ax' + By' + D)* + 6* (2Cy + Bx + E)* - (Dx* + Ey + 2F)». 

This condition, which must be satisfied by the point (x'y’), is the equation of its locus, 
and is plainly of the second degree. 

231. We give in this Article sortie examples on the focal 
properties of conics. 

Ex. 1. The distance of any point on a conic from the focus is equal to the whole 
length of the ordinate at that point, produced to meet the tangent at the extremity of 
the focal ordinate. 

Ex. 2. If from the focus a line be drawn making a given angle with any tangent, 
find the locus of the point where it meets it. 

Ex. 3. To find the locus of tho pole of a fixed line with regard to a series of concentric 
and con focal conic sections. 

We know that the pole of any line ^ — + - = 1 j, with regard to the conic 

( 
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Now, if the foci of the conic are given, a* — b* = e* is given ; hence, the locus of the 
pole of the fixed line is mx _ W y = c i 

the equation of a right line perpendicular to the given line. 

If the given line touch one of the conics, its pole will be the point of contact (Art. 
144). Hence, given two confocal conics, if we draw any tangent to one and tangents to 
the second where this line meets it, these tangents will intersect on the normal to the 
first conic. 


Ex. 4. The focus being the pole, prove that the polar equation of the tangent, at the 

p 

point whose angular co-ordinate is a, is ^ - = e cos 9 + cos(0 — a). 

This expression is due to Mr. Davies ( Philosophical Magazine for 1842, p. 192, 
cited by Walton, Examples, p. 368). 

Ex. 5. Prove that the polar equation of the chord through points whose angular co- 
ordinates are a + /3, o - /3, is 


— - = e cos 9 + sec 3 cos (0 — a). 
2p 


This expression is due to Mr. Frost (Cambridge and Dublin Math. Journal , i. 68, 
cited by Walton, Examples, p. 375). 

These equations may be conveniently used in investigating theorems concerning 
angles subtended at the focus. Still simpler methods, however, of obtaining these will 
be given in Chapter xiv. 

Ex. 6. If a chord PP' of a conic pass through a fixed point O, then tan JPFO. 
tan $ P FO is constant 

The reader will find an investigation of this theorem by the help of the equation of 
the last Example (Walton’s Examples, p. 377). I insert here the geometrical proof 
given by Mr. MacCullogh, to whom, I believe, the theorem is due. Imagine a pqint 0 
taken anywhere on PP'(see figure, p. 187), and let the distance FO be e times the dis- 
tance of O from the directrix ; then since the distances of P and O from the directrix are 
proportional to PD and OD, we have 

FP FO _ e _ sin PDF sin’ODF ' e 
1*D~0» ' e" ° r tin PFD ~ siu OFDfT-V' 


Hence (Art. 197), 


cos OFT c 
cos 1*FT e" 


or, since (Art. 196) PFT is half the sum, and OFT half the difference, of PFO and PFO 

tan l PFO . tan 4PTO = - — 
e-t e 

It is obvious that the product of these tangents remains constant if O be not fixed, but 
be anywhere on a conic having the same focus and directrix as the given conic. 


Ex. 7. If normals be drawn at the extremities of any focal chord, a line drawn 
through their intersection parallel to the axis will bisect the chord. 

• • . w* 

Take any point on the directrix whose co-ordinates arc x — — , y = /3, then the equa- 


x 

tion of the polar of that point, which passes through the focus, will be - 4- s 1. 
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Substituting for * from this equation in the equation of the curve, the ordinates of the 
points where tliis line meets the curve are given by the equation 

(&»+ e»/3*)y« - ibU'fo- -»0. 

Hence, if y', y", be the ordinates of the point of intersection, we have 

. .. 26 V/3 . - b” 

y + V ~ 6« + e'/P’ * y o«(6» + (W 

but (Art. 185, Ex. 4) 

b' - a* . Mfi/3 y \ y 

y= 6« , _ Vy _ b' + e'fP “ 2 

It may be found, in like manner, that the abscissa of the intersection of the chord 
with the curve are determined by the equation 

(&• + e*t?) x • - 25* cx + c* (6* - (?) = 0, 
whence , „ 25* c _ c * (5* - /3*) 

* + * = 6* + ft/3*’ XX ~ 6* + e*/3* ’ 
and the abscissa of the intersection of normals is 

c*(b*-(?) 

X ~ ff*(b* + 

Ex. 8. If a chord pass through a focus, the line joining the intersection of tangents 
at its extremities to the intersection of the corresponding normals will pass through the 
other focus. 

The equation of the joining line is c/3 (x + c) = (a* c*) y. 

Ex. 9. Find the locus of the intersection of normals at the extremities of a focal 


(17 _ 

Solving for /3* from * = we have 


6»(e>- n»v) 
e»(e + *) 
6’e>0 

y " 6« + e’/S 3 ’ 


6’ + e’/3 3 = • 


Hence (q»-i- c 3 )»y 3 = b- (c' - q’r) 

c»(c + c« (c + x) ’ 

and the locus is the ellipse 

(a* + c’)»y> = 6’ (c + X) (f’ - a 3 *), 

or (a’ + e>)V+ + »'«* = **«•. 

Ex. 10. If 0 be the angle between the tangents to an 
ellipse from any point I’ ; and if p, p be the distances of 

p' + p" 3 — 4a* T 

tliat point from the focus, prove that cos 0= 2pp • 

For (Art. 189) ( 

FT . FT 6 3 ' 

sinTPF. sintPF = r j- = pp -‘ 

Jlut cos FPF' - cos TPt = 2 sin TPF . sin (PF ; 

And 2pp - cos FPF' = p* + p’ - 4r’. 
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232. We give in this Article some examples on the parabola. 
The reader will have no difficulty in distinguishing those of the 
examples of the last Article, the proofs of which apply equally 
to the parabola. 


*y. 


Ex. 1. find the co-ordinates of the intersection of the two tangents at the points 
*' y", to the parabola y* = px. y + if _ y'y" 


r 


Ex. 2. The three perpendiculars of the triangle formed by three tangents intersect on 
the directrix (Steiner, Gergonne, Annates, xix. 69, Walton, p. 119). 

The equation of one of those perpendiculars is (Art. 42) 


y'y'-y'y" / y"y~\ y'-y" / y“ + r~ \ 

P \ P I .2 \ 2 ) 


= 0 ; 


which, after dividing by y" - y ", may be written 


../_.p\ y'y y , py p(y' + y"+y'") „ 

v [* + 4)- — + T S °' 

The symmetry of the equation Bbows that the three perpendiculars intersect on tho direc- 
trix at a height 2yy"y” y + y" + y" 

y = __ + - . 

* Ex. 3. The area of the triangle formed by three tangents is half that of the triangle 
formed by joining their points of contact (Gregory, Cambridge Journal , iL 16, Walton, 
p. 137). 

Substituting the co-ordinates of the vertices of the triangles in the expression of 

Art 31, we find for tho latter area, — - (y’ - y") (y” - y'") (y" - y ') ; and for the former 
2 P 

area half this quantity. 

Ex. 4. Find an expression for the radius of the circle circumscribing a triangle in- 
scribed in a parabola. 

The radius of the circle circumscribing a triangle, the lengths of whose sides are 
_ _ def 

and whose area = 2 is easily proved ^ ^ • But if d be the length of the chord joining 

the points x~y'*', and O’ the angle which this chord makes with tho axis, it is ob- 
vious that d sin©' = y" — y‘\ Using, then, the expression for the area found in the last 

p 

Example, we have R = ^ We might express the radius, also, in terms 

2 sin (F sin 0 8in0 

of the focal chords parallel to the sides of the triangle. For (Art. 198, Ex. 2) the length 

of a chord making an angle 0 with the axis is c = — . Hence R* = cc c 
6 sin*0 4p 

It follows, from Art. 217, that c\ c", c" arc the. parameters of the diameters which 

bisect the sides of the triangle. 


Ex. 5. Express the radius of the circle circumscribing the triangle formed by three 
tangents to a parabola in terms of the angles which they make with the axis. 

P p’p n p** 

A ns. R = r. ■ ■ ■ ■ ; or R- = — — , where p,p,p" are the pa- 

2ainSain8 amd 4 p 

rametere of the diameters through the points of contact of the tangents 
(see Art. 2 1 7). 

2 c 
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Ex. 6. Find the angle contained by the two tangents through the point x'y' to the 
parabola y* = 4 mx. 

The equation of the pair of tangents is (as in Art 150) found to be 
(y « - 4m*) (y* - 4ms) = {yy' - 2m(x + *)}». 

A parallel pair of lines through the origin is 

xy* - y'ry -f mx* = 0. 


The angle contained by which is (Art, 70) 

V(y** - 4mx0 
tanp = -. 


Ex. 7. Find the locus of tangents to a parabola which cut at a given angle. 

Ant. The hyperbola y*- 4mx = (x + m) 2 tan*p, ory* 4-(x-m)*=(x4-m)*sec*p. 
From the latter form of the equation it is evident (see Art. 190) that the 
hyperbola has the same focus and directrix as the parabola, and that its ec- 
centricity = seep. 

Ex. 8. Find the locus of the foot of the perpendicular from the focus of a parabola 
on the normal. 

The length of tl^ perpendicular from (m, 0) on 2m (y - y') 4- y (x — x') = 0 is 


/ (r* + m) 
V(y’* + 4m 2 ) 


= V {*’(*’ + »>)}. 


But if 0 be the angle made with the axis by the perpendicular (Art. 217) 


ri " 0= ^ / (7T=)' C09e = v / (^)‘ 

Ilenco the polar equation of the locus is 
m cosO 

p= -^F' oryl = ,M - 


Ex. 9. Find the co-ordinates of the intersection of the normals at the points x y\ x’y". 


Ant. 


* = 2 m+ £±££±£!. s = - 


4m * 8m* 

Or if a, /3, be the co-ordinates of the corresponding intersection of tan- 
gents, then (Ex. 1) „ /3* a/ 3 

X = 2m + — — a, y = . 


Ex. 10. Find the locus of the intersection of normals at the extremities of chords 
which pass through a given point x'y*. 

We have then the relation (Sy = 2m (x' -f a) ; and on substituting in the results of 
the last Example the value of a derived from this relation, we have 

2mx + /3y' = 4m* 4- 2/3* 4- 2wx' ; 2m*y = 2/3 mx' - fPy ’ ; 
whence, eliminating /3, we find 

2{2m(y - y') 4 y' (x - x') ) * = (4mx' - y'*) (yy 4- 2x'x - 4 m X - 2x'*), 
the equation of a parabola whose axis is parallel to the perpendicular from the given point 
on its polar. 

Ex. 11. Find the locus of the intersection of normals at right angles to each other. 
3* 

In this case a «= — m, i = 8m + — f y = /3, y* = m (x — 8m). 
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Ex. II. If the lengths of two tangents be a, b, and the angle between them u; find 
the parameter. 

Draw the diameter bisecting the chord of contact; then the parameter of that dia- 

y 2 , y 2 sin 2 # ®*y* 

meter is p = — , and the principal parameter is p = — - — ■= — (where w in the 

length of the perpendicular on the chord from the intersection of the tangents). But 
2 nry = o6 sin w, and 

_ . . 4a6sino» 

160 = a* 4- 6* + 2 ab costu ; hence p = (see p. 180). 


(a 1 + 6* -f 2 ab cos «)^ 


Ex. 13. Show, from the equation of the circle circumscribing three tangents to a pa- 
rabola, tliat it passes through the focus. 

The equation of the circle circumscribing a triangle being (Art 105) fty sin A 
+ ya sin B + a/3 sin C *= 0, the absolute term in this equation is found (by writing at 
full length for a, x cos a + y sin a — />, &c.) to be p'p" sin(/3 — y) + p“p sin(y — a) 
+ />/>'sin(a - ft). But if the line a be a tangent to a parabola, and the origin the 

focus, we have (Art. 224) p = - — — , and the absolute term = { tdn(ft~ y) 

cos a cos a cos ft cosy * 

cos a + sin (y — a) cos ft + sin (a — ft) cosy), which vanishes identically. 


Ex. 14. Find the locus of the intersection of tangents to a parabola, being given 
either (1) the product of sines, (2) the product of tangents, (3) the sum or (4) difference 
of cotangents of the angles they make with the axis. 

Ant. (1) a circle, (2) a right line, (8) a right line, (4) a parabola. 


233. We add a few miscellaneous examples. 

Ex. 1. If an equilateral hyperbola circumscribe a triangle, it will also pass through 
the intersection of its perpendiculars (Brianchon & Poncelet : Gcrgonne, Annalet y xi. 205; 
Walton, p. 283). 

The equation of a conic meeting the axes in given points is (Ex. 1, p. 137) 

66'x* -f Bxy -f aa'y* — bb‘ (a + a) x — ad (6 + b') y + adbb — 0. 

And if the axes be rectangular, this will represent an equilateral hyperbola (Art 178) 
if ad = - 66'. If, therefore, the axes be any side of the given triangle, and the perpen- 
dicular on it from the opposite vertex, the portions a, a, 6, are given, therefore 6' is also 

ad 

given ; or the curve meets the perpendicular in the fixed point y = — - , which is 

o 

(Ex. 7, p. 35) the intersection of the perpendiculars of the triangle. 

Ex. 2. Given a triangle, such that any vertex is the pole of the opposite side with 

respect to an equilateral hyperbola; the circle circumscribing the triangle passes through 

tho centre of the curve. [This is a particular case of a theorem to be proved in the next 

Chapter (Brianchon & Poncelet, Gergonnc, xi. 210 ; Walton, p. 304).] 

Take two sides of the triangle for axes ; now the pole of the axis of x, with regard 

to a conic given by the general equatioa, lies on the diameter bisecting chords parallel 

to that axis (2Ax + By -f D = 0), and also on the polar of the origin (Dx + Ey -f 2F = 0). 

If, then, we have DE = 2BF, both these lines will meet the axis of y in the same point? 

and the pole of the axis of x will be the point y = - on the axis of y. In the same 

B 

, , E 

ease the pole of tho axis of y will be the point on the axis of x, x * — -r . 
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The equation of the circle through the origin and through these two points is 
B (a* + 2xy cosw -f y*) + Ex 4- Dy = 0, 
or x (2Cy -f Bx + E) -f y (2 Ax + By + D) — 2 (A + C — B cos w) xy — 0, 
an equation which will evidently be satisfied by the co-ordinates of the centre, provided 
we have A + C = B cosw, that is to say, provided the curve be an equilateral hyperbola 
(Arts. 70, 178). If DE be not = 2BF, we have still proved that the circle passes 
through the centre, which is described through the origin and through the points 
E \ 

— — , 0 1, that is to say, through the points where each axis is met by the 

diameter bisecting chords parallel to the other. Hence, a circle described through the 
centre of an equilateral hyperbola, and through any two points, will also pass through 
the intersection of lines drawn through each of these points parallel to the polar of the 
other. 

Ex. 8. If on any tangent to a conic there be taken points A, B, such that AB may 
be constant ; find the locus of the intersection of tangents from A and B (see the section 
on the Anharmonic Properties of Conics). 

The points where a pair of tangents to a conic, given by the general equation, meet 
the axis of x are found (Art. 150) from the equation. 

{ (4 AC - B*) y** + (4 AE - 2BD) y + 4AF - D* } *« + 2 { (BD - 2AE) xy +(2CD - BE) 
y* 4 (D3 - 4AF) x + (DE - 2BF) y'J x + { (4AF - D*) x* + (4BF - 2DE) xy 
+ (4CF - E*)y'*} = 0. 

Forming the difference of the roots of this equation, and putting it equal to a con- 
stant, we obtain the equation of the locus which will be in general of the fourth degree; 
but if D* = 4AF, the axis of x will touch the given conic, and the equation of the locus 
will become divisible by y\ and will reduce to the second degree. We could, by the help 
of the same equation, find the locus of the intersection of tangents ; if the sum, product, 
&c., of the intercepts on the axis be given. 



THE ECCENTRIC ANGLE.* 

234. It is always advantageous to express the position of a 
point on a curve, if possible, by a single independent variable, 
rather than by the tico co-ordinates afy. We shall, therefore, 
find it useful, in discussing properties of the ellipse, to make a 
substitution similar to that employed (Art. 100) in the case of 
the circle ; and shall write 

x - a cos y - b sin 


* The use of this angle occurred to me some years ago, as a particular case of the 
methods given in Chapter xiv. It has, however, been already recommended by Mr. 
O’Brien in the Cambridge Mathematical Journal , voL iv. p. 90, and has since been in- 
troduced by him, under the name here adopted, into his treatise on Plane Co-ordinate 
Geometry, p. 111. 
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a substitution, evidently, consistent with the equation of the ellipse 



= 1 . 


The geometric meaning of the angle <p is easily explained. 

If we describe a circle on the axis major as diameter, and pro- 
duce the ordinate at P to meet the circle at Q, then the angle 

QCL = ^>, for CL = CQcosQCL, or x' = a coa<t>; and PL = ^ QL 
(Art. 166) ; or, since QL = a sin <f>, we have y = b sin <p. 




A 



A't__ 

c 

// L/h 


N 

|7m j 





235. Some important consequences may be drawn from this 
construction. 

If we draw through P a parallel PN 
to the radius CQ, then 

PM : CQ : : PL : QL ::b :a, 
but CQ = a, therefore PM = b. 

PN parallel to CQ is, of course, = a. 

Hence, if from any point of an ellipse 
a line = a be inflected to the minor axis, 
its intercept to the axis major = b. If the ordinate PQ were 
produced to meet the circle again in the point Q', it could be 
proved, in like manner, that a parallel through P to the radius 
CQ' is cut into parts of a constant length. Hence, conversely, 
if a line MN, of a constant length, move about in the legs of a 
right angle, and a point P be taken so that MP may be constant, 
the locus of P is an ellipse, whose axes are equal to MP and NP. 
(See Art. 230, Ex. 1.) 

On this principle lias been constructed an instrument for de- 
scribing an ellipse by continued motion, called the Elliptic Com- 
passes. CA, CD', are two fixed rulers, MN a third ruler of a 
constant length, capable of sliding up and down between them, 
then a pencil fixed at any point of MN will describe an ellipse. 

If the pencil be fixed at the middle point of MN it will de- 
scribe a circle. (O’Brien’s Co-ordinate Geometry , p. 1 1 2.) 


236. The consideration of the angle <j> affords a simple me- 
thod of constructing geometrically the diameter conjugate to a 
given one, for 
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Hcncc the relation 


n y b 

tan 0 = -, = tan*. 
x a 

tan 9 tan ft' = - ~ (Art. 174) 


becomes tan <p tan <f> •= - 1, 

or <p — <j> « 90°. 

Hence we obtain the following construction for drawing the 
diameter conjugate to any given one. Let the ordinate at the 
given point P, when produced, meet the 
semicircle on the axis major at Q, join 
CQ, and erect CQ’ perpendicular to it; then 
the perpendicular let fall on the axis from 
Q' will pass through P, a point on the con- 
jugate diameter. 

Hcncc, too, can easily be found the co-ordinates of P given 
in Art. 176, for, since 

cos<p = mnip, we have — = f-, 
a b 



and since . , , V x 

sin <p = - cos 6, we have ~ 

b a 

From these values it appears that the areas of the triangles 
PCM, PCM', are equal. 

Ex. 1. To express the lengths of two conjugate semidiameters in terms of the 

angle p. Ant. a * = a 5 cos 1 ^ + 6 5 sin 1 p ; b* = a’ sin’fk + b' 1 cos'^. 

Ex. 2. To express the equation of any chord of the ellipse in terras of $ and p (see 

P- 93), , x _ y 

Ant. - cos i (0 + f) + t sin i (p + f) = cos } (* - 

Ex. 3. To express similarly the equation of the tangent. 

. x y , 

Ant. - cos0 + - sin0 = 1. 
a r b 

Ex. 4. To express the length of the chord joining two points a, /3, 

D 3 = a 3 (cos a - cos/3) 3 + 6* (sin a - sin/3)* 

D •= 2 »inl(a -fJ) {o> sin»|(n + /3)+ 6»cos a i (a + /3)}1. 

But (Ex. 1) the quantity between the parentheses is the semidiameter eonjugate to that 
to the point 1 (a + 0); and (Ex. 2, 8) tho tangent at the point } (a + /?) is parallel to 
the chord joining the points a, 0 ; hence, if b denote the length of the semidiameter pa- 
rallel to the given chords, D = 26' sin J (o - /3). 
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Ex. 5. To find the area of the triangle formed by three given points a, y. 

By Art. 31 we have 

22 = aft {sin (a - 0)+ sin(/3 - y) + sin(y - a)} 

= a* { 2 sin J (a - /3) cos J (a - /3) - 2 sin j (a - /3) cos J (a + /3 - 2 y ) } 

= 4aisin J (a -/3) sin J (/3 - y) sin J (y - a) 

2 = 2ab sin £ (a — /3)sin — y) sin J (y — a). 

Ex. 6 . To find the radius of the circle circumscribing the triangle formed by three 
given points a, /I, y. 

If d, e,f be the sides of the triangle formed by the three points, K = ^ - b b b 

42 ah 

where 4', 4", 4 " are the semidiameters parallel to the sides of the triangle. If c, c“, c~ 

be the parallel focal chords, then (see p. 1 98) R» = (These expressions are dne 

to Mr. MacCnllagh, Dublin Exam. Paprri, 1836, p. 22 ; see also Crelle, vob XL. p. 81.) 

Ex. 7. To find the equation of the circle circumscribing this triangle. 

Am. x* + y» - ^ — cos i (a + 13 ) cos } (/3 + y) cos } (y + a) - 

a b 

sin 4(a + ^)sin|(^ + y)sinJ(y + a) = ?-^- - “ ~ b ( C oe(a + /3) 

+ cos03 + yj + cos(y + a)}. 

From this equation the co-ordinates of the centre of this circle arc at once obtained. 
Ex. 8 . To find the locus of the intersection of the focal radius vector FF with the 
radius of the circle CQ. 

Let the central co-ordinates of P be xy\ of 0 xy, then 
we have, from the similar triangles, FON, FPM, 
y _ y 4 sin ft 

x+c x' + c a(e + cosp)‘ 

Now, since £ is the angle made with the axis by the 
radius vector to the point 0 , we at once obtain the polar 
equation of the locus by writing p cos <p for x, pan f for y, 
and we find 

P ft 

c + pcoap a(e + cos p)’ 

or be 

P ~ — 

c + (a — b) cos 0 

Hence (Art 199) the locus is an ellipse, of which C is one focus, and it can easily be 
proved that F is the other. 

Ex. 9. The normal at P is produced to meet CQ ; find the locus of their intersection. 
The equation of the normal is (Art 184) 

a*x b*y 
— p r~ = c*. 

* y 

or (Art. 234) ax by 

cos ^ sin * 

but we may, as in the last example, write p cos $ and p sin f for * and y, and the equa- 

tion becomes / n 

(a - b) p = oi, 

or p ** a -f 6 . 

The locus is, therefore, a circle concentric with the ellipse. 
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Ex. 10. It ia useful in astronomy to express the angle PFC in terms of the angle 0. 
It Mrill be found that 

tan JPFC = j tan if. 

Ex. 11. If from the vertex of an ellipse a radius vector be drawn to any point on 
the curve, find the locus of the point where a parallel radius through the centre meets 
the tangent at the point. 

The tangent of the angle made writh the axis by the radius vector to the vertex 

y 

= —7— — ; therefore, the equation of the parallel radius through the centre is 
x -f a 

y y b sin 0 b 1 — cos 0 

x x + a a(l + cos0) a sin0 

or y . x x 

r sin0 + - cos 0 = 
baa 

and the locus of the intersection of this line with the tangent 

y . x 
- 8U1 0 + - COS0 m 1 
b r a 

x 

is, obviously, - = 1, the tangent at the other extremity of the axis. 
a 

The same investigation will apply, if the first radius vector be drawn through any 
point of the curve, by substituting a and b' for a and b ; the locus will then be the tan- 
gent at the diametrically opposite point. 

237. The methods of the preceding Articles do not apply to 
the hyperbola. For the hyperbola, however, we may substitute 

x ■= a sec <j>, y = b tan <p, 

since 

This angle may be represented 
geometrically by drawing a tan- 
gent MQ from the foot of the ordi- 
nate M to the circle described on 
the transverse axis, then the angle QCM - since 
CM - CQ sec QCM. 

We have also QM = a tan <p, but PM = b tan <p. Hence, if 
from the foot of any ordinate of a hyperbola we draw a tangent 
to the circle described on the transverse axis, this tangent is in a 
constant ratio to the ordinate. 

238. * Since the equation of the conjugate hyperbola is 

* This Article is taken from a paper by Mr. Turner in the Cambridge and Dublin 
Math. Jour., vol. i. p. 122. 
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any point on the conjugate hyperbola may be expressed by 

y" = b sec <j), and x" = a tan <j>'. 

Now if 0 be the angle made by any diameter with the axis of 

x, we have w b 

tan 0 = — , = - sin ib. 
x a 


In like manner u " h 1 

tan ff =*—., = — 7 — •, ; 

x a Binf 

hence the relation connecting two conjugate diameters 


becomes 
or, simply, 


- A 4 
tan 0 tan ff = — 
a ’ 

sin = sin <p ' ; 
<p = <p'. 


SIMILAR CONIC SECTIONS. 


239. Any two figures are said to be similar and similarly 
placed, if radii vectores drawn to the first from a certain point O 
are in a constant ratio to parallel radii drawn to the second from 
another point o. Ifitbepos- p p 

sible to find any two such 
points O and o, we can find 
an infinityof others ; for, take q< 
any point C, draw oc parallel 


25 







to OC, and in the constant ratio then from the similar tri- 

Ur 

angles OCP, ocp, cp is parallel to CP and in the given ratio. In 
like manner, any other radius vector through c can be proved to 
be proportional to the parallel radius through C. 

If two central conic sections be similar, all diameters of the one 
are constantly proportional to the parallel diameters of the other, 
since the rectangles OP • OQ, op ■ oq, are proportional to the 
squares of the parallel diameters (Art. 152). 


240. We now propose to investigate the condition that two 
conic sections, whose equations are given, 

2 D 
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Ax 3 4 Bxy 4 Cy' + Dx + Ey + F = 0, 
ax 3 + bxxj + cy* 4 dx 4 ey +f = 0, 
should be similar, and similarly placed. 

The equation of the first, referred to its centre as origin, must 
( Art. 155) be of the form 

Ax 1 4 Bxy 4 Cy* = F', 
and the square of any semidiameter 

F 

R 5 — - — — - — • 

Acos ! 0 4 B cos# sin #4 C sin 3 # 


the square of a pandlel scmidiameter of the second is 

r , = XL. 

a cos 1 # 4 b cos # sin # 4 c sin 3 # 

Ri 

The ratio — cannot be independent of #, unless we have 

ABC 
a b c 


Hence, two conic sections will be similar , and similarly placed, 
if the coefficients of the highest powers of the variables are the same 
in both, or only differ by a constant multiplier. 

241. It is evident that the directions of the axes of similar 
conics must be the same, since the greatest and least diameters 
of one must be parallel to the greatest and least diameters of the 
other. 

If the diameter of one become infinite, so must also the pa- 
rallel diameter of the other, that is to say, the asymptotes of 
similar and similarly placed hyperbola are parallel. The same 
thing follows from the result of the last Article, since (Art. 157) 
the directions of the asymptotes are wholly determined by the 
highest terms of the equation. 

• ■ • • • — fjp 

Similar conics have the same eccentricity; for 5 — ’must 

a * 

712’ ct* — TnPb* . . , . 

be — ^ Similar and similarly placed conic sections 

have hence sometimes been defined as those whose axes are pa- 
rallel, and which have the same eccentricity. 

If two hyperbola; have parallel asymptotes they are similar, 
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for their axes must be parallel, since they bisect the angles be- 
tween the asymptotes (Art. 157), and the eccentricity wholly 
depends on the angle between the asymptotes (Art. 170). 

242. Since the eccentricity of all parabola: is constantly «= 1, 
we should be led to infer that all parabol® are similar and simi- 
larly placed, the direction of whose axes is the same. In fact, the 
equation of one parabola, referred to its vertex, being y % = px, or 

p cos 0 
p = 'sit^T’ 

it is plain that a parallel radius vector through the vertex of the 
other will be to this radius in the constant ratio 

P 

Ex. 1. If on any radius vector to a conic section through a fixed point O, OQ be 
taken in a constant ratio to OP, find the locus of Q. 

We have only to substitute mp for p in the polar equation, and the locus is found to 
be a conic similar to the given conic, and similarly placed. 

The point 0 may be called the centre of similitude of the two couics ; and it is ob- 
viously (see also Art. 120) the point where common tangents to the two conics intersect, 
since when the radii vectores OP, OP' to the first conic become equal, so must also 
OQ, OQ' the radii vectores to the other. 

Ex. 2. If a pair of radii be drawn through a centre of similitude of two similar conics, 
the chords joining their extremities will be either parallel, or will meet on the chord of 
intersection of the conics. 

This is proved precisely as in Art. 121. 

Ex. 3. Given three similar conics, their six centres of similitude will lie three by 
three on right lines (see figure, page 1 1 3). 

Ex. 4. If any line cut two similar and concentric conics, its parts intercepted between 
the conics will be equal. 

Any chord of the outer conic which touches the interior will be bisected at the point 
of contact. 

These are proved in the same manner as the theorems at pages 171, 172, which are 
but particular cases of them ; for the asymptotes of any hyperbola may be considered as 
a conic section similar to it, since the highest terms in the equation of the asymptotes are 
the same as in the equation of the curve. 

Ex. 6. If a tangent drawn at V, the vertex of the inner of two concentric and si- 
milar ellipses, meet the outer in the points T and T, then any chord of the inner drawn 
through V is half the algebraic sum of the parallel chords of the outer through T 
and T. 

243. Two figures will be similar, although not similarly 
placed, if the proportional radii make a constant angle with each 
other, instead of being parallel ; so that, if we could imagine one 
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of the figures turned round through the given angle, they would 
be then both similar and similarly placed. 

To find the condition that the two conic sections, 

Ax 5 + Bxy + Cy’ + Dx + Ey + F «= 0, 
ax 1 + bxy + cy 3 ■+ dx + e y + f = 0, 
should be similar, even though not similarly placed. (Mr. Jellett: 
Dublin Examination Papers, 1847.) 

W e have only to transform the first equation to axes making 
any angle 9 with the given axes, and examine whether any value 
can be assigned to 0 which will make the new A, B, C propor- 
tional to a, b, c. 

Let A' <= ma, B’ ■= mb, C' » me. But the axes being sup- 
posed rectangular, we have seen (Art. 160) that the quantities 
B s - 4AC, A + C, are unaltered by transformation of co-ordi- 
nates ; hence we have 

A + C = A' + C' = m (a + c), 

B J - 4 AC = B' J - 4A'C' - m 3 (b 3 - 4ac), 
and the required condition is 

B’ - 4AC If — 4 ac 
(A + C) 1 (a + c) J 

If the axes be oblique it is seen in like manner (Art. 1 6 1 ) that 
the condition for similarity is 

B J - 4 AC b 3 - 4ac 

(A + C - B cos <o) J (a + c - bcosu>y 

It will be seen (Arts. 70, 157) that the condition found ex- 
presses that the angle between the (real or imaginary) asymptotes 
of the one curve is equal to that between those of the other. 

THE CONTACT OF CONIC SECTIONS. 

244. We proved (Art. 15) that we obtain an equation of the 
mn' h degree to determine the co-ordinates of the points of inter- 
section of two curves of the m ,h and n 01 degrees. Hence, two 
conic sections will in general intersect in Jour points. 

If two of these points of intersection coincide, the conic sec- 
tions are said to touch each other, and the line joining the coinci- 
dent points will be the common tangent. 
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Let the equations of the conics, referred to the tangent and 
normal, be (see p. 160) 

Ax 2 + Jiry + C y 2 + E y = 0, 

A'x 2 + B 'xy + C y 2 + E y = 0, 

then the equation of the line (LM) joining the other two points 
of intersection will be, as in Ex. 2, p. 160, 

(BA' - AB”) i + (C A' - AC') y + (E A' - AE') = 0. : 

This is called a contact of the first order. 


Now the contact of the conics will evidently be more close if 
three of their points of intersection coincide. In this case one of 
the points L, M must coincide with T, the line LM must pass 
through the origin, and we must have the condition 
EA - AE' = 0. 

This is called a contact of the second order. Curves which have a 
contact higher than the first order are said to osculate, and it ap- 
pears that conics which osculate, in general, meet each other in 
one other point. 

The contact of two conics will be the closest possible when 
they have four consecutive points in common. In this case the 
line LM must coincide with the tangent at T(y = 0), and we 
must have the two conditions 

EA' - AE' = 0, BA'-AB' = 0. 

This is called a contact of the third order ; and since two conic 
sections cannot have more than four points common, it is the 
highest order of contact which two different conics can have. 

Hence, if the equation of one curve be 

x 2 + Bry + C y 2 4 Ey = 0, 
that of the other will be 

ar* + Bxy 4 C y J 4 Ey = 0. 

245. Hence an infinity of conic sections can be drawn having 
a contact of the third order with a given conic at a given point, 
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and any one condition will enable us to determine the touching 
conic. Thus, for example, the parabola having a contact of the 
third order with the conic 


will be 


x 1 + B xy + C y 5 + Ey = 0 

B J 

x 2 + B.ry + — - y’ + Ey = 0. 


Wc cannot describe a circle to have a contact of the third or- 
der with a given conic, because two conditions must be fulfilled 
in order that this equation should represent a circle ; or, in other 
words, wc cannot describe a circle through four consecutive points 
on a conic, since three points are sufficient to determine a circle. 
We can, however, easily find the equation of the circle passing 
through three consecutive points on the curve. This circle is 
called the osculating circle, or the circle of curvature. 

The equation of the conic being 

Ax J + B xy + Cy 1 + Ey = 0, 
that of any circle touching it is (Art. 77, Cor. 2) 


X s + y s + 2 ry = 0, 

and the condition that the circle should osculate is (Art. 244) 

E = 2Ar, or r = • 

The quantity r is called the radius o f curvature of the conic 
at the point T. 


246. To find an expression fur the radius of curvature at any 
point of an ellipse. 

It is plain, from the last Article, that this can be found by 
transforming the equation to the tangent and normal at the point. 
The equation referred to a diameter through the point and its 

conjugate f — + = 1 is transferred to parallel axes through 

the given point, by substituting x + a' for x, and becomes 




0 . 


The axes are now a tangent and diameter through the point, and 
wc wish, allowing the axis of y to remain unaltered, to make the 
normal the axis of x. 
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Now, if X and \ be rectangular co-ordinates, x and y ob- 
lique co-ordinates, inclined at an angle 0 , the axis of y remaining 
unaltered, we see (as in Art. 217) that 

# sind = X ; y + x cos 0 - Y ; 
and, therefore, X X 

sin 0 y tan 0 

On making these substitutions, the coefficient of X will be 
2 1 

~ — « and that of \ J will be -rr ; hence the radius of curvature 
a aiuu b 

b ' 2 

will be g ■ Now, a sin 0 is the perpendicular from the centre 
on the tangent ; therefore the radius of curvature 


P 


-(Art. 179) 2- 


247 . This value enables us to construct simply for the radius 
of curvature at any point. We proved (Art. 185) that the length 

of the normal = — , and that cosxp = (f, being the angle between 
the focal radius and the normal) ; hence 



COS 2 \fi 


If, therefore, we erect a perpendicular to the normal at the 
point where it meets the axis, and again at 
the point Q, where this perpendicular meets 
the focal radius, draw CQ perpendicular 
to it, then C will be the centre of curva- 
ture, and CP the. radius of curvature. 

Another useful construction is founded on the principle that 
if a circle intersect a conic, its chords of intersection will make 
equal angles with the axis. For, the rectangles under the seg- 
ments of the chords are equal (Euc. ill. 35), and therefore the 
parallel diameters of the conic are equal (Art. 152), and, there- 
fore, make equal angles with the axis (Art. 165). 

Now in the case of the circle of curvature, the tangent at T 
(see figure, p. 205) is one chord of intersection, and the line TL 
the other; we have, therefore, only to draw TL, making the 
same angle with the axis as the tangent, and we have the point 
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L ; then the circle described through the points T, L, and touch- 
ing the conic at T, is the circle of curvature. 

This construction showB that the osculating circle at either 
vertex has a contact of the third degree. 

Ex- 1. Using the notation of the eccentric angle, find the condition that four points 
a, / 3, y, 3 should lie on the same circle (Joachimstal, Crelle y xxxvi. 95). 

The chord joining two of them must make the same angle with one side of the axis 
ns the chord joining the other two does with the other; and the chords being 

- cos i (a + + ? sinJ(a + /3) = cos§ (a- /3) ; - cos J (r + 3) + \ Mn|(y + 3) 

a o a o 

= cosJ(y- «), 

we have tan } (a + /3) •+ tan I (y + 3) = 0 ; a+/3-f-y + 3= 0; or = 2 mir. 

Ex. 2. Find the co-ordinates of the point where the osculating circle meets the conic 
again. 

4y' J 

We have a = /3 = y ; hence 3 = - 3a ; or X = — — —3 x \ Y = — 3 y. 

a* o* 

Ex. 3. There are three points on a conic whose osculating circles pass through a 
given point on the curve ; these lie on a circle passing through the point, and form a 
triangle of which the centre of the curve Is the intersection of bisectors of sides (Steiner, 
Crtlle , xxxiL 300 ; Joachimstal, Crelle , xxxvi. 95). 

Here we are given 3, the point where the circle meets the curve again, and from the 

3 

last Example the point of contact is a — — But since the sine and cosine of 3 would 

3 

not alter if 3 were increased by 360°, we might also have a = — - + 120", or = — - 4 240*, 

3 3 

and from Ex. 1, these three points lie on a circle passing through 3. If in the last 
Example we suppose XY given, since the cnbica which determine x' and y want the se- 
cond terms, the suras of the three values of x and of y are respectively equal to cipher : 
and therefore (Ex. 4, p. 5) the origin is the intersection of the bisectors of sides of the 
triangle formed by the three points. It is easy to see that the normals at these points are 
the three perpendiculars of this triangle, and therefore that they meet in a point. 


248. To find the radius of curvature of the parabola. 

The equation, referred to any diameter and tangent {if = px), 
is transferred to the tangent and normal by the same substitution 
as in Art. 246, and we find 


R = r-4—2 

2 sind 

or since (Arts. 217, 218) 

N = ~ sin 0, 

The construction, therefore, 
to the case of the parabola. 


«fi(Art.217); 
2 P* 


R = 
ueed in 


n y 

sin'0 cos’i/, 

the last Article, applies also 
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Ex. 1. Id all the conic sections the nulius of curvature is equal to the cube of (ho 
normal divided by the square of the semi-parameter. 

Ex. 2. Express the radius of curvature of an ellipse in terms of the angle which the 
normal makes with the axis. 


Ex. 3. Find the lengths of the chords of the circle of curvature which pass through 

the centre or the focus of a central conic section. , 26 * , 26* 

Ans. — — , and — . 
a a 

Ex. 4. The focal chord of curvature of any conic is equal to a focal chord of the 
conic drawn parallel to the tangent at the point. 

Ex. 5. In the parabola the focal chord of curvature is equal to the }>arameter of the 
diameter passing through the point. 


249. To find the co-ordinates of the centre of curvature of a 
central conic. 

These are evidently found by subtracting from the co-ordi- 
nates of the point on the conic the projections of the radius of 
curvature upon each axis. Now it is plain that this radius is to 
its projection on y as the normal to the ordinate y. We find the 
projection, therefore, of the radius of curvature on the axis of 

. • . y b'*y 

y by multiplying the radius — by ^ The y of the centre 

_ b't (O 

of curvature then is — y. But 6' J = b- + y'% therefore the 


y of the centre of curvature 


. 4* - o* 

18 -*-**• 


In like manner its x is 


a* - b l 


a * 


x' J . 


We should have got the same values by making a = (3 = y 
in Ex. 7, Art. 236. 

Or again, the centre of the circle circumscribing a triangle is 
the intersection of perpendiculars to the sides at their middle 
points; and when the triangle is formed by three consecutive 
points on a curve, two sides are consecutive tangents to the 
curve, and the perpendiculars to them are the corresponding 
normals, and the centre of curvature of any curve is the intersec- 
tion of two cons ecu/ ive normals. Now if we make x = x" = X, 
y = y" = y, in Ex. 4, p. 161, we obtain again the same values as 
those just determined. 


250. To find the co-ordinates of the centre of curvature of a 
. parabola. 

2 E 
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The projection of the radius on the axis of y is found in like 
manner by multiplying the radius of curvature 


n y __y_ . 

sin-0 y N sin’O’ 


and subtracting this quantity from y we have 
V 

tan 2 0 




. • , P , p + 4*’ 

In like manner its x is x ¥ = x + — - — . 

The same values may be found from Ex. 9, p. 194. 


251. The ei white of a curve is the locus of the centres oi 
curvature of its different points. If it were required to find the 
e volute of a central conic, we should solve for xy in terms of the 
x and y of the centre of curvature, and, substituting in the equa- 

pi pi 

tion of the curve, should have (writing — = A, ^ = B), 


A* B* 

In like manner the equation of the evolute of a parabola is found 

to be 2T py 1 *=16 (a; — \p) 3 , 

which represents a curve called the semicubical parabola. 


-CHAPTER XIV. 

METHODS OF ABRIDGED NOTATION. 

252. We have proved (Art. 15) that we obtain an equation 
of the mn* degree to determine the co-ordinates of the points of 
intersection of two curves of the m ,k and n" 1 degrees ; and since 
an equation of the win" 1 degree has always mn roots, real or ima- 
ginary, we infer (as in Art. 69) that a curve of the m ,h degree 
will always intersect a curve of the n ,h degree in mn points, real 
or imaginary. Two conic sections, therefore, S = 0, S' = 0, 
always intersect each other in four points, real or imaginary; 
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and (Art. 36) S + kS «* 0 is the equation of another conic through 
these four points of intersection. 

253. This will, of course, still be true if cither or both the 
quantities S, S' be resolvable into factors. Thus, let S' be re- 
solvable into factors, and represent the pair of right lines a, (3; 
then S + ia (3 = 0, wliich is evidently satisfied by the co-ordinates 
of the points where either a or (3 meets S, will represent a conic 
passing through the four points where S is met by this pair of 
right lines. It is, therefore, the equation of a conic having a and 
1 3 for its chords of intersection with S. If either a or (3 do not 
meet S in real points, it must still be considered as a chord of 
imaginary intersection, and will preserve many important pro- 
perties in relation to the two curves, as we have already seen in 
the case of the circle (Art. 1 1 1). 

If both S and S' break up into factors, the equation ay + i(3S = 0 
represents the conic circumscribing the quadrilateral (af3yS), as 
we have already seen, p. 97. 

It is obvious that in what precedes a need not denote a line 
whose equation has been reduced to the form jrcosa+ysina=p, 
but that S + LM = 0 (see convention, Art. 52) will in like man- 
ner represent a conic passing through the points where L and M 
meet S, &c. 

Ex. 1. What is the equation of a conic passing through the points where a given 
conic S meets the axes ? 

Here the axes x — 0, y — 0 arc the chords of intersection, and the equation must be 
of the form S 4- kxy = 0, whore k is indeterminate. Compare Ex. 1, p. 137. 

Ex. 2. Find the equation of the conic passing through five given points. 

Having formed the equations of a, /3, y, fl, the sides of the quadrilateral formed by 
four of the given points, we know’ that the equation must be of the form ay = kfic ; and, 
substituting in this equation the co-ordinates of the fifth point, we are able to deter- 
mine k. 

Ex. 3. Form the equation of the conic which passes tlirough the points (1, 2), (3, 5) 
(- 1, 4), (- S, - 1), (- 4, 3). 

Considering the quadrilateral funned by the first four points, we see that the equa- 
tion must be of the form 

(3x -2 y + 1) (5* - 2y 4 13) =* X’(«e - 4 y 4 17) (3* - Ay + 6). 

221 

Substituting in this the co-ordinates - 4, 3, wliich must satisfy it, we obtain k — — 

Substituting this value, and reducing the equation, it becomes 

79 & - 320 xy + 301y* 4 110U - 1665y + 1586 =* 0. 
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254. We have seen that the equation S 4 haft =* 0 represents 
a conic passing through the 
four points l’,Q; p,q\ where 
a, ft meet S: and it is evi- 
dent that the closer to each 
other the lines aft are, the 
nearer the point P is to p, 
and Q to q. Suppose then that the lines a and ft coincide, then 
the points P, p ; Q, q coincide, and the second conic will touch 
the first at the points P, Q. We learn then that the equation 
S 4 ha‘ = 0 represents a conic having double contact with S, and 
whose chord of contact is a. In like manner ay 4 kft 2 = 0 repre- 
sents a conic, to which a and y are tangents, while ft is their 
chord of contact, as we have already seen (Art. 104). Similarly 
S 4 L 5 - 0 represents a conic having double contact with S, L being 
the chord of contact; and LN = M 1 denotes a conic to which L 
and N are tangents, while M is their chord of contact. 

If the line a were a tangent to S,the two points P and Q 
would coincide, and the conic S 4 lea 1 would have four consecu- 
tive points common with S, and would therefore have with it a 
contact of the third degree. Thus, for instance, we have seen 
(Art. 244) that the equations of two conics which have contact 
of the third order at a point on the axis of x are of the form 
S = 0 and S 4 kg 1 = 0. 

255. The forms given in the preceding articles receive impor- 
tant modifications, if any of the lines which they involve be at an 
infinite distance. It was proved (Art. 64) that when a line is re- 
moved to an infinite distance, its equation is reduced to the con- 
stant term. If, then, in any of the preceding equations, we 
substitute a constant for any of the quantities a, ft, &c., we shall 
have the form which that equation will assume when the line 
a, ft, &c., is at an infinite distance. 

Thus we know that the lines L, N touch the conic LN = M’ 
at the points where they meet M ; if, then, we substitute for M 
a constant m, we see that the conic LN = m- is touched by the 
lines L, N at the points at infinity on those lines : in other words, 
that the lines L, N arc asymptotes to this conic. If we suppose 
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the lines L, N to be the axes, we obtain the known form of the 
equation of a conic referred to its asymptotes xy = m 3 (Art. 204). 

In like manner, the equation /N = M 3 (where / is a constant) 
denotes a conic to which N is one tangent, and /, the line at in- 
finity, is another. In this equation the highest terms form the 
perfect square M 3 , and therefore the curve is a parabola. Con- 
versely, every parabola has one tangent altogether at an infinite 
distance. In fact, the equation which determines the direction 
of the points at infinity on a parabola is a perfect square (Art. 
136) ; the two points of the curve at infinity therefore coincide ; 
nnd therefore the line at infinity is to be regarded as a tangent 
(Art. 81). And the form of the equation of the parabola px - y 2 
denotes that the line at infinity p is one tangent, the line x another, 
and that the diameter y is the line joining their points of contact. 

So, in general, the equation 

(ax + by)* + Dx + Ey + F = 0 

denotes a parabola to which Dx + Ey + F = 0 is a tangent, and 
ax + by = 0 the diameter through the point of contact. 

256. In like manner, it may be inferred from Art. 253 that 
the equations S = 0, S + /M = 0 (where / is a constant), de- 
note two conics intersecting each other in the two finite points 
where M meets either, and also in the two infinitely distant points 
where the line at infinity / meets either. Now, it is plain that 
the coefficients of x 2 , xy, and y 2 arc the same in the two equa- 
tions S = 0, S + /M = 0; and therefore (Art. 240) that these 
equations denote two conics similar and similarly placed. W e 
learn, therefore, that ttco conics similar and similarly placed can 
cut each other only in two finite points ; and that this is because 
they also cut each other in two real, coincident, or imaginary 
jwints at infinity. 

257. We may arrive geometrically 
at the same conclusion. 

First. If the curves be hyperbola:. 

The asymptotes of similar hyperbola: are 
parallel (Art. 241), that is, they inter- 
sect each other at infinity ; but each 
asymptote intersects its own curve at in- 
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finity ; hence we infer that similar and similarly placed hyperbolae 
intersect each other in the two points at infinity, where each is 
intersected by its own asymptotes (see the figure, where the two 
hyperbolae evidently tend to intersect at the two points at infinity, 
where OX meets ox, and OY meets oy). 

Secondly. If the curves be ellipses. Ellipses only differ from 
hyperbola in having imaginary instead of real asymptotes. The 
directions of the points at infinity on either of two similar ellipses 
arc determined from the same equation (Ax ' 1 + Bay + Cjr = 0) 
(Arts. 134 and 240). Now, although the roots of this equation 
arc in both cases imaginary, yet they arc in both cases the same 
imaginary roots ; we infer, therefore, that two similar ellipses 
pass through the same two imaginary points at infinity. 

Thirdly. If the curves be parabola;. They arc both touched 
by the line at infinity (Art. 255). The direction of the point of 
contact at infinity is the same as that of the diameters (Art. 140), 
and is therefore the same for two similarly placed parabola* (Art. 
242). Hence tiro similarly placed parabola touch each other at 
infinity. 

258. It may be inferred in precisely the same way, from 
Art. 254, that the equation S + l 1 = 0, where / is constant, de- 
notes a conic touching the conic S in two points at infinity. 
Now if the equations of two conics only differ in the constant 
terms, since the co-ordinates of the centre do not contain F 
(Art. 138), the conics must have the same centre ; and since the 
first three terms arc the same in both, the conics are similar ; 
hence the conics S and S + l % are similar and concentric. We 
learn then that similar and concentric conics are to he regarded as 
touching each other at two points at an injinite distance. This is 
otherwise evident, since we have proved in the last Article that 
the curves pass through the same points at infinity ; and since 
they have the same, real or imaginary, asymptotes, they have also 
the same tangents at those points. 

If the curves be parabolae, then since the line at infinity 
touches both, by Art. 254, the conics S and S + l 1 have with 
each other a contact of the third order at infinity. Two para- 
bola; whose equations only differ in the constant term will be 
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equal to each other; for the parabola; if = px, and y- = p (x 4 n), 
are obviously equal, and if the origin be transferred to any other 
point the equations will continue to differ only in the constant 
term. We have seen too (Art. 213) that the expression for the 
parameter of a parabola does not involve the absolute term. 
The parabolae, then, S and S + l' 1 , are equal to each other, and 
we learn that tico equal and similarly placed parabolce may be 
considered as having with each other a contact of the third order 
at infinity. 

259. Since all circles are similar curves, it follows, as a par- 
ticular case of the last Articles, that all circles pass through the 
same two imaginary points at infinity, and that concentric circles 
touch each other in two imaginary points at infinity. Thus we see 
the reason why two circles cannot cut each other in more than 
two finite points, and why two concentric circles do not meet in 
any finite point, although tw T o curves of the second degree in 
general intersect in four points. We shall also show that the 
theorems established (p. 103, &c.), concerning circles which pass 
through the same two points, are only particular cases of more 
general theorems concerning conic sections which pass through 
the same four points. 

260. We proceed to notice some inferences which follow im- 
mediately on interpreting the preceding equations by the help of 
Art. 27. Thus the equation ay ■= i/3 3 implies that the product 
of the perpendiculars from any point of a conic on two fixed tan- 
gents is in a constant ratio to the square of the perpendicular on 
their chord of contact. 

The equation ay = i/38, similarly interpreted, leads to the 
important theorem : The product of the perpendiculars let fall 
from any point of a conic on two opposite sides of an inscribed qua- 
drilateral is in a constant ratio to the product of the perpendiculars 
let fall on the other two sides. 

From this property we at once infer, that the anharmonic 
ratio of a pencil, whose sides pass through four fixed points of a 
conic, and whose vertex is any variable point of it, is constant. 

For the perpendicular 
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OA OB sinAOB OC CD - sin COD 

“ = AB ’ ? = CD 1 

Now if we substitute these values 
in the equation 07 = the con- 
tinued product OA-OB-OC-OD 
will appear on both sides of the 
equation, and may therefore be 
suppressed, and there will remain 

sin AOB • sin COD AB-CD 
sin BOC ■ sin AOI) BC • AD ’ 
but the right-hand member of this equation is constant, while 
the left-hand member is the anharmonic ratio of the pencil 
OA, OB, OC, OD. 

The consequences of this theorem are so numerous and im- 
portant, that we shall devote a section of the next chapter to 
develop them more fully. 

261. If S = 0 be the equation to a circle, then (Art. 88) S is 
the square of the tangent from any point xy to the circle ; hence 
S - ia(3 = 0 (the equation of a conic whose chords of intersection 
with the circle are a and ji) expresses that the locus of a point, 
such that the square of the tangent from it to a fixed circle is in a 
constant ratio to the product of its distances from two fixed lines, 
is a conic passing through the four points in which the fixed lines 
intersect the circle. 

This theorem is equally true whatever be the magnitude of 
the circle, and whether the right lines meet tlic circle in real or 
imaginary points ; thus, for example, if the circle be infinitely 
small, the locus of a point, the square of whose distance from a 
fixed point is in a constant ratio to the product of its distances from 
two fixed lines, is a conic section ; and the fixed lines may be con- 
sidered as chords of imaginary intersection of the conic with an 
infinitely small circle whose centre is the fixed point. 

262. Similar inferences can be drawn from the equation 
S - kd > = 0, where S is a circle. We learn that the locus of a 
point, such that the tangent from it to a fixed circle is in a constant 
ratio to its distance from a fixed line, is a conic touching the circle 
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at the two points where the fixed line meets it; or, conversely, that 
if a circle have double contact with a conic, the tangent drawn to 
the circle from any point on the conic is in a constant ratio to the 
perpendicular from the point on the chord of contact. 

In the particular case where the circle is infinitely email, we 
obtain the fundamental property of the focus and directrix, and 
we infer that the focus of any conic may be considered as an infi- 
nitely small circle, touching the conic in two imaginary points 
situated on the directrix. 

263. In general, f in the equation of any conic the co-ordi- 
nates of any point be substituted, the result will be proportioiw.1 to 
the rectangle under the segments of a chord drawn through the 
point parallel to a given line.* 

For (Art. 151) this rectangle 

F 

A cos'O + B cos 0 sin 0 + C sin’0 ’ 

where, by Art. 129, F’ is the result of substituting in the equa- 
tion the co-ordinates of the point ; if, therefore, the angle 0 be 
constant, this rectangle will be proportional to F'. Hence, we 
may extend the last-proved theorems to the case where S is any 
conic. For example : “ If two conics have double contact, the 
square of the perpendicular from any point of one upon the chord 
of contact, is in a constant ratio to the rectangle under the seg- 
ments of that perpendicular made by the other or, in general, 
“ If a line parallel to a given one meets two conics in the points 
P, Q, p, q, and we take on it a point O, such that the rectangle 
OP • OQ may be to Op ■ Oq in a constant ratio, the locus of O is 
a conic through the points of intersection of the given conics.” 

264. If two conics have each double contact with a third, their 
chords of contact with the third conic, and a pair of their chords 
of intersection with each other, will all pass through the same 
point, and will form an harmonic pencil. 

Let the equation of the third conic be S = 0, and those of tli£ 
other two conics, 

S + L’ = 0, S + M* = 0. 

* This is equally true for curves of any degree. 

2 F 
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Now, on subtracting these equations, we find for the equation 
of the chords of intersection, 

L 1 - M* = 0. 

The chords of intersection, therefore (L - M «= 0, L + M = 0), 
pass through the intersection of the chords of contact (L and M), 
and form an harmonic pencil with them (Art. 55). 

It is important that the student should acquire the habit of 
taking notice of the number of particular theorems often included 
under one general enunciation ; thus, for example, the present 
theorem holds good, and is proved, in like manner, if the conic S 
reduce to two right lines ; hence, the chords of contact of two 
conics with their common tangents pass through the intersection of 
their common chords. 

Again, if S be any conic, while S + L’ and S + M* both reduce 
to pairs of right lines, these right lines will then form a circum- 
scribing quadrilateral, and the chords of intersection (L 2 - M ! ) 
will be the diagonals of that quadrilateral, while the chords of 
contact (L and M) obviously are the diagonals of the inscribed 
quadrilateral formed by joining the points of contact. Hence, 
the diagonals of any inscribed, and of the corresponding circum- 
scribed quadrilateral, pass through the same point, and form an 
harmonic pencil. 

The theorem of this Article may also be stated thus: If a 
conic section pass through two given points, and have double con- 
tact with a given conic, the chord of contact passes through a fixed 
point. For, suppose any conic (S + L J = 0) through the two 
given points to be fixed, then the intersection of its chord of 
contact (L), with the line joining the given points, determines a 
point through which, by the present Article, any other chord of 
contact must pass. 

In like manner : Given two tangents and two points on a conic 
section ; the chord of contact will pass through a fixed point on the 
line joining the two given points. 

265. If three conics have each double contact with a fourth, their 
six chords of intersection will pass three by three through the same 
points, thus forming the sides and diagonals of a quadrilateral. 
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Let the conics be 

S + L a = 0, S + M a = 0, 

By the last Article the chords will be 

S 4 N a = 0. 

L - M - 0, 

M - N = 0, 

N-L-0; 

L 4 M = 0, 

M 4 N = 0, 

N - L >= 0 ; 

L 4 M = 0, 

M - N = 0, 

N + L = 0 ; 

L - M - 0, 

M 4 N - 0, 

N + L = 0. 


As in the last Article, we may deduce hence many particular 
theorems, by supposing one or more of the conics to break up into 
right lines. 

Thus, for example, if S break up into right lines, it represents 
two common tangents to S + M a , S 4 N a ; and if L denote any 
right line through the intersection of those common tangents, 
then S + L a also breaks up into right lines, and represents any 
two right lines passing through the intersection of the common 
tangents. Hence, if through the intersection of the common tan- 
gents of two conics we draw any pair of right lines, the chords of 
each conic joining the extremities of those lines will meet on one of 
the common chords of the conics. This is the extension of Art. 
121. Or, again, tangents at the extremities of either of these right 
lines will meet on one of the common chords. 

266. If S + LS S + M a , S + N a , all break up into pairs of 
right lines, they will form a hexagon circumscribing S, the chords 
of intersection will be diagonals of that hexagon, and the propo- 
sition of this Article becomes Brianchon’s theorem : “ The three 
opposite diagonals of every hexagon circumscribing a conic intersect 
in a point.” 

By the opposite diagonals we mean (if the sides of the hexa- 
gon be numbered 1, 2, 3, 4, 5, 6) the lines joining (1, 2) to (4, 6), 
(2, 3) to (6, 6), and (3, 4) to (6, 1); and by changing the order 
in wliich we take the sides, we may consider the same lines as 
forming a number (sixty) of different hexagons, for each of which 
the present theorem is true. 

By supposing two sides of the hexagon to be indefinitely near, 
we obtain from this theorem a very simple construction for the so- 
lution of the problem, — “Given five tangents, to find the point 
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of contact of any of them,” — since any tangent is intersected by 
a consecutive tangent at its point of contact (p. 130). 

267. If three conic sections have one chord common to all, their 
three other common chords will pass through the same point. 

Let the equation of one he S = 0, and of the common chord 
L = 0, then the equations of the other two are of the form 
S + LM = 0, S + LN = 0, 
which must have, for their intersection with each other, 
L(M-N) = 0; 

but M - N is a line passing through the point (MN). 

According to the remark in Art. 259, this is only an extension 
of the theorem (Art. 113), that the radical axes of three circles 
meet in a point. For three circles have one chord (the line at 
infinity) common to all, and the radical axes are their other com- 
mon chords. 

The theorem of Art. 265 may be considered as a still further 
extension of the same theorem, and three conics which have each 
double contact with a fourth may be considered as having four 
radical centres, through each of which pass three of their com- 
mon chords. 

The theorem of this Article may, as in Art. 113, be other- 
wise enunciated : Given four points on a conic section, its chord of 
intersection with a fixed conic passing through two of these points 
will pass through a fixed point. 

A number of particular inferences may also be drawn from 
the theorem of the present Article, by sup- 
posing one or more of the conics to break up 
into two right lines. Thus, for example, if 
one of the conics break up into the pair of 
lines OA, Oil, we obtain the theorem : 

“ If through one of the points of intersection 
of two conics we draw any line meeting the conics in the points 
P, p, and through any other point of intersection 11 a line meet- 
ing the conics in the points Q, q , then the lines PQ, pq, will meet 
on CD, the other chord of intersection.” Next let the points 
A, B coincide, then the two conics will touch at A, and we learn 
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that “ if two right lines, drawn through the point of contact of 
two conics, meet the curves in points P, p, Q, q, then the chords 
PQ ,pq, will meet on the chord of intersection of the conics." 

This is a particular case of a theorem given in Art. 265, since 
one intersection of common tangents to two conics which touch, 
reduces to the point of contact (Art. 123). 

268. The equation of a conic circumscribing a quadrilateral 
(ay = A/38) furnishes us with a proof of “ Pascal’s theorem,” that 
the three intersections of the opposite sides of any hexagon inscribed 
in a conic section are in one right line. 

Let the vertices be abedef and let ab = 0 denote the equation of 
the line joining the points a, b, then, since the conic circumscribes 
the quadrilateral abed, its equation must be capable of being put 
into the form ab.cd -be. ad = 0. 

But since it also circumscribes the quadrilateral defa, the same 
equation must be capable of being expressed in the form 
de .fa - ef. ad = 0. 

From the identity of these expressions we have 
ab.cd - de .fa = (be - ef) ad. 

Hence we learn tlint the left-hand side of this equation (which 
frOm its form represents a figure circumscribing the quadrilateral 
formed by the lines ab, de, cd, af) is resolvable into two factors, 
which must therefore represent the diagonals of that quadrilateral. 
But ad is evidently the diagonal which joins the vertices a and d, 
therefore be - ef must be the other, and must join the points 
(ab, de), (cd, af) ; and since from its form it denotes a line through 
the point (be, ef), it follows that these three points are in one 
right line. We shall in the next chapter give another demon- 
stration of this important theorem. 

By supposing two vertices of the hexagon to be indefinitely 
near, we may, “given five points on a conic, draw a tangent at 
any of these points.” 

269. We may, as in the case of Brianchon’s theorem, obtain 
a number of different theorems concerning the same six points, 
according to the different orders in which we take them. Thus 
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since the conic circumscribes the quadrilateral beef, its equation 
can be expressed in the form 

be .cf - be . ef = 0. 

Now, from identifying this with the first form given in the last 
Article, we have 

ab .cd- be .cf = ( ad - ef) bc\ 

whence, as before, we learn that the three points ( ab , cf), (cd, be), 
(ad, ef) lie in one right line, viz. ad - ef = 0. 

In like manner, from identifying the second and third forms 
of the equation of the conic, we learn that the three points 
(de, cf), (fa, be), (ad, be) lie in one right line, viz. be - ad = 0. 
But the three right lines 

be - ef = 0, ef - ad = 0, ad - be 0, 
meet in a point (Art. 37). Hence we have Steiner’s theorem, 
that “ the three Pascal's lines which are obtained by taking the 
vertices in the orders respectively, abedef adefeb, afebed, meet 
in a point.” For some further developments on this subject we 
refer the reader to the note at the end of the volume. 

TRILINEAR CO-ORDINATES. 

270. We proved (Art. 61) that being given three lines (a, (3, -y), 
we can express the equation of any other right line in the form 
Aa + B/3 + Cy «* 0. 

In the same manner wc can show that there is no conic sec- 
tion whose equation may not be written in the form 
Aa* + Ba/3 + C/3’ + Day + E/3y + Fy a = 0. 

For this equation is obviously of the second degree ; and since it 
contains five independent constants, we may (as in Art. 128) de- 
termine these Constanta so that the curve which it represents may 
pass through five given points, and therefore may coincide with 
any given conic. In short, since the equation just written con- 
tains the same number of constants as the equation 
Ax’ + Bxy + Cy’ + I)x + E y t F = 0, 
it must be equally capable of representing any particular conic. 

In like manner, in general, there is no curve of any degree 
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whose equation may not be expressed as a homogeneous function 
of the quantities a, ft, y. For it can readily be proved that the 
number of terms in the complete equation of the n A order between 
two variables is the same as the number of terms in the homo- 
geneous equation of the n' k order between three variables. 

271. If (as in Art. 66) we render the Cartesian equation 
homogeneous by the introduction of the linear unit z, we at once 
perceive the identity of the two forms 

Aa 1 + Ba/3 + C/3 1 + Day + E/3y + Fy 1 = 0, 

Ax' + Ihry + Cy 1 + Dxs + E yz + F 2 1 = 0 ; 
the latter being the form assumed by the former, when two of the 
lines of reference (a/3) are the axes (xy), and the third (y) is the 
line at infinity z. It is important to keep constantly in view the 
analogy which subsists between these two forms of equations. 
If, for instance, we make y = 0 in the first equation, the result 
Aa 1 + Baft + C/3 1 = 0 is plainly the equation of the lines joining 
the point (aft) to the points where y cuts the curve. In like 
manner, if we make z = 0 in the second equation, the result 
Ax' 1 + Bxy + Cy 1 ■* 0 must be the equation of the pair of lines 
joining the origin (xy) to the points where the line at infinity 
cuts the curve (Art. 134). 

Precisely the same argument which proves (Art. 36) that the 
curve represented by 

(Aa 1 + Ba/3 + C/3 1 ) + y (Da + E/3 + Fy) = 0 

passes through the intersections of the line y with the pair of 
lines (Aa 1 + Ba/3 + C/3 1 ), proves likewise that the curve passes 
through the intersections of the same pair of lines with the line 
Da + E/3 + Fy = 0. This latter equation then denotes the fourth 
side of a quadrilateral inscribed in the conic, of which the other 
three sides are the line y, and the lines joining to aft the points 
where y meets the curve. In like manner Dx + Ey + F - 0 is 
the equation of a line joining the two finite points where the 
curve is met by two lines drawn through the origin to meet the 
curve at infinity. 

In general let the equation of a curve of any degree be written 
«« + «*-i2 + + w.-jZ 1 + &c. = 0, 
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(where we use the abbreviations u„, &c. to denote terms ot 

the n lh , n- 1*', &c. degrees). Now, if we seek the points where 
the line at infinity meets the curve, we have only to make z = 0, 
when we obtain the equation u„ = 0 ; hence we infer that the 
directions of the points at infinity on any curve are found by 
putting the highest terms of the equation = 0. 

Again, we saw (Art. 136), that, if A - 0 in the equation of 
the second degree, the axis of x will meet the curve in one infi- 
nitely distant point. The same thing appears, by making y ■= 0 
in the equation, which will then reduce to 
Dxz + tV = 0. 

\ 

The axis, therefore, meets the curve, not only in the finite point 
where it meets the line (Dr + F), but also in the point at infinity 
where it meets the line z. 

In like manner, if both A and D = 0, the points where the 
axis meets the curve are given by the equation Fr’ = 0 ; hence, 
the axis meets the curve in two coincident points at infinity, and 
is, therefore, an asymptote. 

272. We shall commence our examples of the use of trilinear 
co-ordinates with the equation (Art. 254) of a conic section, re- 
ferred to two tangents and their chord of contact, 

LM = 11’, 

and shall first show how to express the equation of any line con- 
nected with the conic in terms of L, M, R. 

We can express the position of any point on the curve by a 
single variable (Art. 234) ; for if /zL = R be the equation of the 
line joining any point on the curve to (LR), then, substituting 
in the equation of the curve, we get 

M = juR and = M 

for the equations of the lines joining this point to (MR) and 
(LM) : any two of these three equations, therefore, will deter- 
mine a point on the curve. We shall call this point the point fi. 

We can form, by Art. 59, the equation of the line joining 
two points on the curve g and ft, and we get 

/tft'lt - (ju + ft') R + M = 0, 

an equation evidently satisfied by either of the suppositions 
(;iL = R, /ill = M), or (jt'L «= R, ji'R = M). 
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If p and ft coincide, we find the equation of the tangent, viz., 
ft~ L — 2/ili + M = 0. 

Hence, conversely, if the equation of a right line (/u’L -2/jR+M = 0) 
contain an indeterminate quantity ft in the second degree, the right 
line will always touch a conic section (LM = R-’). 

273. Given four points of a conic, the anharmonic ratio of the 
pencil joining them to ang fifth point is constant. 

The lines joining four points ft, ft', ft", ft'" to any fifth point 
ft, are 

f (ftLi - R) + (M - pH) = 0, p" (/uL - R) + (M - pR) = 0, 
fi (git - R) + (M - /uR) = 0, fi"'(jth - R) + (M - gR) = 0, 
and their anharmonic ratio is (Art. 55) 

(p-p“) Q r-p ) 

(p',~ p") (p - p)' 

and is, therefore, independent of the position of the point p. 

We shall, for brevity, use the expression, “ the anharmonic 
ratio of four points of a conic,” when we mean the anharmonic 
ratio of a pencil joining those points to any fifth point on the 
curve. 

274. Four fixed tangents cut ang fifth in points whose anhar- 
monic ratio is constant. 

Let the fixed tangents be those at the points p, p", p", p "" ; 
and the variable tangent that at the point p ; then the anharmonic 
ratio in question is the same as that of the pencil joining the four 
points of intersection to the point LM. Now if we eliminate Ii 
from the equations of any two tangents, 

/u 2 L — 2gR + M = 0, 
pi 2 L — 2g'R + M = 0, 
we obtain p/u'L - M = 0, 

the equation of the line joining LM to the intersection of these 
two tangents. The anharmonic ratio in question is therefore that 
of the four lines, 

pp L - M = 0, pp'lt - M = 0, pp"' L - M = 0, pp" L - M * 0, 
whiefi hv Art. 55 is 

(p - p" ) (m"' ~ p "j 

(p - p") ip - p-y 

2 o 
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a result independent of p. Hence too we see that the anharmonic 
ratio of four tangents is the same as that of their points of 
contact. 

275. Since the equation of the line joining any point to (LM) 
is /u’L - M, we see that the two points + p and - p lie on a right 
line passing through LM. 

The expression given in the last Article for the anharmonic 
ratio of four points on a conic, p, /a", p", p"", remains unchanged, 
if we alter the sign of each of these quantities ; hence we derive 
an important theorem, that if we draw four lines through any point 
LM, the anharmonic ratio of four of the points (jp, p", p", p") 
where these lines meet the conic, is equal to the anharmonic ratio 
of the other four points (- p, - p", - p", - p"") where these lines 
meet the conic. 

The equation in this form enables us easily to investigate pro- 
perties of two conic sections relating to the point of intersection 
of their common tangents. For, let L and M be common tan- 
gents to two conics, and their equations will be 
LM - R a = 0, LM - R J = 0. 

A point of one conic may be said to correspond to a point of 
the other if the line joining them passes through (LM) tl\e inter- 
section of common tangents. This will be the case if they have 
the same p, since the equation ji’L - M = 0 does not involve R 
or R'. Points are said to correspond inversely if they have the 
same p with opposite signs. The chord joining any two points 
of one conic is said to correspond to the chord joining the corre- 
sponding points of the other. 

Corresponding lines must meet on one or other of the common 
chords of the. curves (Art. 265). 

The chords of intersection of LM - R* and LM - R' 1 are 
R» _ R'a - 0, 

but ju/uT* — (p + p) R + M = 0, 

pp L - (p + p) R' + M = 0, 

evidently intersect on the common chord R - R'. If the lines 
correspond inversely they meet on the common chord R + R', 
as will be seen by changing the signs of p and p in the latter 
equation. 
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The anharmonic ratio of four points of one conic is equal to 
the anharmonic ratio of the four corresponding points of the other. 

This useful theorem follows immediately from the expression 
for the anharmonic ratio of four points given in the last Article, 
and from the fact that corresponding points have the same p. 

276. To find the equation of the polar of any point. 

Let the co-ordinates of the point substituted in the equation 
of either tangent through it give the result 
p 2 Tj — 2uR + M' «= 0. 

M R 

Now, at the point of contact, p* = ■=-, and u ■= y- (Art. 272). 

L 

Therefore, the co-ordinates of the point of contact satisfy the 
equation ML' - 2RR' + M L - 0, 

which is, therefore, that of the polar required. 

We may sometimes express a point by the equations 
aL - R = 0, 5R - M = 0 ; 

in this case, by exactly the same method, the equation of the 
polar is found to be 

abh - 2«R + M = 0. 

277. It is evident that if we were given any relation between 
the p’s of two points, we could find the envelope of the chord 
joining them, or the locus of the intersection of their tangents. 
One or two simple cases of this are worth mentioning. For ex- 
ample, if we were given the product of two p’e, pp <= a, then 
(Art. 274) the intersection of their tangents will lie on the right 
line aL - M = 0 ; and by substituting a for pp in the equation 
of the chord joining the points, we see that this chord must pass 
through the fixed point (aL + M, R). 

In general the chord joining two points, 
pp L - (p + p) R + M = 0, 
will pass through a fixed point (Art. 50) if 
app - b(p + p) + c = 0, 
where a, b, c are any constants ; that is, if 

, bp - c 
,l =^~b 
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If the ratio of two ft n be given, ft = kp, the equation of the 
chord becomes 

/tfi'h - (1 + A) pll + M = 0 ; 

the chord must, therefore (Art. 272), always touch the conic 

4ALM = (1 + kyRK 

This property may be expressed in a more symmetrical form, 
as follows: “ The chord joining the points fi tan <p, pcot<p, will 
al ways touch the conic LM sin 5 2 <p = R 3 at the point ft on that 
conic.’’ It can be proved, in like manner, that “ the locus of the 
intersection of tangents at the points ft tan tp and /u cot <p, will be 
the conic LM = R 5 sin 5 2^.” 


278. Since the expression for the anb&rmonic ratio of four 
points on a conic (Art. 273) remains unaltered, if we multiply 
each ft either by tan <j> or by cot <p, we obtain an important theo- 
rem : “ If two conics have double contact, the anharmunic ratio of 
four of the points in which any four tangents to the one meet the 
other , is the same as that of the other four points in which the four 
tangents meet the curve, and also the same as that of the four 
points of contact.”* 

Or, again : “ If from four points of one of the conics pairs of 
tangents be drawn to the other, the anharmonic ratio of one set 
of points of contact is equal to the anharmonic ratio of the other 
set.” 


If, in the expression for the anharmonic ratio of four points 


(Art. 273), we substitute for each p, 


a + bp 


(a, b, c, d being con- 


c + dp 

slants), the anharmonic ratio will remain unaltered. It will be 
found that this is the most general substitution we can make for 
p, which will leave the anharmonic ratio unchanged. The chord 

joining p, , will envelope a conic having double contact 

c + dp 

with the given one. For its equation is 


p ( a + bp) L - l(a + bp) + p (c + dp) ] It + (c + dp) M = 0, 


or (b\j - (/R) p"- + («L - bli - rR + </M) p + cM - «R = 0, 


* This extension of the thenrom in pag« 5 226 was communicated to me by Mr. Town- 
•end, who had obtained it geometrically. 
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a line always touching a conic whose equation can be written in 
the form 

4 (be - ad) (LM - R 5 ) + jaL -i (b - c) R - </M ) a = 0, 

and which, therefore, has double contact with the given conic. 
We may see', from Art. 277, that the touched conic will reduce 
to a point if b = - c. 

Hence, “Given three chords of a conic, A A’, BB', CC'; the 
envelope of a fourth chord DD', such that the anharmonic ratio 
of ABCD is equal to that of A'B'C'D', will be a conic having 
double contact with the given one.” 

279. We give now some examples of the application of the 
preceding formulae to the investigation of questions relating to 
the position of lines (Art. 1). We suppress some formulae re- 
lating to the magnitude of lines and angles, as, where these are 
concerned, it is in general more advantageous to use ordinary 
rectangular co-ordinates. 

Ex- 1. A triangle is circumscribed to a given conic ; two of its vertices move on 
fixed rigljt lines : to find the locus of the third. 

Let us take for lines of reference the two tangents through the intersection of the 
fixed lines, and their chord of contact- Let the equations of the fixed lines be 
aL - M = 0, 6L - M = 0, 
while that of the conic is LM - It* = 0. 

Now we proved (Art, 277) that two tangents which meet on aL - M must have the 
product of their ji’s = a ; hence. If one side of the triangle touch at the point /j, the 
a b 

others will touch at the points and their equations will be 

P 

a* a b 

— L-2-R + M = 0, — L-2-R + M = 0, 

M' p /** 

ft can easily be eliminated from the lost two equations, and the locus of the vertex is 

found to be _ __ Aab 

LM = ; — -jrr K J , 

(a + b)* 

the equation of a conic having double contact with the given one along the line R. 

Ex. 2. To find the envelope of the base of a triangle, inscribed in a conic, and whose 
two sides pass through fixed points. * 

Take the line joining the fixed points for R, let the equation of the conic be LM = R% 
and those of the lines joining the fixed points to LM l»e 

aL + M = 0, 6L f M = 0. 

Now, it was proved (Art. 277) that the extremities of any chord passing through 
(aL i 31, R), must have the product of their /j’s =■ a. 
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Hence, if the vertex be u, the base angles must be - and — , and the equation of 
the base must be 

a6L — (a + 6) /iR -f /i*M = 0. 

The base must, therefore (Art. 272), always touch the conic 

(a f 

LM = >- V R *. 

4ah 

a conic having double contact with the given one along the line joining the given i>oints. 


Ex. 8. To inscribe in a conic section a triangle whose sides pass through three given 
points. 

Two of the points being assumed, as in the last Example, we saw that the equation 
of the base must be „4L - (a + t) + h m = 0. 

Now, if this line pass through the point cL - R = 0, rfU — M = 0, we must have 
ab — (a + b) ftc + ft*cd = 0, 
an equation sufficient to determine ft. 

Now, at the point ft we have /iL = R, ft* L = M ; hence the co-ordinates of this point 
must satisfy the equation oiL _ („ + i) cR + «/M = 0. 

The question, therefore, admits of two solutions, for either of the points in which this 
line meets the curve may bo taken for the vertex of the required triangle. 

The solution here given, although algebraically complete, has the disadvantage of 
not pointing out how to construct geometrically the line whose equation has just been 
given ; it will be a useful exercise, however, on the preceding formula;, if the student 
verify by this method the following construction, which we shall prove otherwise in the 
next chapter : — “ Form the triangle whose sides are the polars of the three given points, 
join each point to the opposite vertex of this triangle, and the line joining the points in 
which two of these lines meet the opposite sides of the polar triangle will be the required 
line." 

The three given points are 

(aL + M, R), (6L + M, R), (cL - R, r/R - M), 
and the three polars, aL — M, bL - M, cdL - 2cR + M ; 
the three joining lines are 

b (a + cd) L — 2c (a + b) R + (a + cd) M = 0, 
a (6 + cd) L — 2c (a -f b) R 4- (b + cd) M = 0, 
cdL — M = 0. 


Now, the line whose equation we want to construct passes through the intersection of the 
first %f these lines with bL — M, and of the second with aL — M. 

Ex. 4. Mac Ijaurin's method of generating conic sections. The three sides of a tri- 
angle pass through three fixed points, and two vertices move on fixed lines, the third 
vertex will describe a conic section. 

Let the triangle formed by the given points be L, M, N. 

Lrt the given lines be L 4 oM + 4N = 0, (1) 

L t n'M t 4 N = n. (2) 

Let the base of the triangle lie L = /iM. ( 3 ) 
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Substituting this value of L in (1) we find, for the equation of the line joining (1,3) to 
( M > N )> (ft + a ) M + 6N = 0. 

In like manner, the line joining (2, 3) to (L, N) is 


(/* 4- o') L -t- fib'S = 0. 

Eliminating fi from the last two equations, the equation of the locus is 
a LM «= («M -f bS) (L + h'N). 

The locus is, therefore, a conic passing through tho points (L, N), (M, N), (L, 1), (M, 2). 

Ex. 5. The base of a triangle touches a given conic, its extremities move on two 
fixed tangents to the conic, and the other two sides of the triangle pass through fixed 
points : find the locus of the vertex. 

Let the fixed tangents be L, M, and the equation of the conic LM = R 2 . Then tho 
point of intersection of the line L with any tangent (/i*L - 2/4 R 4- M) will have its co- 
ordinates L, R, M respectively proportional to 0, 1, 2 ft. And (by Art. 59) the equation 
of the line joining this point to any fixed point L'R'M' will be 


LM' - L'M = 2/i (LR' - L R). 

Similarly, tho equation of the line joining the fixed point L "R "M" to the point (2, fi , 0), 
which is the intersection of the line M with the same tangent, is 
2 (RM" - R M) = ft (LM ' - L 'M). 

Eliminating fi, the locus of the vertex is found to be 

(LM* - L'M) (LM** - L' M) = 4 (LR' - L R) (RM - R"M), 
the equation of a conic through the two given points. 

Ex. 6. If in the last example the extremities of the base lie on any conic having 
double contact with the given conic, and passing through the given points, to find tho 
locus of the vertex. 

Let the conics be ... _ ... R* 


LM - R 2 = 0, LM - - 


: 0 , 


sin 2 20 

then, if any lino touch the latter at the point /i, it will, by Art 277, meet the former in 
the points ft tan0 and fi cot0, and if the fixed points arc fi\ fi\ the equations of the 
sides are tan0L — (/*' 4- fi tan 0) R 4- M = 0, 

fifi' cot 0L - (ja“ 4- ft cot 0) R 4- M. 

Eliminating fi, the locus is found to be 

(M - fi Tt) 0* "L - R) = tan 2 0 (M - fi" R) (fi L - R). 


FOCAL PROPERTIES. 

280. We shall next discuss the equation L a + M* - R 3 = 0, 
which is one of great importance, and, ns well as the equation 
LM = R 3 , admits of our expressing the position of any point on 
the curve by a single indeterminate. We may suppose 

L = R cos ip, M - R sin ip ; 
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then (as at pp. 93, 198) the chord joining any two points is 
L cos ^ + <ji') + M sin J {<p + ttf) = R cos £ (<p - f), 

and the tangent at any point is 

L cos <(> + M sin <f> ■= R. 

281. The equation L 3 + M 3 - R 3 = 0 represents a conic such 
that any of the lines L, M, R is the polar with reyard to it of the 
intersection of the other two. For it may be written in any of the 
forms 

L 3 = R 3 - M 3 ; M 3 = R 3 - L 3 ; R 3 = M 3 + L 3 . 

The first form shows that the lines R + M, R - M (whicli inter- 
sect in RM) are tangents, and L their chord of contact ; conse- 
quently RM is the pole of L. Similarly, the second form shows 
that RL is the pole of M. The third form shows that the ima- 
ginary lines L + My' - 1, L - M(/- 1 (which intersect in the 
real point LM), are tangents, and R their chord of contact ; con- 
sequently the point LM is in like manner the pole of R, but it 
lies inside the conic, since the tangents through it are imaginary. 

It is evident in like manner that the equation 
Aa ! Ba/3 + C/3 3 = y 3 

denotes a conic such that the point a/3 is the pole with regard to 
it of the line y ; for the left-hand side of the equation can be re- 
solved into the product of factors representing two lines which 
pass through a/3. 

282. The most importantapplicationof the equation L 3 +M*=R' 
is in obtaining the properties of the foci. For if x = 0, y = 0, be 
any lines at right angles to each other through a focus, and y = 0 
the equation of the directrix, the equation of the curve is 

x 3 + y 3 = e 3 y 3 , 

a particular form of the equation we are examining. 

The form of the equation shows that the focus (ri/) is the 
pole of the directrix y, and that the polar of any point on the 
directrix is perpendicular to the line joining it to the focus 
(Art. 197), for y, the polar of (xy), is perpendicular to x, but x 
may be any line drawn through the focus. 

The form of the equation shows that the two imaginary lines 
represented by the equation (x 3 + j/ 3 = 0) arc tnngents drawn 
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through the focus. Now, since these lines arc the same whatever 
y l»e, it appears that all conics which have the same focus have 
two imaginary common tangents passing through this focus. All 
conics, therefore, which have both foci common, have fur imagi- 
nary common tangents, and may be considered as conics inscribed 
in the same quadrilateral. The imaginary tangents through the 
focus (x 2 + y l = 0) are the same as the lines drawn to the two 
imaginary points at infinity on any circle (see Art. 259). Ilcnce 
we obtain the following general conception of foci, which we shall 
find useful afterwards : “ Through each of the two imaginary 
points at infinity on any circle draw two tangents to the conic; 
these tangents will form a quadrilateral, two of whose vertices 
will be real and th'c foci of the curve, the other two may be con- 
sidered as imaginary foci of the curve.” 

283. The tangents through (y, x) to the curve arc evidently 
cy + x and ey - x. If, therefore, the curve be a parabola, e = 1 ; 
and the tangents are the internal and external bisectors of the 
angle (yx). Ilcnce, “ tangents to a parabola from any point on 
the directrix are at right angles to each other.” 

In general, since x = ey cos tp, y = ey sinp, we have 

- = tan*; 
x T 

or tp expresses the angle which any radius vector makes with x. 

Hence we can find the envelope of a chord which subtends a 
constant angle at the focus, for the chord 

.T cos £ (tp + ip') + y sin £ (<p + ip') = ey cos ^ (<p - tp), 
if <p - ip' be constant, must, by the present section, always touch 
x J + y* = e s y- cos 3 £ ( <p - tp'), 

a conic having the same focus and directrix as the given one. 

284. The line joining the focus to the intersection of two tan- 
gents is found by subtracting 

x cos ip + y sin tp - ey = 0, 
x cos <p' y sin ip' - ey = 0, 

to be x sin £ (tp + tp') - y cos £ (tp + <p') = 0, 

the equation of a line making an angle £ (<p + tp) with the axis of 

x, and therefore bisecting the angle between the focal radii. 

2 li 
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The line joining to the focus the point where the chord of 
contact meets the directrix is 

x cos $(<p + <p) 4 y sin $(</> + <p ') » 0, 
a line evidently at right angles to the last. 

To find the locus of the intersection of tangents at points which 
subtend a given angle 2o at the focus. 

By an elimination precisely the same as that in Ex. 1 and 2, 
p. 93, the equation of the locus is found to he (x 3 + y 7 ) cos 3 § = e'-y 7 , 
which represents a conic having the 6ame focus and directrix as 

£ 

the given one, and whose eccentricity = ^ 

If the curve be a parabola, the angle between the tangents is 
in this case given. For the tangent (xcos <f> + ysin^ - y) bisects 
the angle between xcosi p + y sin <p and y. The angle between the 
tangents is, therefore, half the angle between xcos <p t gain if> and 
x cos <p' + y sin tp\ or = £ (<p - </>')■ Hence, the angle between two 
tangents to a parabola is half the angle xchich the points of contact 
subtend at the focus ; and again, the locus of the intersection of tan- 
gents to a parabola , which contain a given angle , is a hyjwrbola 
with the same focus and directrix , and whose eccentricity is the se- 
cant of the given angle , or whose asymptotes contain double the 
given angle (Art. 170). 


ENVELOPES. 

285. We have seen that the line represented by the equation 
p 7 h — 2/, Iv + M = 0, 
always touches the curve LM ■= R 3 . 

We wish the reader to take notice that this will be the case 
whether L, M, R represent right lines or not. For the equation 

iu^ L - (;u + p 1 ) R + M = 0 

must be satisfied for any points which satisfy the equations 
(juL - R = 0, pR. - M = 0), Ou'L - R = 0, pR - M = 0), 
and is therefore the equation of a curve passing through the points 
in which ph - R and p L - II meet LM - R*. Now let p ■= p, 
and we see that /i 3 L - 2/jli + M touches LM - R 3 in the ]>oints 
where /uL - R meets it. 
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Similar remarks apply to the equation 
L cos <p + M sin = R, 

which imlceil may be reduced to the preceding form by assuming 
tan = n, as we have then 


cos </> 


1 - 


l + , 


2/i 

•"♦‘IT? 


and substituting these values, and clearing of fractions, we have 
an equation in which /i only enters in the second degree. 

If, therefore, we are required to find the curve always touched 
by a variable line, we have only to form its equation so as to con- 
tain only a single indeterminate, and, if this indeterminate be only 
in the second degree , the envelope can be found as above. We 
can in like manner find the envelojie of a line whose equation 
contains two indeterminates, provided these be connected by some 
given relation, for we have only to eliminate one of the indeter- 
minates by the help of the given relation. 


Ex. 1. To fiml the envelope of a line such that the product of the perpendiculars oil 
it from two fixed points may be constant. 

Take for axes the line joining the fixed points and a perpendicular through its middle 
|H>int, so that the co-ordinates of the fixed points may Ik* y = 0, x — ± e ; then if the va- 
riable line be y - nu -f n = 0, we have by the conditions of the question 


or 


(m 4- me) (n — me) = (1 + m-), 

= W -f- fcim* + cbn 1 , 


but = y‘- — 2mry + 

therefore m* (x* — b l — e*) — 2 mxy -f y* — 6* = 0 ; 

and the envelope is jr*y a = (x* — fe* - c 2 ) (y 2 — 6*), 

or ** , sf . 

lit 4- c* b i 


Ex. 2. Find the envelope of a line such that the sum of the squares of the perpendi- 
culars on it from two fixed points mav be constant. , a* V s 

■ "*■ + “ *■ 

Ex. 3. Find the envelope if the difference of squares of perpendiculars be given. 

Am. A parabola. 

Ex. 4. Through a fixed point O any line 01* is drawn to meet a fixed line: to find 
the envelope of PQ drawn so as to make the angle OPQ constant. 

I*t OP make the angled with the perpendicular on the fixed line, and its length is 
p sec 9 ; hut the perpendicular from O on PQ makes a fixed angle /i with OP, then-fore 
its length is pace 9 cos/3; and since this perpendicular makes an angle =s 9 \ /3 with 
the perpendicular on the fixed line, if wo assume the latter for the axis of x, the cqua- 
lion of Kj is x C(M (fl + P) f y ain (0 4 ft) = /isord cos /I, 
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or x cos (26 + /3) + yain (29 + ff) = ip cosjj - * coo/3 - y si«i/3, 

an egufllion of the form L cos tp • M sin 0 ~ R, 

whose envelope, therefore, is 

x* + y* = (x cos/3 + y sin/3 - 2j> cos/3) 1 , 

the equation of a parabola having the point 0 for its focus. 

A B 

Ex. b. To find the envelope of the line — + — . = 1, where the indeterminate* are 

/* M 

n.iinected by the relation p + /i ' = C. 

We may substitute for /x', C - /x, aud clear of fractions; the envelope is thus found 
to be A* + B* + C* - 2AB - 2AC - 2BC = 0, 

an equation to which the following form will be found to be equivalent, 

± VA i VB ± VC = 0. 

Thus, for example, — Given vertical angle and sum of sides of a triangle, to fiud the en- 
velope of base. 

The equation of the base is f + ^ _ 1 
a b 

where a + b = c. 

The envelope is, therefore, 

x * + y 1 - 2 j ry - 2 cx - 2ry + c* = 0, 
a parabola touching the sides x and y. 

In like manner, - Given in position two conjugate diameters of an ellipse, and the 
sum of their squares, to find its envelope. 

If in the equation r* y* _ 

+ iS = 

we have a* 4 b l - e\ the envelope is 

x ± y ± c - o« 

The ellipse, therefore, must always touch four fixed right lines. 

Ex. 6. Again, * given the two equations 

A + B + C = °’ V(/4o) + + 

if we eliminate jx", the equation in — . will be only of the second order, and the envelope 
w ill be found to be Aa 4 B& + Cc = O.t 


* Hals example, and its applications, are taken from Mr. Hearn's He starches oh Come 
Sn/ inns. 

f In general, given the two equations 

(/iA)"* i O^B)" f (jfCy* = 0, t (jib)* i 0 *>)h = 0, 

it can be proved that the envelope is 
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Thus, for example, in the equation of a tonic circumscribing a triangle, 

e+S'+£-o - 

a (5 y 

(Art. 105), if the constants be connected by the relation 

V ( jia ) + V ( fib ) + V (jic) = 0, 
the conic will touch the right line 

aa + + ey = 0. 

Or, again, in the equation of a conic inscribed in a triangle, 

V (/*a) + V (ji'fi) + V 0*"y) = 0 
(Art. 108), if the constants be connected by the relation 



the conic will touch the right line 

A a -f B/3 + Cy — 0. 

280. These principles enable us to write the equation of a 
conic having double contact with two given conics, S and S'. 
Let E and F be their chords of intersection, so that S - S' = EF, 
then the equation of any conic touching the two will be 

ju 2 E* - 2ju(S + S') + F 2 = 0. 

For, if we seek the envelope of this conic, we find 
E 2 F 2 - (S + S') 2 = 0, or 4SS' - 0 ; 
hcncc this conic touches both the given ones. 

Since ft is of the second degree, we see that through any 
point can be drawn tiro conics, each of which will have double 
contact with the given ones ; and it can be proved that one of the 
chords of intersection of these conics is the line joining the given 
point to (EF), and the other the fourth harmonic to this line, E 
and F. 

287. The equation of a conic having double contact with two 
circles assumes a simpler form, viz. 

M 2 - 2,i (C 4 C') + (C - C') 2 = 0. 

The chords of contact of the conic with the circles are found 
kc C — C' + n «. 0, and C — C ’ — fi = 0, 

which arc, therefore, parallel to each other, and equidistant from 
the radical axis of the circles. This equation may also be written 
in the form V'C ± v'C' = V /<• 
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lienee, the locus of a point, the sum or difference of whose tangents 
to tico given circles is constant, is a conic having double contact with 
the two circles. If we suppose lx>tli circles infinitely small, we 
obtain the fundamental property of the foci of the conic. 

If u be taken equal to the intercept between the circles on 
one of their ebmmon tangents, the equation denotes a pair of 
common tangents to the circles. 

Ex. 1. Solve by this method the Examples (p. 110) of finding common tangents to 
circles. Ant. Ex. 1. VC + VC' = 4 or = 2. Ant. Ex. 2. VC 4 VC'= 1 or = V - *50. 


Ex. 2. Given three circles; let L, L' be the common tangents to C', C"; M, M‘ to 
C”, C ; N, N' to C, C'; then if L, M, N meet in a point, so will IV, M', N'. 

Let the equations of the pairs of common tangents be 

vc' 4- vc " = vc~ + vc = vc 4- vc' = r. 

Then the condition that L, M, N should meet in a point is + t = f ; and it is obvious 
that w'heu this condition is fulfilled, L', M’, N' also meet in a point. 

288. The equation of a conic inscribed in a quadrilateral is 
found ns a particular case of Art. 286, and is 

(AC + BD) + F J = 0, 

where ABCD arc the sides, EF the diagonals, and AC- BD^EF. 
This equation, however, will assume a simple form if expressed 
in terms of the three diagonals of the quadrilateral. Let L, M, N 
represent the diagonals, then (1) L + M + N, (2) M 4 N - L, 
(3) L - M 4 N, (4) L 4 M - N, represent the four sides ; for 
L passes through the intersections of (12), (34); M through 
those of (13), (24); N through those of (14), (23); and the 
equation of the conic touching the four sides may be written 
W J L* - ^ (L 1 4 M* - N*) 4 M* = 0. 

For this always touches (L 5 4 M* - N 2 )’ - 4L’M* = 

(L + M + N) (M + N-L) (L - il 4 N) (L+M-N ). 

The equation of the touching conic inav be written 

l* = M! + nL.' 

M 1 ~ V 


Ex. 1. Find the equation of the conic toucliing the four sides of the quadrilateral 
whose equations arc given (Ex. 8, p. 27). 

It will be seen that we have here 
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And the conic id 



Ex. 2. Find the locus of the centre of the conic touching four right lines. 

The centre of the conic whose equation is giveu in the last example is determined by 
the equations, 



KHniinntiiig ft, we have 

( 1 _ vufi- » , = ±2.°'L x+ ( b > h y y , 

\a a ) {b b J an (tt — o') bb (6 - b) 

or 2x 2 y 

* + tT T “ *• 

a - a b - b 

the equation of the line joining the middle points of the diagonals. 


GENERAL EQUATION OF THE SECOND DEGREE. 

289. We have already seen that the general trilincar equa- 
tion of the second degree is 

An’ + Bo/3 + C/3 3 + Day 4 K/3y -t Fy 5 <= 0, 
which for the sake of symmetry we shall write in the form 
aa 2 + a'ft 2 + a" y 2 + 26/3y + 21) y a + 2baft - 0. 

This equation is evidently equivalent to the equation 
( act + b‘y + b'ft) 2 + ( aa! - b" 2 ) /3 3 + 2 (ab - bb") /3y -t (aa" - b 2 ) y s «= 0, 
but the last three terms are the equation of two right lines drawn 
through (/3y); hence (Art. 281) aa + by + 6"/ 3 is the chord of 
contact of two tangents drawn through (/3y), that is to say, the 
polar of the point (/3y). 

In like manner, the polars of (ya) and (o/3) are 
a'ft + by + b'a = 0, a" y + 6/3 + b'a - 0. 

290. The form of the equation of the tangents through (/3y) 
leads to an important property of the sides of a circumscribing 
hexagon, and affords a useful test for determining whether six 
lines touch a conic. 

The tangents are 

(ad - b' 2 ) ft 2 + 2 (ab - bb') /3y + (aa" - b 2 ) y 2 = 0, 

(a'a" - b 2 ) y 2 + 2 (ab - b'b) ya + (an 1 - b" 2 ) a 2 - 0, 

(a" a -b 2 )a 2 + 2 (a"b"~ bb) aft + (a'a"- A 1 ) ft 2 - 0. 
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Now, if the roots of the first equation l»e fl = ky, fl - k'y, we 
have aa"-l > ’ 


kk 


ad - li ’’ 


’ - // -• 


Tlie corresponding quantities for the other equations arc j- 


da 


and — , — , and these three multiplied together arc = 1. Now, 

recollecting the meaning of k (Art. 53) we learn, that if A, F, II, 
1), C, E, be the vertices of a circumscribing hexagon, 


sin EA II . sin F AH . sin FIX' . sin 1)BC . sin DC A . sin EGA 
sin EAC . sin FAC . sin FBA. sin DBA . sin DCB . sin EC B 


Hence, also, if the equations of three pairs of lines can be put into 
the form L» + M a - 2n'LM = 0, 

M* + N* - 2fMN = 0, 

N 1 + L 5 - 2m'NL= 0, 

they will touch the same conic section, for the equations last given 
can be reduced to this form by writing J (««" - b 1 ) L for a, &c. 

291. It appears from Art. 289 that the equation of the polar 
of any point (fly), with regard to the conic, S <= 0, is the Jirnt de- 
rived equation of S = 0, considered as a function of a. We shall 
anticipate the notation of the calculus, and denote this derived 

equation by -j-. 

In like manner, the polar of (ay), with regard to S, ia the 

first derived equation of S, considered as a function of fl, = 

rfS . “P 

— . Hence, if (he equation 'if a conic he 

expressed in terms of the equations of three right lines, the equation 
of the polar qftlie intersection of any two of them is the first derived 
of the equation of the conic, considered as a function of the third 
line. The equations of polars given already arc particulars cases 
of this. For example, the polar of the origin (xy), with regard to 

Ax’ + Bxy + Cy 1 + Dxr + E yz + Fx 1 = 0, 
is Dx + Ey s 2Fc = 0 ; 

that is, its first derived equation with regard to 


and the polar of afl is 
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Again, the equation of the diameter which bisects chords pa- 
rallel to the axis of x is 

JO 

— = 0, or 2Ax + By + Dir = 0, 
dx 

and we shall show hereafter that this diameter may be considered 
as the polar of the point (yx) at infinity on the axis of x. 


Ex. 1. Given four points on a conic, the polar of any other given point will pass 
through a fixed point (Ex. 8, p. 137). 

The equation of the conic must be of the form S -f AS’ = 0, where S and S' are any 
two conics through the four pointa : now the polar of any point fiy with regard to thin is 

— X — o, which, it will be seen, is equivalent to 
da 


dS t dS 
~r + k —— 
da da 


= 0 ;* 


and since this equation only involves h in the first degree, it will pass through a fixed 
point. 

Ex. 2. To find the locus of the pole of a given line (y), with regard to a conic of 
which four points are given. 

We have to eliminate k from the equations 


and we find 


d$ t dS d S L dS‘ 

dS d& _ £S dS' _ 
da dft dfi da 


= 0, 


the equation of a conic section. 

If we suppose the given line at an infinite distance, we obtain the locus of the centres 
(Ex. 4, p. 137). 


Ex. 3. Given two points and two tangents to a conk, the polar of a fixed point 
touches a conic section. 

Let LM be the two tangents, R the line joining the given point*, and LM - N 2 one 
conic touching the two lines, and passing through the given points; then the equation 
of any other must be of the form 


the polar is, therefore, 


LM-(N + AR)i = 0; 

oT dCSR) d( N*- 
2A*R-— + 2k. - \ 

da da da 


LM) 


= 0 , 


which must always touch a conic section, since k enters in the second degree. In the 


* We may mention here, that if tho axes of S be parallel to the axes of S', so will 
the axes of S + AS’ ; for if we take the axes of S for axes of co-ordinates, neither S nor 
S’ will contain the term xy. If S' be a circle, the axes of S + A-S’ must be always pa- 
rallel to the axes of S. If S + AS’ reduce to a pair of right lines, its axes will become 
the internal and external bisectors of the angles between these right lines : thus we ob- 
tain the theorem of p. 208. 

2 i 
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same manner !t may be proved that the locus of the pole of a given line is a conic 
section. 

In general, if the equation of a conic section involve an indeterminate in the second 
degree, the jxjlar of any fixed point will touch a conic section. Thus, for example, the 
locus of centres of conic sections which have double contact with two given conics 
(Art. 286) is a conic section. 


292. To find the equation of the polar of any point (o' fly'), 
with regard to a conic section. 

This may be done by a method similar to that used Art. 150. 
It is proved, as in Art. 7, that if a', a be the lengths of the per- 


pendiculars from two points upon a given line, + —— will be 


the length of the perpendicular on that line from the point which 
divides in the ratio l : m the line joining the given points. But 
since equations in trilinear co-ordinates are always homogeneous, 
they are not affected if the co-ordinates of any point be all multi- 
plied or divided by the same quantity. Hence la + md, Ifi" + m[l’, 
ly" + ny, may be taken as the trilinear co-ordinates of the point 
dividing in the ratio / : m the line joining a'fiy', a’ fi’y". If then 
we substitute these values in the general equation S = 0, we have, 
to determine the points where this conic is met by the line join- 
ing dfiiy', a"j 3"y", the quadratic 


l 1 j ad’ 3 + a'l 3"’ + a"y" 3 + 2h(i"y" + 2 by" a" + 25"a"/3" ) 

+ 2 Im j (aa"+h'y"+ 6"/3>'+ (a'/3"+ 5/+ 5’a")/3'+ («'/+ 5/3"+ b'a ") y'\ 
+ m* { ad 3 + a'/f 1 + d’y' 1 + 25/3'-/ + 2 liy'd + 25 ”a'/3' J ■= 0. 


Now, as in Art. 150, when a”(3"y" is on the polar of dfi'y', the 
coefficient of Im must vanish, since wc know that the line joining 
the points must in this case be cut harmonically ; the equation 
of the polar of a'/3'-/ is, therefore, 

(<Ja 4 h’y + 5'/3) a' + (a'/3 + 5y + b"a) /3' + (a"y + 5/3 + b'a ) y = 0, 
which we may write for shortness 


, rfS d S , d S 


0 . 


When dp>'y is on the curve, this equation, of course, represents 
the tangent at that point. 


Ex. 1. To find the equation of the pair of tangents at the points where the conic S 
is cut by the line y. 
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The y' of either point of contact will in this cose = 0, and the equation of the tan- 
gent at it will become rfSdS 

But making y = 0 in the general equation, the points of contact are determined by 
the equation fm t + u a -p + fl yj 1 _ 0 . . 

Eliminating «'/ 3' between these equations, we find for the equation of the pair of tangents 

■(Sr-‘-(S) (!)-(!)'-•■ 

As a i*ariicular case of this, we find for the equation of the asymptotes of a conic given 
by its Cartesian equation (since the asymptotes are the pair of tangents at the point* 
where the curve is met by z the line at infinity), 

*(5MS)(£M2T-‘ 

Ex. 2. The lines joining corresponding vertices of any triangle, and of its conjugate 
triangle with respect to a conic, meet in a point. By the conjugate triangle is under- 
stood the triangle whose sides are the polars of the vertices of the first triangle (sec 
Ex. 3, p. 230). 

It is obvious that the result of substituting the co-ordinates of any point (1) in the 
equation of the polar of (2) is the same as the result of substituting the co-ordinates of 
(2) in the polar of (1). Let us denote this result by t m \ and, in like manner, let f de- 
note the result of substituting the co-ordinates of (2) in the equation of the polar of (3), 
and t" the result of substituting the co-ordinates of (3) in the polar of (1). Let the equa- 
tions of the three polars of the vertices of the first triangle be P' = 0, P" = 0, P" = 0. 
Then the equation of any line through the intersection of the last two lines will be 
P" = jfcP% and if this line pass through the point (1), the co-ordinates of this point sub- 
stituted in the last equation give f" hi". Hence the equations of the three lines 
joining corresponding vertices are 

(V = f P ', f'P' = r P ", tT = (V, 

which obviously meet in a point 

Ex. 3. The intersections of corresponding sides of two conjugate triangles lie in one 
right line. 

We can (by Art. 59) write in the form IV 4- tn P" -f- nP" = 0, the equation of the 
line joining a'/? y\ Remembering that the co-ordinates of the first point substi- 

tuted in P', P", P'" give results, f'\ t " ; while those of the second point give result", 
i", t' ; the equation of the joining lino is found to be 

(tr - #"/■) p' + (t r - §i) p" -f ($& - 1 '"*) P“* = o. 

Similarly the equations of the other sides of the first triangle are 

(tr - #”'<"') p # + (#v - n ) v i (t r - »t ) v = o, 

(#v - 1 * ) p' + (tr - • "<" ) v + (t r - «"< ") p = o. 

And the intersections of corresponding sides of the two triangles lie on the right line 

r p p~ 

•— t -Tr; . f ~rz — = 0. 

f t - *t tt - 9 t it -9 t 
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Ex. 4. The auharmonic ratio of four points oil a right line is tho same as that of 
their four polars. 

For the auharmonic ratio of the four points 

Id 4 md\ fa + Ma", fa 4 f »V, fa 4 tn"a' \ 
is evidently the same as that of the four lines 

nr + mP” t rv + mV, rv + w'p", rv + nw. 

Ex. 5. To ex press the equation of the conic S in terms of P*, P", F". 

From the general principles of trilinear co ordinate*, it follows that the equation of 
the conic can be expressed in the form 

AP's + AP*** + A'P"* + 2BP’ , P'*' 4- 2B F"F + 2B'’P'P" = 0. 

Now the equation of the polar of any’ point being formed according to the rules of 
Art. 202, the equation of the polar of a’ ft y', whose co-ordinates in this system arc 

i* 

(As* -f BY +' BT) P' 4 (A T + B V 4 B ’O P" 4- (AT 4 BT 4 BV) P~ = 0 ; 
and since the polar of this point is P / , we must have 

AT 4- BT 4- BV = 0, AT 4 BT 4- BV = 0. 

In like manner, we have 

At’” 4- BY 4- BV= 0, AT 4 BV 4- BT « 0, 

At" 4- BT 4- BY = 0, AY 4- BT 4- BT = 0. 

These equations are sufficient to determine the six unknown quantities A, A', &c., 
and we find for the equation of the conic, 

(VT - f 2 ) P'l 4- (VT - n) P* 4- (tV - V*) P"* 4 2 (t r - ft) P"P"' 

4 2 (VY - fY) P~F 4- 2 (ft" - W) P'P* = 0. 
Ex. 6. To inscribe in a conic a triangle whose sides pass through three given points. 
Let a(. 3y be the co-ordinates of the vertex of the triangle ; we find, as in Art. 1 50, 
the co-ordinates of the point where the line joining a/3y, d(¥ y meets the conic again, 
by substituting in the equation of the curve la 4 mu', Z/3 4- w»/3\ ly 4 my', for a, /$, y. 
And since <i/3y is on the curve, this gives us 

n 2P' 

2/wF 4- »Vs 0; j 

and the co-ordinates of the point required are ia — 2PV, if 3 — 2F/3', iy — 2P’y'. If 
these values be substituted in P', P", P'" f they give results, 

- PV, tV — 2TP', VP"’ - 2VF. 

.Similarly, the co-ordinates in the same system of the point where the line joining- afiy, 
a"(T y", meets the conic again, are #T — 2TP*, — aT”, VP"' — 2fV. The condition 
that these points should lie in a right lino with I", f, T, is 

P *V (»T - tf) 4 TV (|T - if) 4 FP (4 iff - 2«V* - *V»— if*) 

4 P’PV {if - tf) + Wi {if - ft") = 0. 
The vertex of the required triangle is thus determined as the intersection of the given 
conic with another conic, but the solution assumes a simple form if wc subtract from the 
equation just found the equation of the conic given in the last Example multiplied by 
V, when we get 

(py » pt- ft*) {p'(#r- vo v {ft - if) t r {a - r*)} = o. 
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It Is obvious, from Ex. 2, that t^e first factor in this product represents the same 
right line as that described in the solution of the same problem given at p. 230. The 
second factor is irrelevant to the geometrical solution : for it represents (see Ex. 3) the 
line joining the points apy\ a'/Ty*; and though either of the points in which this line 
meets the curve fulfils the condition which we liave expressed analytically, namely, that 
if it be joined to af?y\ cf/Ty", the points in which the joining lines meet the curve lie 
on a right line which passes through a m ftTy*\ yet as the joining lines coincide, they 
cannot be sides of a triangle. 

Ex. 7. If two conics have double contact, any tangent to the one is cut harmonically 
at its point of contact, the points where it meets the other, and where it meets the chord 
of contact. 

If we substitute in the equation S 4 R a = 0, la 4- wa', If 3'+ m/T, ly' 4- my", for 
fifty (where the points a'/Ty', a’ftf y" satisfy the equation S = 0), we get 
(/R' + wR*)* + 2imC = 0. 

Now, if the line joining a fly, af 3’y', touch S -f R*, this equation must be a perfect 
square : and it is evident that the only way this can happen is if /*= — 2RR\ when the 
equation becomes (/R' - mK“)» = 0 ; whence the truth of the theorem is manifest. 


INSCRIBED AND CIRCUMSCRIBED TRIANGLES. 


293. We gave (p. 99) the equation of a conic circumscribed 

about a triangle,* . 

/ m n 

_++_. = 0 , 

° P 7 

wc may prove, precisely as at p. 100, that the tangents at the 
three vertices are 


i 7/3 4 tna = 0, my 4 n/ 3 = 0, na 4 ly *■= 0 ; 
that the three points in which each tangent meets the opposite 
side arc in one right line, 


0 ; 

l m n 


and that the lines joining each vertex to the opposite vertex of 
the circumscribed triangle are - • 


« e.o. 6.1.0, 

I m m n n l 


0 , 


which evidently meet in a point. 

To find the equation of a conic circumscribing afiy, and having 
its centre at a given point (a'fi'y ). 


* This equation was, I believe, first discussed by M. Bobillior ( AnnaU $ <ir Mathcma- 
vol. xviii. p. 320). 
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The polar of any point is (Art. 21)2) 

a (niy + n[ 3) + /3* (ila + /y) + y (l ft 4 ma) = 0. 

Now it is required to determine Imu, so that this equation should 
represent a line at an infinite distance (Art. 157). 

Comparing this equation, therefore, with the equation of a 
line at infinity (Art. 64), 

aa + bft + cy = 0, 

where aftc are the lengths of the sides of the triangle afty, it will 
be found that we may take 

7 = a {bft + cy'-aa') ; tn=ft'(aa' + Cy'-bft); n = y'(«a’ + bft-cy). 

In like manner we could determine /, m, n, so that the polar 
of (a'| 3'y') should be any right line, Aa + B/3 4 Cy, by writing 
A, 13, C, for a, b, c. 

If we were given three points on a conic and any fourth con- 
dition, this fourth condition will give a relation between /, in, n ; 
then, by writing in this relation the values of /, in, n, just found, 
we can find the locus of centres of the conic, or the locus of the 
poles of a given line.* Thus, for example, if we are given a fourth 
point on the conic, we must have 


l m ii 

a ft y 


= 0 , 


and therefore the locus of the centre of the conic circumscribing 
a quadrilateral is 

a(i/3 4 cy - aa) ft (aa 4 Cy - 6/3) y(aa + bft-cy ) n 

7, + + - = ”> 

a ft y 

a conic through the middle points of the given quadrilateral ; for 
aa 4 bft - cy represents the line joining the middle points of 
aft, &c. 

If we are given a tangent to the conic we must have 

y/(lA) 4 \/(»iIl) 4 \/(»C) = 0 , 


in order that the conic should touch 


Aa 4 13/3 4 Cy = 0 (p. 237), 


* The method given in this and the following Article, of finding the locus of the centre 
of a conic section described under certain conditions, is taken from Mr. Hearn’s Rctrorcfn* 
on Conic Seel ions. 
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therefore the locus of centre, three points and a tangent being 
given, is 

V [Aa(b(3 + cy - an)) + d |B/3(aa 4 cy - b(3)) 

+ d (C y(b(3 + da - cy)) = 0, 
a curve in general of the fourth degree. 

294. The equation of the conic section inscribed in a triangle 
may be written in either of the forms (Art. 108) 

y/(la) + d(*»(3) 4 d (ny) = 0, 

Pa* + m"-/ 3 J 4 n s y’ - 2mn(3y - 2 nlya - 2lrnaft = 0. 

It was proved (Art. 1 09) 
that AD, BE, CF meet 
in a point, their equations 
being 

m/ 3 - ny = 0, ny - la - 0, 

la - m(3 = 0 ; 

that LP, MQ, NR have 
for their equations respec- 
tively, 

2m(3 4 2 ny - la = 0, 2 ny + 2 la - m(3 = 0, 2/a f 2m(3 - ny = 0, 

and that PQR is a right line whose equation is 
la 4 m(3 4 ny = 0. 

It is evident likewise that CA, CF, CB, CR form a harmonic 
pencil, their equations being 

/3 = 0, la - m[3 = 0, a = 0, la + tti/3 = 0. 

To Jind the equation of a conic inscribed in afiy, and having 
its centre at a given point («'/3'y). 

The polar of any point with regard to this conic is (Art. 292) 
al(m(3' 4 ny' - la ) 4 (3m (Id 4 ny - m(3 ) 4 yn (Id 4 m(3' - ny') = 0. 
Now if it were required to determine l, m, n, so that this polar 
should coincide with 

La 4 M/3 + Ny “ 0, 

we should find 

/ = L (M/3 4 Ny' - La’) ; tn = M (La' 4 Ny' - M/3) ; 

71 = N (La 4 M/3 - Ny'). 
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Hence the locus of the centres of a conic touching three lines, 
and passing through a given point a”(i"y", is 
V { aa' (6/3 + Cy - oa)j + V (ty3" ( a “ + ey - bfi)) 

+ v ! c y ( aa + - cy)) “ 

the equation of a conic touching the lines joining the middle 
points of the sides of the triangle formed by the given tangents. 

If the conic touch a fourth given line, Aa + B/3 + Cy = 0, 
we must (p. 237 ) have the relation 


/ m 

A + B 


+ 


n 

C 


= 0 ; 


the locus of the centre is, therefore, 

a (bfi + Cy - aa) b (aa + Cy - bfi) c(aa + b/ 3 - Cy) 

A + B + C“ ' 


the equation of a right line.* 

Thus too we may easily form the equation of a conic touching 
five given right lines, viz. a, fi, y, A a + Bfi + Cy, A'a + B'fi + C'y ; 
for we have the two equations 


l m n 

A + B + C 


0, 


l m n 

A' + I? + U 


0, 


from which wc can determine l : m and l : n. 


Ex. 1. Find the equation of the conic touching the five lines, a, y t a + /3 f y, 
2a + /3 - y. 

We have l + w* + n = 0, \l + m - n =* 0 : hence the required equation fo 
2(- a)* + (3®» + (y)* = 0. 

Ex. 2. Find the equation of the conic touching a, /3, y, at their middle points. 

An*. (aa)^ -t- (ty 3)* + (cy)* — 0. 

Ex. 8. Find the condition that (/a)* + (m/ 3)* 4 (*y)*= 0 should represent a parabola. 

I m n 

An*. The curve touches the line at infinity when — + — + — = 0. 

a b e 


• The condition that a conic circumscribed about the triangle (a/3y), 

l m n 

- 4- - + - = 0, 

a fi y 

should touch another inscribed in it, 

V(L«) + V(M/3) + ^(N r ) = 0, 

U (n ° te ’ P - 236) (mM)i + («N)*= 0i 


hence we can find the locus of the centre of the conic inscril)cd in a given triangle, and 
touching another circumscribed to the same triangle, or t in rertu (Hearn, p. 50). 
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Ex. 4. To find the locus of the focus of a parabola touching a, /3, y. 

Generally, if the co-ordinates of one focus of a conic inscribed in the triangle a fly be 
a'flt y , the lines joining it to the vertices of the triangle will be 

“ _£ 0 _r r . 
a p’ p y’ r' « ’ 

and since the lines to the other focus make equal angles with the sides of the triangle 
(Art. 194), these lines will be (Art. 57) 


n a = pp Pi 3 - y'y, y'y - a a ; 

and the co-ordinates of the other focus may be taken , — , — . 

a P y 

Hence, if we are given the equation of any locus described by one focus, we can at 
once write down the equation of the locus described by the other ; and if the second focus 
be at infinity, that is, if a" sin A -f /T’sin B + y' sinC = 0, the first must lie on the circle 

sinA sinB sinC . - , , - . , A 

— 4- — 4- — p- = 0. The co-ordinates of the focus of a parabola at infinity are 

a p y 

—r , . — m — * — , since (remembering the relation in Ex. 3) these values satisfy 

sin*A sin'-’B sin*C v o ' 


both the equations, a sin A + fl sinB + y sin C = 0, V/a 4- Vm/3 + \'ny = 0. 

, . , _ . . sin*A sin f B sm*C 

The co-ordinates, then, of the finite focus are — - — , , . 

, is a 

Ex. 5. To find the equation of the directrix of this parabola. 

Forming, by Art. 294, the equation of the polar of the point whose co-ordinates 
have just been given, we find 


la (sin*B 4- sin*C - s»n*A) 4- tnfl (sin*C 4 - sin* A - sin 2 B) 4- ny (sin 7 A 4- sin*B - sin*C) = 0, 
or la sinB sinC cosA 4- tnfl sinCsmA cosB 4- «y sin AsinBcosC = 0. 

Substituting for n from Ex. 3, the equation becomes 

/sinB sinC (a cos A — y cosC) 4 - m sin C sin A (fi cos B - y cosC) = 0; 
hence the directrix always pa‘*es through the intersection of the perpendiculars of the 
triangle (sec Ex. 3, p. 54). 


DISCRIMINANTS. 


295. The condition that an equation of the second degree 
should represent two right lines, is called the discriminant of that 
equation. When a conic breaks up into two right lines, the 
polar of any point passes through the intersection of the two 
lines ; being the fourth harmonic to the two lines and the line 
joining their intersection to the given point. Now the line 


,dS dS , rfS ... . . . „ , 

a -j- + p -jjj + y — will always pass through a fixed point, 
provided that represent lines meeting in a point. If 


then we form the condition that 

2 K 
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a a 4 5 /3 + 5 y «= 0, a ( 3 + by f 4 a = 0, a y + ba + 5/3 = 0, 

should represent lines meeting in a point ; by eliminating a , /3, y 
between these equations, we obtain the discriminant of the given 
equation, viz., 

ab + a'b ' ’ + a"5"’ - add ’ - 2 M b'' = 0, 

which only differs in notation from what we have obtained already 
by other methods (sec pp. 67, 139).* 

296. Given the equations of two conics, 

(S) ad 1 4 a'j 3’ + d’y 1 4 25/3y + 2 b'ya 4 25"a/3 = 0, 

(S') A a’ + A/3 2 + A’y + 2B/3y 4 2 B'ya 4 2B a/3 = 0, 

if it were required to form the equation of their chords of inter- 
section, we have only to form the discriminant of k S + S', by 
writing ka 4 A for a, hb 4 B for b, <fcc. in the discriminant of S ; 
and putting this discriminant = 0, it will be found that we have 
a cubic to determine k. It is geometrically evident that this 
must be the case, since if the two conics intersect in the points 
A BCD, there can be drawn through these four points any of 
the three pairs of right lines, AB, CI); AC, BD; AD, BC. 
If then the roots of the cubic be k, k", k", the equations of the 
pairs of right lines will be k S 4 S' = 0, k“& 4 S' = 0, k'"S 4 S' = 0. 
The cubic in question actually is 

A’(a5 2 4 a'5' 2 4 a"5’’ 2 - aa’a " - 2/V/5") 4 A 2 j A (5* - da") 4 A'(5’’ - a"a) 
4 A"(5"’ - ad) 4 2B (ab - b'b") + 2B'(a'5' - b "b) + 2 B"(a "5" - 55 ) j 
4 k \a (B 2 - A'A") 4 a'(B'» - A"A) 4 a"(B"‘ - A A') 

4 25(AB - B'B") 4 25' (A'B' - B'B) + 25 "(A’B" - BB")} 

4 ( AB 2 4 A'B’ 4 A 'B ’ - AA'A" - 2BBB") = 0. 

If we call the discriminant of S, V > then it is plain that the co- 


* The condition that an algebraic equation should have equal roots is also called the 
discriminant of that equation. For if the equation be made homogeneous by the intro- 
duction of a variable y, the condition that the equation should have equal roots is 

obtained by eliminating x and y between ^ = 0, ~ = 0. And, in general, if a ho- 

dx dy 

mogcncous function of any number of variables be differentiated successively with respect 
to all these variables, and the variables eliminated between the resulting equations, the 
result of elimination is called the discriminant of the given function. 
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efficient of X 1 is v, and that the absolute term is v . 
efficient of k 1 is 


The co- 


A?- 

da 


K , 4 ndv 

a ^- +a m + 




B 




db '” 

The coefficient of k 


as is also evident from Taylor’s theorem. 

dv' c 

IS a -rr + &C. 

a A. 

297. To find the condition that the line la + m/3 + ny should 
touch the conic S. 

Form the discriminant of AS + (la + m/3 + ny)’, and it will be 
found to be 

. . r *dv dv • dv dv ,dv . rfv 1 

l da da da do db db i 

the coefficient of k and the absolute term vanishing identically. 
It is easy to sec the geometrical reason why this should be the 
case. For if S' represent the two right lines AB, CD, we have 
V' = 0, and one root of the cubic is k = 0, as it plainly ought to 
be. But suppose that S' is a perfect square, and represent two 
coincident lines, then the points A, C ; B, D ; coincide, and the 
pair of lines AI), BC is also represented by S'. We must have 
then two roots of the cubic, k = 0, or the equation must be divi- 
sible by k*. In this case the third pair of lines AC, BD is the 
pair of tangents to the conic at the points where it is met by 
la + m/3 + ny ; and substituting in XS + S' the value of k obtained 


by putting the discriminant 
gents is found to be 


0, the equation of this pair of tan- 




&c.) S - v (la + m/3 + »y)’ = 0. 


But suppose now that the line la + m/3 + ny touches S, then it is 
plain that the pair of tangents AC, BI) also coincides with S'; 
we must therefore have the three roots of the cubic k = 0, or the 
equation must be divisible by It '. Hence we obtain the same 
condition that la + m/3 + ny should touch S, as was otherwise 
obtained (Art. 154), viz., 


„ '/V , iiV , dy dv , dv 

l 1 y— + m- y—, + n* -j— 7, + mn + nl 


da da da" db db' 
We may sometimes write this condition 2 = 0. 


4 lm dh 


0. 
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The condition that AS + S' should touch la 4 m/3 + ny is im- 
mediately obtained by writing la + A for a, kb + B for b, &c. in 
2 ; and the result will obviously contain k in the second degree. 
Hence the problem to describe a conic through four points to 
touch a given line admits of two solutions. 

Ex. Find the condition that la + »w/3 -t- ny should touch S + (Ja + m'/3 + 

Am. 2 + K = 0, where K is the result of writing mri — nm\ nt - ln\ 
Ini - tii for a, /3, y in S. 


298. To find the condition that two conics S and S' shoidd 
touch each other. 

When two points A, B, of the four points of intersection of 
two conics coincide, then it is plain that the pair of lines AC, BD 
is identical with the pair AD, BC. In this case, then, the cubic 
in h (Art. 296) must have two equal roots. Now it can readily 
be proved that the discriminant of the cubic 
LA’ 4 MA* 4 NA 4 P = 0 

is (MN - 9LP ) 1 = 4 (M* - 3LN) (N 1 - 3MP). 

Substituting then for L, M, N, P, their values given in Art. 296, 
we obtain the required condition, which will be of the sixth de- 
gree in the coefficients of each equation. And it may be inferred, 
as at the close of the last Article, that the problem “ to describe 
a conic through four given points to touch a conic,” is one which 
admits in general of six solutions. 


299- To find the co-ordinates of the pole with regard to S of 
the right line la 4 m/3 4 ny. 

If these co-ordinates be a', /3', 7 ', we must have 


or 


a 


B ^ 777 -. + 7 ^, identical with la 4 m /3 4 ny, 
da dp dy 


ad 4 b"B 4 b'y = /, a'/3' 4 by 4 b'a' = m, a"y 4 b'd 4 A/3' « n ; 


whence we get o' proportional to 

lifi - a'a") 4 m (a"b" - bb') 4 n ( db - b"b), & c., 
values which may be written 


, rfS d S , d2 

“ = 3P p = IZ 7 = 
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CHAPTER XV. 

GEOMETRICAL METHODS. 

300. Having in the previous chapters sufficiently illustrated 
the use of the method of co-ordinates, we purpose to occupy the 
present chapter with some important geometrical methods, an 
account of which must form an essential part of any work devoted 
to the theory of curves. 

THE METHOD OF RECIPROCAL POLARS.* 

301. Being given a fixed conic section (2) and any curve (S), 
we can generate another curve (s) as follows : draw any tangent 
to S, and take its pole with regard to 2 ; the locus of this pole will 
be a curve s, which is called the polar curve of S with regard to 
2. The conic 2, with regard to which the pole is taken, is called 
the auxiliary conic. 

We have already met with a particular example of polar 
curves (Ex. 20, p. 190), where we proved that the polar curve of 
one conic section with regard to another is always a curve of the 
second degree. 

We shall for brevity say that a point corresponds to a line 
when we mean that the point is the pole of that line with regard 
to 2 ; thus, since it appears from our definition that every point 
of » is the pole with regard to 2 of some tangent to S, we shall 
briefly express this relation by saying that every point of s cor- 
responds to some tangent of S. 

302. The point of intersection of two tangents to S will corre- 
spond to the line joining the corresponding points of s. 

This follows from the property of the conic 2, that the point 


• This beautiful method was introduced by M. Poncelet, whose account of it will bo 
found at the commencement of the fourth volume of Crelle’s Journal. The reader will 
find the principle of duality, which is involved in this method, treated of from a purely 
analytical point of view in the author's work on the Higher Plane Curves, chap. L 
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of intersection of any two lines is the pole of the line joining the 
poles of these two lines (Art. 14G). 

Let us supi>ose that in this theorem the two tangents to S arc 
indefinitely near, then the two corresponding points of s will also 
be indefinitely near, and the line joining them will be a tangent 
to s (Art. 81); it also easily follows, from our definition of a tan- 
gent, that any tangent to a curve intersects the consecutive tangent 
at its point of contact (see Art. 142); hence for this case the last 
theorem becomes : If any tangent to S correspond to a point on s, 
the point of contact of that tangent to S mil correspond to the tan- 
gent through the point on s. 

Hence we see that the relation bet ween the curves is recipro- 
cal, that is to say, that the curve S might be generated from s in 
precisely the same manner that s was generated from S ; hence 
the name “ reciprocal polars.” 

303. We arc now able, being given any theorem of position 
(Art. 1) concerning any curve S, to deduce another concerning 
the curve s. Thus, for example, if we know that a number of 
points connected with the figure S lie on one right line, we leant 
that the corresponding lines connected with the figure s meet in 
a point (Art. 146), and vice versa; if a number of points con- 
nected with the figure S lie on a conic section, the corresponding 
lines connected with s will touch the polar of that conic with re- 
gard to 2 ; or, in general, if the locus of any point connected 
with S be any curve S', the envelope of the corresponding line 
connected with * is s', the reciprocal polar of S’. 

304. The degree of the polar reciprocal of any curve is equal 
to the number of tangents which can be drawn from any point to 
that curve. 

For the degree off is the same as the number of points in 
which any line cuts s ; and to a number of points on s, lying on 
a right line, correspond the same nundter of tangents to hi passing 
through the point corresponding to that line. Thus, if S be a 
conic section, two, and only two, tangents, real or imaginary, 
can be drawn to it from any point (Art. 142); therefore, any 
line meets s in two, and only two points, realtor imaginary ; wc 
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may thus infer, independently of Ex. 20, p. 190, that the reci- 
procal of any conic section is a curve of the second degree. 

305. W e shall exemplify, in the case where S and s are conic 
sections, the mode of obtaining one theorem from another by this 
method. 

We know (Art. 268) that “ if a hexagon be inscribed in S, 
whose sides are A, B, C, D, E, F, then the points of intersection, 
AD, BE, OF, are in one right line. Hence we infer, that “ if a 
hexagon be circumscribed about s, whose vertices are a, b, c, d, e,f 
then the lines ad, be, cf, will meet in a point ” (Art. 266). Thus 
we see that Pascal’s theorem and Brianchon’s are reciprocal to each 
other, and it was thus, in fact, that the latter was first obtained. 

In order to give the student an opportunity of rendering him- 
self expert in the application of this method, we shall write in 
parallel columns some theorems, together with their reciprocals. 
The beginner ought carefully to examine the force of the argu- 
ment by which the one is inferred from the other, and he ought 
to attempt to form for himself the reciprocal of each theorem be- 
fore looking at the reciprocal we have given. lie will soon find 
that the operation of forming the reciprocal theorem will reduce 
itself to a mere mechanical process of interchanging the words 
“point” and “line,” “inscribed” and “circumscribed,” “locus” 
and “envelope,” &c. 


If two vertices of a triangle move 
along fixed right lines, while the sides 
pass each through a fixed point, the 
locus of the third vertex is a conic 
section. (Ex. 4, p. 230.) 

If, however, the points through 
which the sides pass lie in one right line, 
the locus will be a right line. (p. 40.) 

In what other case will the locus be 
a right line? (p. 41.) 


If two sides of a triangle pass 
through fixed points, while the ver- 
tices move on fixed right lines, the 
envelope of the third side is a conic 
section. 

If the lines on which the vertices 
move meet in a point, the third side 
will pass through n fixed point. 

In what other case will the third 
side pass through a fixed point ? 
(p. 47.) 


If two conics touch, their reciprocals will also touch ; for the 
first pair have a point common, and also the tangent at that point 
common, therefore the second pair will have a tangent common 
and its point of contact also common. So likewise if two conics 
have double contact their reciprocals will have double contact. 
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If a triangle be circumscribed to 
a conic section, two of whose vertices 
move on fixed lines, the locus of the 
third vertex is a conic section, having 
double contact with the given one. 
(Ex. 1, p. 229.) 


If a triangle be inscribed in a co- 
nic section, two of whose sides pass 
through fixed point*, the envelope of 
the third side is a conic section, hav- 
ing double contact with the given one. 
(Ex. 2, p. 229.) 


306. We proved (Art. 302, sec figure, p. 258) if to two points 
P, P, on S, correspond the tangents pt, p't', on s, that the tangents 
at P and P will correspond to the points of contact p, p, and 
therefore Q, the intersection of these tangents, will correspond to 
the chord of contact pp. Ilcnce we learn that to any point Q, 
and its polar PP, with respect to S, correspond a line pp' and its 


pole q with respect to s. 

Given two points on a conic, and 
two of its tangents, the line joining 
the points of contact of those tangents 
passes through a fixed point. (Art. 
264.) 

Given four points on a conic, the 
polar of a fixed point passes through 
a fixed point. (Ex. 8, p. 187.) 

Given four points on a conic, the 
locus of the pole of a fixed right line 
is a conic section. (Ex. 2, p. 241.) 

The lines joining the vertices of a 
triangle to the opposite vertices of its 
polar triangle with regard to a conic, 
meet in a point. (Ex. 2, p. 248.) 

Inscribe in a conic a triangle whose 
sides pass through three given points. 
(Ex. 6, p. 244.) 


Given two tangents and two points 
on a conic, the point of intersection 
of the tangents at those points will 
move along a fixed right line. 

Given four tangents to a conic, the 
locus of the pole of a fixed right line 
is a right line. 

Given four tangents to a conic, the 
envelope of the polar of a fixed point 
is a conic section. 

The points of intersection of each 
side of any triangle, with the opposite 
side of the polar triangle, lie in one 
right line. (Ex. 3, p. 243.) 

Circumscribe about a conic a tri- 
angle whose vertices rest on three 
given lines. 


307. Given two conics, S and S', and their two reciprocals, s 
and s ' ; to any point common to S and S' will correspond a tangent 
common to s and s', and to any chord of intersection of S and S' 
will correspond an intersection of common tangents to s and s'. 


If three conics have two points 
common, and, therefore, one com- 
mon chord, their other three common 
chords will meet in a point. (Art. 267.) 

If three conics have two common 
tangents, or if they have each double 


If three conics have two tangents 
common, the points of intersection of 
the other three pairs of common tan- 
gents lie on one right line. 

If three conics have two points 
common, or if they have each double 
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contact with a fourth, their six chords 
of intersection will pass three by three 
through the same points. (Art. 265.) 

Or, in other words, three conics, 
having each double contact with a 
fourth, may be considered as having 
four radical centres, (p. 105.) 

If through the point of contact of 
two conics which touch, any chord be 
drawn, tangents at its extremities 
will meet on the common chord of the 
two conics. 

If, through the intersection of com- 
mon tangents of two conics any two 
chords be drawn, lines joining their 
extremities will intersect on one or 
other of the common chords of the 
two conics, (p. 226.) 

If A and B be two conics having 
each double contact with S, the 
chords of contact of A and B with S, 
and their chords of intersection with 
each other, meet in a point, and form 
a harmonic pencil. (Art 264.) 

If A, B, C, be three conics, having 
each double contact with S, and if A 
and B both touch C, the tangents at 
the points of contact will intersect on 
a common chord of A and B. 


contact with a fourth, tho six points 
of intersection of common tangents lie 
three by three on the same right lines. 

Or, three conics, having each dou- 
ble contact with a fourth, may be 
considered as having four axes of si- 
militude. (See Art. 122, of which 
this theorem is an extension.) 

If from any point on the tangent 
at the point of contact of two conics 
which touch, a tangent be drawn to 
each, the line joining their points of 
contact will pass through the inter- 
section of common tangents to the 
conics. 

If, on a common chord of two co- 
nics, any two points be taken, and 
from these tangents be drawn to the 
conics, the diagonals of the quadrila- 
teral so formed will pass through one 
or other of the intersections of com- 
mon tangents to the conics. 

If A and B be two conics having 
each double contact with S, the inter- 
sections of the tangents at their points 
of contact with S, and the intersec- 
tions of tangents common to A and 
B, lie in one right line, which they 
divide harmonically. 

If A, B, C, be three conics, having 
each double contact with S, and if A 
and B both touch C, the line joining 
the points of contact will pass tlirongh 
an intersection of common tangents of 
A and B.* 


• The reader will take notice that we have now proved that every theorem used in 
Art. 1 27, in the theory of three circles, has a theorem corresponding in the theory of three 
conics which ire each inscribed in the same given conic ; and hence that, given three such 
conics, we can And a fourth inserilwd in the same conic, and such as to touch the three 
given conics. The learner will do well to refer to Art 127, and to examine for himself 
how the demonstration there given is to be extended to the case of three conics inscribed 
in a given conic. The chief difference occurs in (5) of that Article, for tha line a'b~ is 
now constructed by joining the pole of SSB' to any on » nf ike four radical centres of 

2 L 
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308. We have hitherto supposed the auxiliary conic JJ to be 
any conic whatever. It is most common, however, to suppose 
this conic a circle ; and hereafter, when we speak of polar curves, 
we intend the reader to understand polars with regard to a circle, 
unless we expressly state otherwise. 

We know (Art. 86) that the polar of any point with regard 
to a circle is perpendicular to the line joining this point to the 
centre, and that the distances of the point and its polar are, when 
multiplied together, equal to the square of the radius ; hence the 
relation between polar curves with regard to a circle is often 
stated as follows : Being given 
any point O, if from it ice let fall 
a perpendicular OT on any tan- 
gent to a curve S, and produce 
it until the rectangle OT . Op is 
equal to a constant k 2 , then the 
locus of the point p is a curve s, 
which is called the polar recijrrocal 
of S. For this is evidently equi- 
valent to saying that p is the pole of PT, with regard to a circle 
whose centre is O and radius k. We sec, therefore (Art. 302), 
that the tangent pt will correspond to the point of contact P, that 
is to say, that OP will be perpendicular to pt, and that OP.O/ - h 2 . 

It is easy to show that a change in the magnitude of k will 
affect only the size and not the shape of s, which is all that in 
most cases concerns us. In this manner of considering polars, all 
mention of the circle may be suppressed, and s may be called the 



the three conics. The problem therefore admits of thirty-two solutions instead of eight, 
as in the case of the three circles. The theorems which answer to (6) of the same Ar- 
ticle arc the following: 

The chord of contact of the required co- The pole of this chord, with regard to S, 
nic with S passes through the intersection lies on the line joining one of their radical 
of one of the axes of similitude of the three centres with the pole, with regard to S, of 

given conics with the polar of one of their one of their axes of similitude, 

radical centres with regard to S. 

The reader will find a very able investigation of this whole problem in a memoir pub- 
lished by Mr. Cayley in vol. xxxix. of C relic’s Journal. 
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reciprocal of S with regard to the point O. Wc shall call this 
point the origin. 

The advantage of using the circle for our auxiliary conic 
chiefly arises from the two following theorems, which are at once 
deduced from what has been said, and which enable us to trans- 
form, by this method, not only theorems of position, but also 
theorems involving the magnitude of lines and angles : 

The distance of any point ¥ from the origin is the reciprocal of 
the distance of the corresponding line pt. 

The angle TQT' between any two lines TQ, T'Q, is equal to 
the angle pOp subtended at the origin by the corresjyonding points 
p, p, lor Op is perpendicular to TQ, and Op to T'Q. 

W e shall give some examples of the application of these prin- 
ciples when we have first investigated the following problem : 


TV 

A 

\ A ft 

m/ 



c ) \ 

toy 


\ j 

— y m' 

\ 


309. To find the polar reciprocal of one circle with regard to 
another. That is to say, to find the locus of the pole p with re- 
gard to the circle (O) of any tangent PT to the circle (C). Let 
AIN be the polar of the [K)int C 
with regard to O, then having 
the points C, p, and their polars 
AIN, PT, we have by Art. 98, 

the ratio but the first 

CP pN 

ratio is constant, since both OC 
and CP are constant ; hence the 
distance of p from O is to its distance from AIN in the constant 
ratio OC : CP, its locus is therefore a conic, of which O is a focus, 
AIN the corresponding directrix, and whose eccentricity is OC 
divided by CP. Hence the eccentricity is greater, less than, or 
= 1, according as O is without, within, or on the circle C. 

Hence the polar reciprocal of a circle is a conic section , of 
which the origin is the focus, the line corresponding to the centre is 
the directrix, and which is an ellipse, hyperbola, or parabola, ac- 
cording as the origin is within, without, or on the circle. 

3 1 0. Wc shall now deduce some properties concerning angles, 
by the help of the theorem given in Art. 308. 
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Any two tangent* to a circle make The line drawn from the focus to 
equal angles with their chord of con- the intersection of two tangents bisects 

tact. the angle subtended at the focus by 

their chord of contact. (Art. 196.) 

For the angle between one tangent PQ (see fig. p. 258) and 
the chord of contact PF is equal to the angle subtended at the 
focus by the corresponding points p, q ; and similarly, the angle 
QPP is equal to the angle subtended by p, q ; therefore, since 
QPF = QFP, pOq *= p’Oq. 

Any tangent to a circle is perpen- Any point on a conic, and the point 
dicular to the line joining its point of where its tangent meets the directrix, 
contact to the centre. subtend a right angle at the focus. 

This follows as before, recollecting that the directrix of the 
conic answers to the centre of the circle. 


Any line is perpendicular to the 
line joining its pole to the centre of 
the circle. 

The line joining any point to the 
centre of a circle makes equal angles 
with the tangents through that point. 

The locus of the intersection of 
tangents to a circle, which cut at a 
given angle, is a concentric circle. 

The envelope of the chord of con- 
tact of tangents which cut at a given 
angle is a concentric circle. 

If from a fixed point tangents be 
drawn to a scries of concentric circles, 
the locus of the points of contact will 
be a circle passing through the fixed 
point, and through the common cen- 
tre. 


Any point and the intersection of 
its polar with the directrix subtend a 
right angle at the focus. 

If the point where any line meets 
the directrix be joined to the focus, 
the joining line will bisect the angle 
between the focal radii to the points 
where the given line meets the curve. 

The envelope of a chord of a conic, 
which subtends a given angle at the 
focus, is a conic having the same focus 
and the some directrix. 

The locus of the intersection of tan- 
gents, whose chord subtends a given 
angle at the focus, is a conic having 
the same focus and directrix. 

If a fixed line intersect a series of 
conics having the same focus and 
same directrix, the envelope of the 
tangents to the conics, at the points 
where this line meets them, will be a 
conic having the same focus, and 
touching both the fixed line and the 
common directrix. 


In the latter theorem, if the fixed line be at infinity, we find 
the envelope of the asymptotes of a scries of hyperbolas having 
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the same focus and same directrix, to be a parabola having the 
same focus and touching the common directrix. 

If two chords at right angles to each The locos of the intersection of 
other be drawn through any point on tangents to a parabola which cut at 

a circle, the line joining their extre- right angles is the directrix, 
mities passes through the centre. 

We say a parabola, for, the point through which the chords 
of the circle are drawn being taken for origin, the polar of the 
circle is a parabola (Art. 309). 


The envelope of a chord of a circle 
which subtends a given angle at a 
given point on the curve is a concen- 
tric circle. 

Given base and vertical angle of a 
triangle, the locus of vertex is a circle 
passing through the extremities of the 
base. 

The locus of the intersection of tan- 
gents to an ellipse or hyperbola which 
cut at right angles is a circle. 


The locus of the intersection of tan- 
gents to a parabola, which cut at a 
given angle, is a conic having the same 
focus and the same directrix. 

Given in position two sides of a tri- 
angle, and the angle subtended by the 
base at a given point, the envelope 
of the base is a conic, of which that 
point is a focus, and to which the two 
given sides will be tangents. 

The envelope of any chord of a 
conic which subtends a right angle at 
any fixed point is a conic, of which 
that point is a focus. 


“ If from any point on the circumference of a circle perpen- 
diculars be let fall on the sides of any inscribed triangle, their 
three feet will lie in one right line” (Art. 106). 

If we take the fixed point for origin, to the triangle inscribed 
in a circle will correspond a triangle circumscribed about a para- 
bola ; again, to the foot of the perpendicular on any line corre- 
sponds a line through the corresponding point perpendicular to 
the radius vector from the origin. Hence, “ If we join the focus 
to each vertex of a triangle circumscribed about a parabola, and 
erect perpendiculars at the vertices to the joining lines, those per- 
pendiculars will pass through the same point.” If, therefore, a 
circle be described, having for diameter the radius vector from 
the focus to this point, it will pass through the vertices of the 
circumscribed triangle. Hence, Given three tangents to a para- 
bola, the locus of the focus is the circumscribing circle (p. 187). 


The locus of the foot of the per- If from any point a radius vector 
pendicular (or of a line making a l>c drawn to a circle, the envelope of 
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constant angle with the tangent) from a perpendicular to it at its extremity 
the focus of an ellipse or hyperbola (or of a line making a constant angle 
on the tangent is a circle. with it) is a conic having the fixed 

point for its focus. 

311. Having sufficiently exemplified in the last Article the 
method of transforming theorems involving angles, we proceed 
to show that theorems involving the magnitude of lines passing 
through the origin are easily transformed by the help of the first 
theorem in Art. 308. For example, the sum (or, in some cases, 
the difference, if the origin be without the circle) of the perpen- 
diculars let fall from the origin on any pair of parallel tangents 
to a circle is constant, and equal to the diameter of the circle. 

Now, to two parallel lines correspond two points on a line 
jmssing through the origin. Hence, “ the sum of the reciprocals 
of the segments of any focal chord of an ellipse is constant.” 

We know (p. 169) that this sum is the reciprocal of the semi- 
parameter of the ellipse, and since we learn from the present 
example that it only depends on the diameter, and not on the po- 
sition of the reciprocal circle, we infer that the reciprocals of equal 
circles, with regard to any origin , have the same, parameter. 

The rectangle under the segments The rectangle under the perpen- 
of any chord of a circle through the diculars let fall from the focus on two 

origin is constant. parallel tangents is constant. 

Hence, given the tangent from the origin to a circle, we arc 
given the conjugate axis of the reciprocal hyperbola. 

Again, the theorem, that the sum of the focal distances of 
any point on an ellipse is constant, may be expressed thus : 

The sum of the distances from the The sum of the reciprocals of per- 
focus of the points of contact of pa- pendiculars let full from any point on 
rallcl tangents is constant. two tangents to a circle, whose chord 

of contact passes through the point, 
is constant. 

312. Many relations involving the magnitude of lines not 
passing through the origin may be transformed by the help of the 
theorem of Art. 98. Thus we know, that if PA, PB, PC, PD, 
be the perpendiculars let fall from any point of a conic on the 
sides of an inscribed quadrilateral, PA • PC •= £PB • PD (Art. 

„ . . PA PC , PB PD 

260) ; now we may write this relation, yyp -yy «= h - --p, 


Digitized by Google 


THE METHOD OF RECIPROCAL FOI.ARS. 


*263 


hut if a, b, c, d, be the points corresponding to the lines A, 11, 
C, D, and ap the perpendicular let fall from a on the line cor- 
responding to P we have (Art. 98) ~p = Similarly for the 

other sides ; aud O a, Ob, O c, O d, being constant, we infer that 
if a fixed quadrilateral be circumscribed to a conic, the product of 
the peipendiculars let fall from two opposite vertices on any va- 
riable tangent is in a constant ratio to the product of the perpen- 
diculars let fall from the other two vertices. 


The product of the perpendiculars 
from any point of a conic on two fixed 
tangents, is in a constant ratio to the 
square of the perpendicular on their 
chord of contact. (Art. 260.) 


The product of the perpendiculars 
from two fixed points of a conic on 
any tangent, is in a constant ratio to 
the square of the perpendicular on it, 
from the intersection of tangents at 
those points. 


If, however, the origin be taken on the chord of contact, the 
reciprocal theorem is, “ the intercepts, made by any variable tan- 
gent on two parallel tangents have a constant rectangle.” 


The product of the perpendiculars The square of the radius vector 
on any tangent of a conic from two from a fixed point to any point on 
fixed points (the foci) is constant. a conic, is in a constant ratio to the 

product of the perpendiculars let fall 
from that point of the conic on two 
fixed right lines. 


313. Very many theorems concerning magnitude may be re- 
duced to theorems concerning lines cut harmonically or anhar- 
monically, and are transformed by the following principle : To 
any four points on a right line correspond four lines passing through 
a point, and the anharmonic ratio of this pencil is the same as that 
of the four points. 

This is evident, since each leg of the pencil drawn from the 
origin to the given points is perpendicular to one of the corre- 
sponding lines. We may thus derive the anharmonic properties 
of the conics in general from that of the circle. 

The anharmonic ratio of the pencil The anharmonic ratio of the points 
joining four points on a conic to a in which four fixed tangents to a conic 

variable fifth is constant. cut any variable fifth is constant. 

The first of these theorems is true for the circle, since all the 
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angles of the pencil are constant, therefore the second is true for 
all the conics. The second theorem is true for the circle, since 
the angles which the four points subtend at the centre are con- 
stant, therefore the first theorem is true for all the conics. By 
observing the angles which correspond in the reciprocal figure 
to the angles which are constant in the case of the circle, the 
student will perceive that the angles which the four points of 
the variable tangent subtend at either focus are constant, and 
that the angles are constant which are subtended at the focus 
by the four points in which any inscribed pencil meets the 
directrix. 

In like manner, the theorem of Art. 149 is the reciprocal of 
that in Art. 147, and both, being true for the circle, must be true 
for all the conics. 

314. The anharmonic ratio of a line is not the only relation 
concerning the magnitude of lines which can be expressed in 
terms of the angles subtended by the lines at a fixed point. 
For, if there be any relation which by substituting (as in Art. 54) 

f i r An- l l • v OA OB-sinAOB 
tor each line AB involved in it, can be re- 

duced to a relation between the sines of angles subtended at a 
given point O, this relation will be equally true for any trans- 
versal cutting the lines joining O to the points A, B, &c. ; and 
by taking the given point for origin a reciprocal theorem can be 
easily obtained. For example, the following theorem, due to 
Carnot, is an immediate consequence of Art. 151 : “ If any conic 
meet the side AB of any triangle in the points c, c ; BC in a, a ' ; 
AC in b, b ; then the ratio 

Ac • Ac ■ Ba • Ba' • C b ■ C b . „ 

Ab • A b • Be • Be' • Ca • Ca' 

Now, it will be seen that this ratio is such that we may sub- 
stitute for each line Ac the sine of the angle AOc, which it sub- 
tends at any fixed point ; and if we take the reciprocal of this 
theorem, we obtain the theorem given already at p. 240. 

315. Having shown how to form the reciprocals of particular 
theorems, we shall add some general considerations respecting 
reciprocal conics. 
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We proved (Art. 309) that the reciprocal of a circle is an 
ellipse, hyperbola, or parabola, according as the origin is within, 
without, or on the curve ; we shall now extend this conclusion to 
all the conic sections. It is evident that, the nearer any line or 
point is to the origin, the farther the corresponding point or line 
will be ; that if any line passes through the origin, the corre- 
sponding point must be at an infinite distance ; and that the line 
corresponding to the origin itself must be altogether at an infinite 
distance. To two tangents, therefore, through the origin on one 
figure, will correspond two points at an infinite distance on the 
other ; hence, if two real tangents can be drawn from the origin, 
the reciprocal curve will have two real points at infinity, that is, 
it will be a hyperbola ; if the tangents drawn from the origin be 
imaginary, the reciprocal curve will be an ellipse ; if the origin 
be on the curve, the tangents from it coincide (p. 130), therefore 
the points at infinity on the reciprocal curve coincide, that is, 
the reciprocal curve will be a parabola. Since the line at infinity 
corresponds to the origin, we see that, if the origin be a point on 
one curve, the line at infinity will be a tangent to the reciprocal 
curve ; and we are again led to the theorem (Art. 255) that 
every parabola has one tangent situated at an infinite distance. 

Hence Ex. 2, p. 160, is the reciprocal of the theorem, Art. 226. 

316. To the points of contact of two tangents through the 
origin must correspond the tangents at the two points at infinity 
on the reciprocal curve, that is to say, the asymptotes of the 
reciprocal curve. The eccentricity of the reciprocal hyperbola 
depending solely on the angle between its asymptotes, depends, 
therefore, on the angle between the tangents drawn from the 
origin to the original curve. 

Again, the intersection of the asymptotes of the reciprocal 
curve (i. e. its centre) corresponds to the chord of contact of tan- 
gents from the origin to the original curve. We met with a 
particular case of this theorem when we proved that to the centre 
of a circle corresponds the directrix of the reciprocal conic, for 
the directrix is the polar of the origin which is the focus of that 
conic. 

We can thus, likewise, find the axes of the reciprocal curve, 
2 M 
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for they must be lines drawn through its centre parallel to the 
internal and external bisectors of the angle between the tangents 
drawn from the origin. This may otherwise be expressed (by the 
help of the theorem, Art. 194), that if through the origin we 
draw a conic confocal to the given one, the axes of the reciprocal 
conic will be parallel to the tangent and normal at the origin to 
the confocal conic. This latter statement is preferable, because 
it holds when the origin is within the curve. 

317. Hence, given two circles, we can find a point such that 
the reciprocals of both shall be confocal conics. For, since the 
reciprocals of all circles must have one focus (the origin) com- 
mon ; in order that the other focus should be common, it is only 
necessary that the two reciprocal curves should have the same 
centre, that is, that the polar of the origin with regard to both 
circles should be the same, or that the origin should be one of the 
two points determined in Art. 116. Ilence, given a system of 
circles, as in Art. 1 14, their reciprocals with regard to one of these 
limiting points will be a system of confocal conics. Theorems, 
therefore, concerning confocal conics, are at once transformed into 
theorems relating to the system of circles, e. g., the theorem of 
Art. 192 corresponds to “ the common tangent to two circles sub- 
tends a right angle at either of the limiting points.” The theo- 
rem of Art. 194 corresponds to — “ if any line intersect two circles, 
its two intercepts between the circles subtend equal angles at 
either limiting point.” Or, again, by Ex. 3, Art. 231, any fixed 
point, and the fixed point through which (Art. 1 15) its polar 
must pass, subtend a right angle at the limiting points. 

We may mention here that the method of reciprocal polars 
affords a simple solution of the problem, “ to describe a circle 
touching three given circles.” The locus of the centre of a circle 
touching two of the given circles (1), (2), is evidently a hyper- 
bola, of which the centres of the given circles are the foci, since 
the problem is at once reduced to — “ Given base and difference of 
sides of a triangle.” Hence (Art. 309) the polar of the centre 
with regard to either of the given circles ( 1 ) will always touch a 
circle which can be easily constructed. In like manner, the polar 
of the centre of any circle touching (1) and (3) must also touch 
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a given circle. Therefore, if we draw a common tangent to the 
two circles thus determined, and take the pole of this line with 
respect to ( 1 ), we have the centre of the circle touching the three 
given circles.* 

318. Given any two conics ; there are three points such that 
their reciprocals with regard to any of them will be concentric 
curves. For there are three points whose polars with regard to the 
two conics are the same, namely, if we form the common inscribed 
quadrilateral by joining the four points in which the curves inter- 
sect, the three points E, F, O (see Art. 149, Ex. 1). These three 
points may be real, even when the conics cut in imaginary points. 

319. To find the equation of the reciprocal of a conic with re- 
gard to its centre. 

We found, in Art. 182, that the perpendicular on the tangent 
could be expressed in terms of the angles it makes with the axes 
p 2 = a 2 cos 1 # + 6 s sin’d. 

Hence the polar equation of the reciprocal curve is 

k* * 

— - a 1 cos’d + b 2 sin’d, 

P 

or a i x i fry 2 . 

“F + F" “ 

a concentric conic, whose axes are the reciprocals of the axes of 
the given conic. 

320. To find the equation of the reciprocal of a conic with re- 
gard to any point (fiy). 

The length of the perpendicular from any point is (Art. 182) 
/j 

p = — •= y/ (a 2 cos’d + fr sin’d) - x' cos d - y sin d ; 

P 

therefore, the equation of the reciprocal curve is 
( xx ' 4 yy 4 £’)’ ■= a'x 2 4 fry 2 . 

321. To find the reciprocal of the conic 

ax? 4 ay 2 4 a"z 2 4 2 byz 4 Tlizx 4 Ifrxy = 0. 

For symmetry we shall write k 2 = - z 2 , and look for the reciprocal 

* This solution is taken from Gerponne's Annulet. 
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with regard to *’ + + z* 0. Then the j>olar with regard to 

thia of any point on the reciprocal curve will touch the given 
curve. But the equation of the polar is xx + yy + zz = 0 ; and 
expressing (Art. 154) the condition that this line should touch 
the given conic, the equation of the reciprocal ia found to be 
(a a - b v )x' + (a"a - li 1 ) y 1 + ( aa ' - b ”’) z’ 

-t 2 (b'b" - ab ) yz + 2 (b b - a'b) zx + 2 (bb - a"b')xy = 0. 
We have seen (Art. 296) that the coefficients in thia equation arc 

equal to &c. We shall denote these coefficients by 

da da 

3, 3', S", 13, 13', 13’. It is easy to deduce from this equation the 
properties which we have already obtained geometrically, such 
aa, that if the curve be a parabola, the origin will be a point 
on the reciprocal curve, &c. 

Ex. 1. To find the equation of the reciprocal of the reciprocal of a given conic. This 
must evidently represent the given curve itself. The equation is 
(£' + Ac. = 0; 

and writing for H', Ac., their values, this is found equal to the given equation multiplied 
t’A’- In like manner the discriminant of the reciprocal is found = v’- 

Ex. 2. To find the reciprocal of a system of conics which pass through four points. 
The equation of any conic of the system being S 4 AS’ = 0, the equation of the reciprocal 
is found by writing a 4 AA for <?, o' + AA' for a\ Ac., in the equation of the reciprocal. 
It is easy to see that the result will contain A in the second degree. We may write it 
2 + A«fr + JPZ's* 0, whfcrc 2 and 2' are the reciprocals of S and S', while 
® = (a'A" -f a" A' — 2AB) x* + (a" A 4 a A" — 2A'B')y* 4 (a A' 4- a A - 2A"B") z* 

+ 2 (A'B" + A 'B' - aB - AA) yz + 2 (A"B + AB" - a'B - A'A') zx 
+ 2 (AB' 4 A'B — a"B" — A"A")xy. 

Now, since the original system of conics passes through four fixed points, the reci- 
procal system always touches four fixed right lines. But the form of the equation 
shows that the reciprocal always touches 422' = This, then, is the equation of tho 
four lines which are common tangents to 2, 2, and the other conics of the reciprocal 
system. But the form of 422' = the equation to these four lines, shows that 2 is 
touched by them, and that passes through the points of contact In like manner, 
d> passes through the four points where 2' is touched by the common tangents. Hence 
the eight points of contact of common tangents to the two conics 2, 2', all lie on tho 
same conic 

Ex. 3. To find the equation of the common tangents to S and S'. 

The system reciprocal to the system of conics which have the same common tangents 
will pass through four fixed points, and will be 2 + A 2' = 0. Forming, then, tho reci- 
procal of this latter system, we find VS + AF + A*V'S'= 0, where F is what ♦ liecomea 
when the coefficients *5, ’JT, Ac. of the reciprocal are written for A, A', Ac. The equa- 
tion, then, of the common tangents will be F* = 4TV SS'. 
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Ex. 4. To find the envelope of a system of confocal conies. 

x'i yl 

The equation of such a system is 4- — = 1. The reciprocal of this is 

a* — a® 6* — k* 

(Art. 319) (a* - k*) x* + (6® — Ifi) y* = 1 ; and as this denotes a system of conics through 
the four points of intersection of (a 2 x 2 4- 6*y* — 1) and (x 3 4- y 3 ), it follows that tho 
system of confocal conics touches four fixed right lines. Arranging their equation, 
(6 2 x* 4 a 3 y* — a* & 3 ) + k * (a* + 6* — x* — y*) — k* = 0, 
they always touch 

(a* + 6* - x* - y 3 )* + 4 (6*x® 4 a*y* - a*6 3 ) = 0, 
which will be found to be equivalent to 

{jf> + (x - c)»} }y* + (x + e)*} C 0, 
a result in accordance with Art 282. 

Ex. 5. The equation of the pair of tangents from any point xy V to S is found by 
substituting yz - zy\ zx — xx', zy — yx for x, y, z in the equation of the reciprocal 
curve. % 

Any point on either tangent through x'y'z evidently possesses the property that the 
line joining it to x'y'z touches the curve. In order, then, to find the equation of the pair 
of tangents, we have only to express (Art 154) the condition that the line joining two 
jioiotfl x (y y _ yV) + y (*y _ *V) + t (x'f _ x "y ) = 0 

should touch the curve, and to consider then x"y"z " as variable. And remembering 
(Art. 321) that the coefficients are the same in the condition that a line should touch the 
curve, and in the equation of the reciprocal curve, the truth of the theorem is manifest 
As we have already (Art 150) obtained the equation of the pair of tangents in another 
form, it follows (as may easily be verified) that 

(ax* 4- ay* 4- &c.) (ax'* 4- ay* 4- Ac.) — (axx 4- ayy 4- Ac.)* = 15 (yz — zy )* 

„ 4- H' (zx' - xzy 4- Ac. 

In like manner, 

(?U* 4- Ac.) ("Sx** 4 Ac.) — (Hxx 4- Ac.)* = v{« (yz - zy')* 4- Ac. }. 

Ex. 6. To verify that, if two conics have doublo contact with each other, their reci- 
procals have double contact with each other (Art. 294). 

The reciprocal of S 4 (lx + my + nz)* is (Art 297) 2 4- (a (mz - tiy)* 4 Ac. } . 

But since (Ex. 5) 

V {o («ix — wy)* 4- Ac.) = 2 ('SU* 4- Ac.) — (B/x 4- Ac.)*. 

The reciprocal is 

{ V + (*/* + Ac.)} 2 - (nix 4- Ac.)* = 0, 
a conic evidently having double contact with 2. 

322. Given the reciprocal of a curve with regard to the origin 
of co-ordinates, to find the equation of its reciprocal with regard 
to any point {xy). 

If the perpendicular from the origin on the tangent be P, the 
perpendicular from any other point is (Art. 27) 

P - xcosO - y'sinO, 
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and, therefore, the polar equation of the locus is 

• y sin 0 ; 


hence 


A* A* , . 

— = Yj - X COSU 

p A 


p cos0 


k 1 xx+yy+k 1 , Rcos0 

_ ZJL and — t- — = — ; ; , 

K p xx + yy + kr 


we must, therefore, substitute, in the equation of the given reci- 
procal, — — — j- for x, and — r—-~ r , for y. 

r xx+yy+k ? xx+yy+k 1 

The effect of this substitution may be very simply written as 
follows : Let the equation of the reciprocal with regard to the 
origin be w„ + u n _, + u..„ &c. (see Art. 271), 
then the reciprocal with regard to any point is 

( xx! + yy + _ (xx + yy' + k*\i 


«» + Un-l 


( xx! + yy + k 2 \ / xx + yy' + A’\» „ 

( f— ) + “"( F— j + 


/ "”V A> 

a curve of the same degree as the given reciprocal. 


323. Before quitting the subject of reciprocal polars, we wish 
to mention a class of theorems, for the transformation of which 
M. Chasles has proposed to take as the auxiliary conic a parabola 
instead of a circle. We proved (Art. 216) that the intercept made 
on the axis of the parabola between any two lines is equal to the 
intercept between perpendiculars let fall on the axis from the poles 
of these lines. This principle, then, enables us readily to trans- 
form theorems which relate to the magnitude of lines measured 
parallel to a fixed line. We shall give one or two specimens of 
the use of this method, premising that to two tangents parallel to 
the axis of the auxiliary parabola correspond the two points at in- 
finity on the reciprocal curve, and that, consequently, the curve 
will be a hyperbola or ellipse, according as these tangents arc real 
or imaginary. The reciprocal will be a parabola if the axis pass 
through a point at infinity on the original curve. 

“ Any variable tangent to a conic intercepts portions on two 
parallel tangents whose rectangle is constant.” 

To the two points of contact of parallel tangents answer the 
asymptotes of the reciprocal hyjierbola, and to the intersections of 
those parallel tangents with any other tangent answer parallels 
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to the asymptotes through any point ; and we obtain, in the first 
instance, tliat the asymptotes and parallels to them through any 
point on the curve intercept portions on any fixed line whose rect- 
angle is constant. But this is plainly equivalent to the theorem : 
“ The rectangle under parallels drawn to the asymptotes from 
any point on the curve is constant.” 

Chords drawn from two fixed If any tangent to a parabola meet 
points of a hyperbola to a variable two fixed tangents, perpendiculars 
third point, intercept a constant from its extremities on the tangent 
length on the asymptote. at the vertex will intercept a constant 

length on that line. 

This method of parabolic polars is plainly much more limited 
in its application than the method of circular polars, whose re- 
sources in transforming theorems of magnitude M. Chasles has 
possibly underrated. 

HARMONIC AND ANHARMONIC PROPERTIES OF CONICS.* 

324. The harmonic and anharmonic properties of conic sec- 
tions admit of so many applications in the theory of these curves, 
that we think it not unprofitable to spend a little time in point- 
ing out to the student the number of particular theorems either 
directly included in the general enunciations of these properties, 
or which may be inferred from them without much difficulty. 

The cases which we shall most frequently consider are, when 
one of the four points of the right line, whose anharmonic ratio 
we are examining, is at an infinite distance. The anharmonic 

ratio of four points, A, B, C, D, being in general = 

CD 

D be at an infinite distance, the ratio is ultimately = 1, and 

AB 

the anharmonic ratio becomes simply - . If the line be cut 

harmonically, its anharmonic ratio - 1, and if D be at an infinite 
distance AC is bisected. The reader is supposed to be acquainted 
with the geometric investigation of these and the other funda- 
mental theorems connected with anharmonic section. 

• The discovery of the anharmonic properties of conics is due to M. Chasles, from the 
notes to whose History of Geometry the following pages have been developed. 
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325. We shall commence with the theorem (Art. 147) : “ If 
any line through a point O meet a conic in the points R', R”, and 
the polar of O in R, the line ORRR" is cut harmonically." 

First. Let R" be at an infinite distance ; then the line OR 
must be bisected at R' ; that is, if through a fixed point a line be 
drawn parallel to an asymptote of an hyperbola, or to a diameter 
of a parabola, the portion of this line between the fixed point and 
its polar will be bisected by the curve (Art. 216). 

Secondly. L<ct R be at an infinite distance, and RR'' must be 
bisected at O ; that is, if through any point a chord be draum pa- 
rallel to the polar of that point, it will be bisected at the point. 

If the polar of O be at infinity, every chord through that 
point meets the polar at infinity, and is therefore bisected at O. 
Hence this point is the centre, or the centre may be considered as 
a point whose polar is at inf nit y (p. 139). 

Thirdly. Let the fixed point itself be at an infinite distance, 
then all the lines through it will be parallel, and will be bisected 
on the polar of the fixed point. Hence every diameter of a conic 
may be considered as the polar of the point at infinity in which its 
ordinates are supposed to intersect (p. 241). 

This also follows from the equation of the polar of a point 
(Art. 144), 

(2A* + By + D) + (2C y + B* + E)-, + E f + 2F = 0. 

Now, if x’y be a point at infinity on the line my = nx, we must 
make «= — , and x infinite, and the equation of the polar becomes 

m( 2 Ax + By + D) + n(2Cy + Bx + E) «■ 0, 
a diameter conjugate to my = nx (Art. 139). 

326. We may, in like manner, make particular deductions 
from the theorem (Art. 149), that the two tangents through any 
point, any other line through the point, and the line to the pole 
of this last line, form an harmonic pencil. 

Thus, if one of the lines through the point be a diameter, the 
other will be parallel to its conjugate, and since the polar of any 
point on a diameter is parallel to its conjugate, we learn that the 
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portion between the tangents of any line drawn parallel to the 
polar of the point is bisected by the diameter through it. 

Again, let the point lie the centre, the two tangents will be 
the asymptotes. Ilence the asymptotes, lnyether with any pair of 
conjugate diameters, form an harmonic pencil, and the portion of 
any tangent intercepted between the asymptotes is bisected by 
the curve (Art. 201). 

327. The anharmonic property of the points of a conic (Art. 
2G0) gives rise to a much greater variety of particular theorems. 
For, the four points on the curve may be any whatever, and either 
one or two of them may be at an infinite distance ; the fifth point 
O, to which the pencil is drawn, may be also either at an infinite 
distance, or may coincide with one of the four points, in which 
latter case one of the legs of the pencil will be the tangent at that 
point ; then, again, we may measure the anharmonic ratio of the 
pencil by the segments on any line drawn across it, which we 
nmy, if we please, draw parallel to one of the legs of the pencil, 
so as to reduce the anharmonic ratio to a simple ratio. 

The following examples being intended as a practical exercise 
to the student in developing the consequences of this theorem, 
we shall merely state the points whence the pencil is drawn, the 
line on which the ratio is measured, and the resulting theorem, 
recommending to the reader a closer examination of the manner 
in which each theorem is inferred from the general principle. 

We use the abbreviation {O-ABCDj to denote the anhar- 
monic ratio of the pencil OA, OB, OC, OD. 

Ex. 1. { A . ABCD) = (B.ABCD). 

Let these ratios be estimated by the segments on the 
line CD; let the tangents at A, B meet CD in the points 
T, T, and let the chord AB meet CD in K, then the ratios 
Rre TK.CD KT.CD 

TD.KC ~ KD.TC ’ 

that is, if any chord CD meet two tangents in T, T, and P 
their chord of contact in K, 

KC . KT. DT = KD . KT . C T. 

(The reader must be careful, in this and. the following 
examples, to tako the points of the |>cncil is the tome order 
on both sides of the equation. Thus, on the left-hand side of this equation we took K. 

2 N 
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second, because it answem to the leg OB of the pencil ; on the right-hand we take K first, 
because it answers to the leg OA). 

Ex. 2. Let T and T coincide, then 

KC . 1>T = KD.CT, 

or, any chord through the intersection of two tangent* is cut harmonically by the chord 
of contact (Art. 147). 

Ex. 8. Let T be at an infinite distance, or the secant CD drawn parallel to PT, and 
it will be found that the ratio will reduce to 

TK* = TC . TD. 

Ex. 4. Let one of the points be at an infinite distance, then {0. ABC® } is con- 
stant. Let this ratio be estimated on the line C® . Let the lines AO, BO, cat C* in 

a, b ; then the ratio of the pencil will reduce to ^ ; and we learn, that if two fixed 

points. A, B, on a hyperbola or parabola, be joined to any variable point O, and the 
joining line meet a fixed parallel to an asymptote (if the curve be a hyperbola), or a dia- 
meter (if the curve be a parabola), in a, b, then the ratio Ca : Cb will be constant. 

Ex. 5. If the same ratio be estimated on any other parallel line, lines inflected from 
any three fixed points to a variable point cut a fixed parallel to an asymptote or diame- 
ler, so that ab : ac Is constant. 

Ex. 6. It follows from Ex. 4, that ifthe lines joining AB to any fourth point 0 meet 
C® in ah', we must have a C 

db' a'C 

Now let ns suppose the point C to be also at an infinite distance, the line C* becomes an 
asymptote, the ratio ab :db' becomes one of equality, and lines joining two fixed point* 
to any variable point on the hyperbola intercept on either asymptote a constant portion 
(p. 178). 

Ex. 7. {A. ABC® } = {B. ABC* ). 

Let these ratios be estimated on C® ; then if the 
tangents at A, B, cut C® in u, b, and the chord of 
contact AB in K, we have 

Ca CK 
CK - Cb 

(observing the caution in Ex. 1). Or, if any parallel 
to an asymptote of an hyperbola, or a diameter of a parabola, ent two tangents and their 
chord of contact, the intercept from the curve to the chord is a geometric mean bet ween 
the intercepts from the curve to the tangents. Or, conversely, if a line ab, parallel to a 
given one, meet the sides of a triangle in the points a b K, and there be taken on it a 
jKiint C such that CK* = Ca . Cb, the locus of C will be a parabola, if C6 lie parallel to 
the bisector of the base of the triangle (Art. 216), but otherwise an hyperbola, to an 
asymptote of which ab is parallel. 

Ex. 8. 1s t two of the fixed points be at infinity, 

{ ® . AB ® ®*| — { oe’. AB ® *’} ; 

the lines ® ®, *' ®', are the two asymptotes, while a a-’ is altogether at infinity 
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U‘t these ratios bo estimated on the diameter OA ; let this 
line meet the parallels to the asymptotes B «, B sc’, in a 
OA Oa' 

Or, parallels 


and a ; then the ratios become - 


Ou OA 

to the asymptotes through any point on a hyperbola cut any 
semidiameter, so that it is a mean proportional between the 
segments on it from the centre. 

Hence, conversely, if throngh a fixed point 0 a line be 
drawn cutting two fixed lines, Ba, Bo', and a point A taken 
on it so that OA is a mean between On, Oa', the locus of A 
is a hyperbola, of which O is the centre, and Bo, Bo', parallel to*thc asymptotes. 



Ex. 9. { oo.ABoooe'} = { ABoooo - }. 

Let the segments be measured on the asymptote*, and wo have — = 2? (o being 

the centre), or the rectangle under parallels to the asymptotes through any ^oint on the 
curve is constant (we invert the second ratio for the reason given In Ex 1) 


328. We next proceed to examine some particular cases of 
the anharmonic property of the tangents to a conic (Art. 274). 

Ex. 1. This property 
assumes a very simple form, 
if the curve be a parabola, 
for one tangent to a para- 
bola is always at an infi- 
nite distance (Art. 255). 

Hence three fixed tangents 
to a parabola ent Any fourth 
in the points A, B, C, so 
that AB : AC is always constant If the variable tangents coincide in turn with each of 
the given tangents, we obtain the theorem, 

pQ RP Qr 
QR ~ P? “ rP ' 



Ex. 2. Let two of the four tangents to an ellipse or hyperbola be parallel to each 
other, and let the variable tangent coincide alternately 
with each of the parallel tangents. In the first case 
the ratio is 

A b ... He* 

-7—, and in the second —— . 

Ac \)b 

Hence the rectangle A6 . D5 is constant. 

It may be deduced from the anharmonic property 
of the points of a conic, that if the lines joining any point on the curve O to A, D, meet 
the parallel tangents in the points 5, b', then the rectangle Ab . D5' will be constant. 



INVOLUTION. 

329. If we have a system of points oil a right line ABODE, 
Ax., and another system A'B’C'D'E', &e., cither on the same or 
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on a different right line, the systems arc said to be similar, if tlic 
anliarmonic ratio of any four points of the first system he equal 
to that of the four corresponding [>oints of the second system. 
Thus, if we join the [mints A, 15, C, &c., to any point P, and cut 
by any transversal the pen- 
cil so formed, we obtain a 
system abc, &c., which is 
obviously similar to the 
given one. In Hie figure 
the transversal is drawn 
through A, so that the 
points a and A coincide. 

It is always possible to construct a system similar to a given 
one, and such that three arbitrary points A’, B', C', shall corre- 
spond to three [mints A, B, C, of the given system. For draw 
through A any line making an angle with AB; measure on it 
from the point A, ab = A'B', ac = A'C': then the intersection of 
bB, cC determines the point P, by joining which to the points 
D, E, &c., we obtain the corresponding points de, &c. And if we 
take C'D’ = cd, D'E' = de, & c., we have a system A B'C'D E', &c. 
similar to ABODE. 

330. When two similar systems form part of the same right 
line, it will not in general happen that any point will have the 
same point corresponding to it when it is considered as belonging 
to the first and as belonging to the second system. Thus if in 
the figure we consider the point A' as belonging to the first sys- 
tem, and construct the corresponding point by joining PA', &c., 
the point so determined would not in general coincide with A. 
If, however, it should happen that the points A, A' mutually 
correspond, whether A be considered as belonging to the first or 
to the second system, then every pair of points which correspond 
will correspond, no matter to which system they are considered 
to belong, and the whole series of points is said to form a system 
in involution. 

Supposing, for instance, that to the points ABB’A' of the 
first system there correspond A'B'&A of the second, we say that 
the points b and B must coincide. For we have 
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(ABBA') = (A'B'ftA), 
or ABBA' A'B'.ftA 

AA'- BB' = A A • Mb' 
or AB : BB' : : Aft : 6B'. 

The line AB’ then is cut at b, and at B into parts which are in 
the same ratio, and therefore b and B must coincide. 

331. Two pairs of points A A', BB' determine a system in in- 
volution. 

It would in fact only be a particular case of Art. 329 to de- 
termine a system similar to AABB'CD, Ac., and such that to 
A, A', B should correspond A', A, B'. W e need only draw through 
A any line making an angle with AB ; measure off from A, 
a' a = A' A, a'b' = A'B'; 
then diaw A 'a', IV/ 
intersecting in P, and 
the point P joined to 
B',C, D, Ac. will deter- 
mine the correspond- _ 
ing points of the second ® 
system. N. B. — The points A, A' are said to be conjugate to 
each other. 

332. We recommend the reader to make a table of the diffe- 
rent relations of magnitude between three pairs of points in invo- 
lution, inferred from the identity of their enharmonic ratios. For 
instance, from (ABC A) = {A'B'C'A) we have 

AB • CA' A'B' C'A 
AA'- BC "AA-BC’ 

or A B - C A' • BC' = A'B' • C'A ■ BC . 

As the development of these relations can present no difficulty 
to the reader, the only case on which wc think it necessary to 
dwell is when one of the points has its conjugate at au infinite 
distance. This would happen if wc draw Po parallel to AB, and 
meeting a'b' in o ; and measure A O = a'o. The point O will then 
have its conjugate at infinity, and is called the centre of the sys- 
tem of points in involution. 
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Now the relation between the points takes in this case a very 
simple form ; for we have 

jABOO'j - (A’B'O’O), 
or AO •BO' A’O'B'O 

AO'- BO “ A'O B O ; 

let O' be at an infinite distance, and this equation becomes 
OA • OA' = OB • OB' ; 

or, the product of the distances from the centre of 'any two conjugate 
points is constant. It is plain that the construction given in this 
Article enables us, “ being given two pairs of points of a system 
in involution, to find the centre.” 


333. Some writers have founded their definition of involution 

on the property just proved, and have defined a system of points 

in involution as a series ofj>oints so taken that 

OA OA' = OB OB' = &c. = c 3 . 

It can at once then be proved that the anharmonic ratio of any 

four points of such a system is equal to that of their four conju- 

• i , . (r-r) (r r ~r" r ) , . . . 

gates, since the anharmonic ratio (where r is the 

distance of any of the points from O) remains unchanged, if we 
substitute for each of the distances r, its reciprocal. 


334. A point which coincides with its conjugate has been 
called by Mr. Davies (sec The Mathematician, vol. i. pp. 169, 
243) a focus of the system of points in involution. It is plain 
that there are two foci equidistant from the centre on cither side 
of it, and whose common distance is given by the equation 
OF 2 = OA • OA'. When A and A' both lie on the same side 
of the centre we have OF 3 = + c 3 , and the foci are real ; but if A 
and A' lie on different sides of the centre OF 3 *= - c 3 , and the foci 
are imaginary. 

Any tico conjugate points of the system, together with the two 
foci, form four points of a line cut harmonically. For the relation 
{AFF'A'j = | A'FF'A ) gives us 

AF • A'F AF- AF FA FA' 

AA FF = AA'-FF* ° r FA " FA ; 
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or the distance between the foci Fi ,v is divided internally and ex- 
ternally at A and A' into parts which are in the same ratio. 

Cor. When one focus is at infinity, the other bisects the 
distance between two conjugate points, and it follows hence that 
in this case the distance AB between any two points of the sys- 
tem is equal to A'B', the distance between their conjugates. 

335. Given two pairs of points of the system , ice can find the 
foci: either by first finding the centre (Art. 332), or directly as 
follows : — Since F is conjugate to itself, we have 

{ AFBA'j - (A'FB'AJ, 
or AF • BA' A'FB’A 

AF BA “ AF B'A' 

Hence AF 3 : A'F 3 : : AB • AB' : A'B • A'B' ; 

or F is the point where the line AA' is cut, either internally or 

externally, in a certain given ratio. 

It is important to observe that the relation between six points 
in involution is of the class noticed in Art. 314, and is such that 
the same relations will subsist between the sines of the angles sub- 
tended by them at any point as subsist bet ween the segments of 
the lines themselves. Consequently, if a pencil be drawn from 
any point to six points in involution, any transversal cuts this pencil 
in six points in involution. Again, the reciprocal of six jwints in 
involution is a pencil in involution. 

336. We proceed to mention the most important application 
of these principles to the theory of conic sections. 

If a quadrilateral abed 
be inscribed in a conic sec- 
tion, and any transversal 
cut the conic in A, A', the 
sides ab, cd, in B, B', and 
the sides ad, be in C, C', 
then the points A A'BB'CC' 
are in involution, for by the anharmonic property of conic sections, 

• (a-AdbA'j = [C'Ai/AA'J; 

but if we observe the points in which these pencils cut A A', we get 
(AC BA' | = ( AB'C'A'J = (A'C'B'A). 
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Since two pairs of points BB', CC' determine a system in invo- 
lution, the points EE', in which any other conic through the 
points abed meet the transversal, belong to the same system in 
involution. Hence a system of conics circumscribing the same qua- 
drilateral meet any transversal in a system of points in involution. 

Reciprocally, if a system of conics be inscribed in the same 
quadrilateral, the pairs of tangents drawn to them from any point 
will form a system in involution. 

337. Since the diagonals ac, bd may be considered as a conic 
through the four points, it follows as a particular case of the last 
Article that any transversal cuts the four sides, and the diagonals 
of a quadrilateral in points BB', CC', I)D', which are in invo- 
lution. This property enables us, being given two pairs of points 
BB', DD' of a system in involution, to construct the point con- 
jugate to any other C. For take any point at random, a ; join 
all, of), aC ; eonstrufct any triangle bed, whose vertices rest on 
these three lines, and two of whose sides pass through B'D', then 
the lcmaining side will pass through C', the point conjugate toC. 
The point a may be taken at infinity, and the lines aB, oD, «C 
will then be parallel to each other. If the point C be at infinity 
the same method will {jive us the centre of the system. The 
simplest construction for this case is, — “ Through B, D, draw 
any pair of parallel lines B6, Dc; and through B'D' a different 
pair of parallels D b, B e; then be will pass through the centre of 
the system." 

Ex. 1. If three conics circumscribe the same quadrilateral, the common tangent to 
any two is cut harmonically by the third. For the point* of contact of this tangent are 
the foci of the system in involution. 

Ex. 2. If through the intersection of the common chords of two conics we draw a 
tangent to one of them, this line will be cut harmonically by the other. For in this case 
the points D and D' in the last figure coincide, and will therefore be a focus. 

Ex. 3. If two conics have double contact with each other, or if they have a contact 
of the third order, any tangent to the one is cut harmonically at the points where it 
meets the other, and where it moots the chord of contact. For in this case the common 
chords coincide, and the point where any transversal meets the chord of contact is a 
focus. 

Ex. 4. To describe a conic through four points abed to touch a given right lino. 
The point of contact must be one of the foci of the system I1BCC‘, &c., and these points 
can be determined by Art. 334. Tbit problem, therefore, admits of two solutions. 
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Ex. 5. If a parallel to an asymptote meet the curve in C, and any inscribed quadri- 
lateral in points abed ; Ca . Cc — Cb . C d. For C is the centre of the system. 

Ex. 6. Solve the examples, p. 273, &c M os cases rf involution. 

In Ex. 1, K is a focus : in Ex. 2, T is also a focus : in Ex. 3, T is a centre, &c. 

Ex. 7. The intercepts on any line between a hyperbola and its asymptotes are equal. 
For in this case one focus of the system is at infinity (Art. 335). 

338. We now proceed to give some examples of problems 
easily solved by the help of the anharmonic properties of conics. 

Ex. 1. To prove Mac Laurin’s method of generating conic sections (p. 230), viz., — 
To find the locus of the vertex V of a triangle whose sides pass through the points 
A, B, C, and whose base angles move on the fixed lines Off, 05. 

Let us suppose four such triangles drawn, then since the pencil { C • aa'u n a ‘" } is the 
same pencil as (C. 55'6"6"'}, wc have 

{ aaad “ } = (565"5'"}, 
and, therefore, 

{ A . ad a a " } = {B ,1WT) ; 

or, from the nature of the question, 

{A.VV'VT } = (B.WTT) ; 
and therefore A, B, V, V', V", V'" lie on the 
same conic section. Now if the first three 
triangles be fixed, it is evident that the 
locus of V"' is the conic section passing through ABVV'V’. 

Ex. 2. M. Chasles has showed that the same demonstration will hold if the side ah , 
instead of passing through the fixed point C, touch any conic which touches Off, 05, for 
then any four positions of the base cut Off, 05, so that 

{aa'a'rt"} = {65'5"6~} (Art. 274), 
and the rest of the proof proceeds the same as before. 

Ex. 3. Newton’s method of generating conic sections: — Two angles of constant 
magnitude move about fixed poiuts P, Q; the intersection of two of their sides traverses 
the right line A A' ; then the locus of V, the 
intersection of their other two sides, will he 
a conic passing through P, Qi 

For, as before, take four positions of the 
angles, then 

(P. AA'A'A '} = {Q. AA'A'A'"} ; 
but {P. AA'A'A'"} = {P.WTnrj, 

{Q. AA'A'A'"} = (Q.VV'V'V '}, 
since the angles of the pencils are the same ; 
therefore { P. VV’V’V'"} =r (Q.VV'V'V") ; 

and, therefore, as before, the locus of V" is a eguie through P, Q, V, V', V". 

Ex. 4. M. Chasles has extended this method of generating conic sections, hy supposing 

2 o 


A A' A" A'" 
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the point A, instead of moving on a right lino, to move on any conic passing through 
the points P, Q, for we shall still have 

{P. AA'A'A") *= {Q. AA'A'A"'). 

Ex. 5. The demonstration would be the same if, in place of the angles APV, AQV 
being constant, APV and AQV cut off constant intercepts each on one of tvro fixed lines, 
for we should then prove the pencil 

{P. AA'A'A") = {P.VV'V"V“}, 

because both pencils cut off intercepts of the same length on a fixed line. 

Thus, also, given base of a triangle and the intercept made by the sides on any fixed 
line, we can prove that the locus of vertex is a conic section. 

Ex. 6. We may also extend Ex. 1, by supposing the extremities of the line ab to 
move on any conic section passing through the points AB, for, taking four positions of 
the triangle, we have, by Art 275, 

{ add'd ") = {6& , 6"6"’); 

therefore, { A . add'd * } = {B.65V&"), 

and the rest of the proof proceeds as before. 

Ex. 7. The base of a triangle passes through C, the intersection of common tangeuts 
to two conic sections ; the extremities of the base ab lie one on each of the conic sections, 
while the aides pass through fixed points AB, one on each of the conics : the locus of the 
vertex is a conic through A, B. 

The proof proceeds exactly as before, depending now on the last theorem proved. 
Art. 276. 

We may mention that the theorem of Art. 275 admits of a simple geometrical proof. 
Let the pencil {O. ABCD) be drawn from points corresponding to { o.abcd ). Now, the 
lines OA, oo, intersect at r on one of the common chorda of the conics ; in like manner, 
BO, bo, intersect inr'on the same chord, Ac. ; hence {rrVV") measures the anharmonic 
ratio of both these pencils. 

Ex. 8. In Ex. 6 the base, instead of passing through a fixed point C, may be sup- 
posed to touch a conic having double contact with the given conic (see Art. 278). 

Ex. 9. If a polygon be inscribed in a conic, all whose sides but one pass through 
fixed points, the envelope of that side will be a conic having double contact with the 
given one. 

For, take any four positions of the polygon, then, if a, 6, c, Ac., be the vertices of 
the polygon, we have 

{ add'd" } = {fc6'fc"6' M } = {cc'cV"), Ac. 

The problem is, therefore, reduced to that of Art. 278, — “Given three pairs of points, 
add’, dd'd ’, to find the envelope of a"<T\ such that 

{aadd"} = {ddd"<T). n 

Ex. 10. To inscribe a polygon in a conic section, all whose sides pass through fixed 
points. 

If we assume any point (a) at random on the conic for the vertex of the polygon, 
and form a polygon whose sides pass through the given points, the point z, where the 
last side meets the conic, will not, in general, coincide with a. If we make four such 
attempts to inscribe the polygon, we must have, as in the last example, 

{ ad da " ) - { rz'z 'z~ } . 
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Now, if the last attempt were successful, the point a" would coincide with z", and the 
problem is reduced to, — w Given three pairs of points, «»V, zz'z", to find a point K such 
thllt { KmV | = {K«Y}.” 

Now, if we make az'a'za'z the vertices of an inscribed li 
taking an a and z alternately, and so that az, az , dz , 
may be opposite vertices), then either of the points in 
which the line joining the intersections of opposite 
sides meets the conic may be taken for the point K. 

For, in the figure, the points ACE are an'a\ DFB are 
crV'; and if we take the sides in the order ABCDEF, * 

L, M, N are the intersections of opposite sides. Now, 
since (KPNL| measures both {D.KACE} and 
{A.KDFB}, wc have 

{RACE} = {KDFB} Q. E. D.* 

It is easy to see, from the last example, that K is 
a point of contact of a conic having double contact w 
az, a'z\ a* z" are tangents, and that we have therefore just given the solution of the 
question, 11 To describe a conic touching three given lines, and having double contact with 
a given conic." 

Ex. 11. The anharmonic property affords also a simple proof of Pascal’s theorem, 
alluded to in the last example. 

Wc have {E.CDFB} = {A.CDFBJ. Now, if we examine the segments made by 
the first pencil on BC, and by the second on DC, we have 
{CRMB} = { CDNS). 

Now, if we draw a pencil from the point L to each of these points, both pencils will have 
the three legs, CL, DE, AB, common, therefore the fourth legs, NL, LM, must form one 
right line. 

Ex. 12. Pascal’s theorem leads at once to Mac Laurin’s method of generating conic 
sections, for if we suppose the five points ABCDE given, and F variable, then F will be 
the vertex of a triangle FMN, whose sides pass through the fixed points L, A, E, and 
whose base angles move on the fixed lines CD, CB. We see, therefore, that, given five 
points on a conic, we can determine as many other points on the conic as we please. 
By the same construction, given five points on a conic, ABCDE, we can determine the 
point where any line AN through one of them meets the conic again. So also, given five 
points on a conic, we can find its centre. For we may draw parallels through A to BC, 
BD, and determine the points where they meet the conic again, and then find the centre 
by note, p. 128. 



• This construction for inscribing a polygon in a conic is due to M. Poncelet ( Truite 
(Us Propriety's Projectives, p. 351). The demonstration here used, which was commu- 
nicated to me by Mr. Townsend, seems to me more simple than that employed by M. 
Poncelet The proof here used shows that Poncclet’s construction will equally solve 
the problem, “ To inscribe a polygon in a conic, each of whose sides shall touch a conic 
having double contact with the given conic.” The conics touched by the sides may be 
all different. 
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Ex. 18. Given four points on a conic, ADFB, and two fixed lines through any one 
of them. DC, DE, to find the envelope of the line CE joining the points where those 
fixed lines again meet the curve. 

The vertices of the triangle CEM move on the fixed lines DC, DE, NL, and two of 
its aides pass through the fixed {>oinU, B, F, therefore, the third side envelopes a conic 
section touching DC, DE (by the reciprocal of Mac Laurin’s mode of generation). 

Ex. 14. Given four points on a conic ABDE, and two fixed lines, AF, CD, passing 
each through a different one of the fixed points, the line CF joining the points where the 
fixed lines again meet the curve will pass through a fixed point. 

For the triangle CFM has tat# sides passing through the fixed points B, E, and the 
vertices move on the fixed lines AF, CD, NL, which fixed lines meet in a point, there- 
fore (p. 255) CF passes through a fixed point. 

The reader will find, in the section on Projections, how the last two theorejns are 
suggested by other well-known theorems. 

Ex. 15. To inscribe a triangle in a conic whose three sides pass through three given 
points. 

Tins is of course a particular case of Ex. 10, but our present object is to give a geo- 
metrical proof of the const 

If we consider the qua- 
drilateral of which K, L,N 
are vertices, and D, F the 
intersections of opposite 
sides; by the harmonic 
properties of a quadrilate- 
ral, ML, ME, MN, MD 
form a harmonic pencil, 
and therefore the line B1 
is cut harmonically in the 
points where it meets these four lines. But since B is the pole of MD, B1 is also cut 
harmonically in the points where it meets the conic and where it meets MI); hence it 
appears that B1 and MN must intersect on the conic, or that 1, 2, Blie on one right line. 
In the same manner it is proved that 13 passes through A, and 32 through C. 

339. It was proved (Ex. 4, p. 244) that the anharmonic ratio 
of four points on a right line is the same as that of their polars 
with respect to any conic. A particular ease of this theorem is, 
the anharmonic ratio of any four diameters is equal to that of their 
four conjugates. We might also prove this directly, from the 
consideration that the anharmonic ratio of four chords proceeding 
from any point of the curve is equal to that of the supplemental 
chords (Art. 183). 

A conic circumscribes a given quadrilateral, to Jind the locus 
of its centre. 

Draw diameters of the conic bisecting the sides of the quadri- 
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lateral, their anharmonic ratio is equal to that of their four con- 
jugates, lmt this last ratio is given, since the conjugates are 
parallel to the four given lines; hence the locus is a conic passing 
through the middle points of the given sides. If we take the 
cases where the conics break up into two right lines, we see that 
the intersections of the diagonals, and also those of the opposite 
sides, are points in the locus, and, therefore, that these points lie 
on a conic passing through the middle points of the sides and of 
the diagonals. When the given quadrilateral has a re-entrant 
angle it is easy to sec that such a quadrilateral cannot be inscribed 
in a closed figure of the shape of the ellipse or parabola, and that 
the circumscribing conic must therefore be a hyperbola, which 
may have some of the vertices in opposite brunches. But since 
the centre of an hyperbola is never at infinity, the locus of centres 
must in this case be an illipse. Through four points not so dis- 
posed, in general, two parabola! can be drawn, for (Art. 255) 
this is a particular case of Ex. 4, p. 280. The locus of centres 
will in this case be a hyperbola , having for asymptotes lines pa- 
rallel to the diameters of these two parabola!. The locus of 
centres will be a jxirabola when one of the given points is at an 
infinite distance ; that is, when it is required, “ Given three joints 
and a pandlcl to an asymptote, to find the locus of centre.” 

It is very easy to show, by the same method, that the locus 
of the pole of any given right line is a conic section. 

340. We think it unnecessary to go through the theorems, 
which arc only the polar reciprocals of those investigated in the 
lust examples ; but we recommend the student to form the polar 
reciprocal of each of these theorems, and then to prove it directly 
by the help of the anharmonic property of the tangents of a conic. 
A single example will suffice. 

Any transversal through a fixed point P meets two fixed lines 
OA, OB, in the points A, B, and portions of given lengths AC, 
BD, are taken on those lines: to find the envelope e/CD. 

Take any four positions of the transversal, and we have 

| AAA" A") = (BBB'B"}, 

but | A A A" A") = (CC'C"C"|, and ;BB'B''B~j - (ODD D ; ; 
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therefore, the four lines, CD, C'D', C’D", C'D" 1 , cut the two 
lines OC, OD, so that 

{CC'C'C'"} = (DD'D"D"j, 

and, therefore, the envelope of CD is a conic touching OA, OB. 

341. Generally when the envelope of a moveable lineislbund 
by this method to be a conic section, it is useful to take notice 
whether in any particular position the moveable line can be alto- 
gether at an infinite distance, for if it can, the envelope is a para- 
bola (Art. 255). Thus, in the last example the line CD cannot 
be at an infinite distance, unless in some position AB can be at 
an infinite distance, that is, unless P is at an infinite distance. 
Hence we sec that in the last example if the transversal, instead 
of passing through a fixed point, were parallel to a given line, the 
envelojK! would be a parabola. In like manner, the nature of the 
locus of a moveable point is often at once perceived by observing 
particular positions of the moveable point, as we have exemplified 
in Art. 339. 

342. Given three points on a right line, a, b, c, and three 
points on another right line, A, B, C, if we take </D so that 

j abed) = (ABCD), 

it is evident, from the preceding Articles, that the envelope of rfD 
is a conic section, and that the lines pd, PD, joining r/D to two 
fixed points, will intersect on a conic passing through these points.* 
Let us examine the most general relation between d and D that 
this should be the case. If we denote the distances of abed from 
any fixed point o on the same line by r, r, r", r", and the distances 

of ABCD from a fixed point O on the other right line by 

R, R', R", R ", we have 

(r _ r ') (r" - r") (R - R') (IC - R") 

(r - r) (r - r") = (R - R") (R' - R") 5 


* We saw, jx 229, that it is also true, if ABCD, abed , be pointa on the same conic 
section, that Pd will envelope a conic if { ABCD } = |a6ed}, and the intersection of PD, 
/id, will in this case be ou a conic if P, p be points on the conic. Again, any two conics will 
be cut by four tangents to any conic having double contact with both, so that { ABCD J = 
{a6cd} (Art. 278); but it will not be true conversely, that, if tikis relation holds, the 
envelope of Dd will be a conic, unless the points ABC, abc , be so taken that A a, 116, Cr, 
may all touch the same conic having double contact with both. 
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and if we suppose r and R alone variable, this gives a relation of 
the form 


£Rr + (R + mr + n = 0 (compare Art. 278). 

This relation containing three independent constants is, there- 
fore, the most general connexion between od and 01) if rfD en- 
velope a conic touching od, OD. 

If k = 0, dD will envelope a parabola, since then R and r will 
lieconie infinite at the same time. 

M. Chasles has given this relation in a different form. Let 

there be given two other points e and E, then if A . + fi . = 1 , 

will envelope a conic ; for if the distances eo, EO, be called 
a. A, this relation may be written 


. r - a R - A 


= i, 


an equation included in the general form we have given. 


343. The distances from the origin of a pair of points on the 
axis being given by the equation Ax* + 2Bx + C = 0, and those 
of another pair of points by the equation A'x * + 2B'z + C' = 0, 
to find the condition that the four should form a harmonic 
system. 

The roots of the first equation being o, a, and of the second 
/3, /3', the required condition is 

(/3 - a) ((5‘ - d) + (/3 - o') (/3' - a) = 0, 

which, expressed in terms of the coefficients, is 
AC' + A C - 2BB' = 0. 

N. B. It can be proved that the condition that the anharmo- 
nic ratio of the system shall be given is, that (2BB 1 - AC' - A'C) ! 
shall be in a given ratio to (B 1 - AC) (B' J - A C ). 

344. The pair of points given by any equation of the form 
(Ax* + 2Rr + C) + l {A'x* + 2B'x + C') = 0 is in involution with 
the points given by Ax* + 2B.r + C = 0, A'x* + 2B* + C' *= 0. 

For, let the foci of the system determined by the latter two 
pairs of points be given by the equation ax* + 2&r + c = 0, then 
we must have (Art. 343) 

nC + cA - 2/>ll = 0, aC' + cA' - 2Z»B' = 0 ; 
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and it is evident that when these conditions are fulfilled we must 
have a (C + 1C ) + e(A + l A) - 2&(B 4 IB 1 ) - 0. 

345. To find the centre and the foci of the system just- 
written. 

The foci are found, by solving for a, b, c, from the equations 
aC + cA - 25B = 0, aC + cA' - 2AB' = 0, 
and substituting the resulting values in ax * + 2 bx + c = 0 ; when 
we get 

( AB’ - BA 1 ) x J + (AC' - CA’)x + (BC' - CB) - 0. 

This may be otherwise written, if we make the equation homo- 
geneous by introducing a new variable y, and write 

U = Ax 1 + 2B.ry + Cy ! , V = A'x 1 + 2B 'xy + (J'y 1 , 
then the equation which determines the foci is 

rfU dV _ rfU dV _ 

dx dy dy dx 

The centre is got by determining l so that the equation U + /V = 0 
shall have one of its roots infinite, or shall have the coefficient of 
x* = 0 (Art. 131). The centre therefore is given by the equation 
2 (BA' - B'A) x + (CA' - C'A) = 0. 

346. To find the locus of a point such that the tangents from 
it to tiro given conics shall form a harmonic pencil. 

For simplicity we shall take the equations of the conics, 
Ax’ + Cj/ 1 + F x 5 = 0, Ax’ + C'y 1 + F'z- = 0, which is equivalent 
to supposing (see Art. 281) that we have chosen for x, y, z the 
three lines whose poles with regard to both conics are the same 
(Art. 318). Then the equation of the pair of tangents from any 
point to the first conic being 

(Ax’ + C y 1 + Fz J ) (Ax' J + C y 1 4 Fz’’) = (Axx' + C yy + Fzz') 5 , 
if we make in this z = 0, the points where the line z is met by 
these tangents is given by the equation 

A (C y‘‘ 4 F z' : ) x 1 - 2 AC x’y'xy 4 C ( Ax' 1 + Fz' 1 ) y l = 0, 
nnd forming the condition (Art. 345) that this shall form a har- 
monic system with the corresponding pair of points for the second 
conic, we find for the equation of the locus, 
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AC' (Ax' + Fx») (Cy + lV) + AC (Ax’ + Fx*) (C y + Fz J ) 

= 2AA'CC'x ! y-, 

or AA'(CF’+ C'F)x* + CC'(AF+ A'F )tf + FF(AC' + A'C)x s - 0. 

And it will be seen that this is identical with the equation (sec 
Ex. 3, p. 268) of the conic F which passes through the eight 
pointsof contact of common tangents to the two conics. It is proved 
in like manner that if the anharmonic ratio of the tangents be 
given, the locus is a curve of the fourth degree, F 5 = ASS'. 

THE METHOD OF INFINITESIMALS. 

347. In the next Part we purpose to show how the differential 
calculus enables us readily to draw tangents to curves, and to de- 
termine the magnitude of their areas and arcs. YY r e wish first, 
however, to give the reader some idea of the manner in which 
these problems were investigated by geometers before the inven- 
tion of that method. The geometric methods are not merely in- 
teresting in a historical point of view ; they afford solutions of 
some questions more concise and simple than those furnished by 
analysis, and they have even recently led to a beautiful theorem 
(Art. 357), which had not been anticipated by those who have 
applied the integral calculus to the rectification of conic sections. 

If a polygon be inscribed in any curve, it is evident that the 
more the number of the sides of the polygon is increased, the 
more nearly will the area and perimeter of the polygon approach 
to equality with the area and perimeter of the curve, and the more 
nearly will any side of the polygon approach to coincidence with 
the tangent at the point where it meets the curve. Now, if the 
sides of the polygon be multiplied ad iiifinitum , the polygon will 
coincide with the curve, and the tangent at any point will coincide 
with the line joining two indefinitely near points on the curve. 
In like manner, we see that the more the number of the sides of 
a circumscribing polygon is increased, the more nearly will its area 
and perimeter approach to equality with the area and perimeter 
of the curve, and the more nearly will the intersection of two of 
its adjacent sides approach to the point of contact of either. 
Hence, in investigating the area or perimeter of any curve, we 
may substitute for the curve an inscribed or circumscribing poly- 

2 p 
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gon of an indefinite number of sides ; we may consider any tan- 
gent of the curve as the line joining two indefinitely near points 
on the curve, and any point on the curve as the intersection of 
two indefinitely near tangents. 

348. Ex. 1. To find the direction of the tangent at any point 
of a circle. 

In any isosceles triangle AOB, either base angle OBA is less 
than a right angle by half the vertical angle ; but as the points 
A and B approach to coincidence, the 
vertical angle may be supposed less 
than any assignable angle, therefore 
the angle OBA which the tangent 
makes with the radius is ultimately 
equal to a right angle. We shall fre- 
quently have occasion to use the prin- 
ciple here proved, viz., that two inde- 
finitely near lines of equal length arc 
at right angles to the line joining their extremities. 

Ex. 2. The circumferences of two circles are to each other as 
their radii. 

If polygons of the same number of sides be inscribed in the 
circles, it is evident, by similar triangles, that the bases ah, AB, 
are to each other as the radii of the circles, and, therefore, that 
the whole perimeters of the polygons are to each other in the 
same ratio ; and since this will be true, no matter how the num- 
ber of sides of the polygon be increased, the circumferences are 
to each other in the same ratio. 

Ex. 3. The area of a circle is equal to the radius multiplied by 
the semicircumference. 

For the area of any triangle OAB is equal to half its base 
multiplied by the perpendicular on it from the centre ; hence the 
area of any inscribed regular polygon is equal to half the sum of 
its sides multiplied by the perpendicular on any side from the 
centre ; but the more the number of sides is increased, the more 
nearly will the perimeter of the polygon approach to equality 
with that of the circle, and the more nearly will the perpendicu- 
lar on any side approach to equality with the radius, and the 
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difference between them can be made less than any assignable 
quantity ; lienee ultimately the area of the circle is equal to the 
radius multiplied by the semicircumference ; or = irr 2 . 

349. Ex. 1 . To determine the direction of the tangent at any 
point on an ellipse. 

Let P and P be two indefi- 
nitely near points on the curve, 
then FP + PP = FP' + P'P ; or, 
taking Fit ■= FP, F'R' = F'P, we 
have PR = PR' ; but in the tri- 
angles PRP, PR'P, we have also 
the base PP common, and (by 
Ex. 1, Art. 348) the angles PRP, PR'P right ; hence the angle 
PPR = PPR'. Now TPF is ultimately equal to PPF, since 
their difference PFP may be supposed less than any given angle; 
hence TPF = PPF', or the focal radii make equal angles with 
the tangent. 

Ex. 2. To determine the direction of the tangent at any point 
on a hyperbola. 

We have 

F'P' - FP = FP' - FP, 
or, as before, 

PR = PR. 

Hence the angle 

PPR - PPR', 

or, the tangent is the internal bisector 
of the angle FPF. 

Ex.'3. To determine the direction of the tan- 
gent at any point of a paraltoh. 

We have FP = PN, and FP' = P’N' ; hence 
PR - PS, or the angle N'P'P = FP'P. The 
tangent, therefore, bisects the angle FPN. 

350. Ex. 1 . To find the area of the parabolic 
sector FVP. 

Since PS = PR, and PN = FP, we have the 
triangle FPR half the parallelogram PSNN'. 

Now if we take a number of points P'P, &c. 
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between V and P, it is evident that the closer we take them, the 
more nearly will the sum of all the parallelograms PSNN', &c., 
approach to equality with the area DVPN, and the sum of all the 
triangles PFR, &c., to the sector VFP; hence ultimately the 
sector PFV is half the area DVPN, and therefore one-third of 
the quadrilateral DFPN. 

Ex. 2 .To find the area of the segment of a parabola cut off by 
any right line. 

Draw the diameter bisecting it, then 
the parallelogram PR' is equal to PM', 
since they are the complements of paral- 
lelograms about the diagonal ; but since 
TM is bisected at V', the parallelogram 
PN' is half PR' ; if, therefore, we take a 
number of points P, P', P", &c., it follows that 
the sum of all the parallelograms PM' is 
double the sum of all the parallelograms 
PN', and therefore ultimately that the space V'PM is double 
V'PN ; hence the area of the parabolic segment V'PM is to that 
of the parallelogram V’NPM in the ratio 2 : 3. 

35 1 . Ex. 1 . The area of an ellipse is equal to the area of a circle 
whose radius is a geometric mean between the semiaxes of the ellipse. 

For if the ellipse and the 
circle on the transverse axis be 
divided by any number of lines 
parallel to the axis minor, then 
since mb : md : : mb' : mid' : : b : a, 
the quadrilateral mbb'm is to 
mdefmi in the same ratio, and 
the sum of all the one set of qua- 
drilaterals, that is, the polygon 
B65'A"A inscribed in the ellipse 
is to the corresponding polygon 
Yiddef A inscribed in the circle, in the same ratio. Now this will 
be true whatever be the number of the sides of the polygon : if 
we suppose them, therefore, increased indefinitely, we learn that 
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the area of the ellipse is to the area of the circle as b to a ; but 
the area of the circle being = era % the area of the ellipse = nab. 

Cor. It can be proved, in like manner, that if any two figures 
be such that the ordinate of one is in a constant ratio to the cor- 
responding ordinate of the other, the areas of the figures are in 
the same ratio. 

Ex. 2. Every diameter of a conic bisects the curve. 

For if we suppose a number of ordinates drawn to this diame- 
ter, since the diameter bisects them all, it also bisects the trapezium 
formed by joining the extremities of any two adjacent ordinates, 
and by supposing the number of these trapezia increased without 
limit, we see that the diameter bisects the curve. 

352. Ex. 1 . The area of the sector of a hyperbola made by join- 
ing any two points of it to the centre , is equal to the area of the 
segment made by drawing parallels from them to the asymptotes. 

For since the triangle PKC = QLC, the area PQC = PQKL. 

Ex. 2. Any two segments , 

PQKL, RSMN, are equal, if 
PK: QL::RM:SN. 

For 

PK : QL :: CL : CK, 
but (Art. 202) 

CL = MT, CK = NT ; 
we have, therefore, 

RM : SN:: MT': NT, 

and therefore QR is parallel to PT. We can now easily prove 
that the sectors PCQ, RCS are equal, since the diameter bisect- 
ing PS, QR will bisect both the hyperbolic area PQRS, and 
also the triangles PCS, QCR. 

If we suppose the points Q, R to coincide, we see that we can 
bisect any area PKN S by drawing an ordinate QL, a geometric 
mean between the ordinates at its extremities. 

Again, if a number of ordinates be taken, forming a continued 
geometric progression, the area between any two is constant. 

353. The tangent to the interior of two similar, similarly placed, 
and concentric conics cuts off a constant area from the exterior 
conic. 
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For we proved (p. 203) that this tangent is always bisected 
at the point of contact ; now if we draw any two tangents, the 
angle AQA' will be equal to BQB', 
and the nearer we suppose the point Q 
to Pj the more nearly will the sides 
AQ, A'Q approach to equality with the 
sides BQ, B'Q ; if, therefore, the two 
tangents be taken indefinitely near, the triangle AQA' will be 
equal to BQB', and the space AVB will be equal to A'VB'; 
since, therefore, this space remains constant as we pass from any 
tangent to the consecutive tangent, it will be constant whatever 
tangent we draw. 

Cor. 1 . It can be proved, in like manner, that if a tangent to 
one curve always cut off a constant area from another, it will be 
bisected at the point of contact ; and, conversely, that if it be 
always bisected it cuts off a constant area. 

Hence we can draw through a given point a line to cut off 
from a given conic the minimum area. If it were required to cut 
off a given area it would be only necessary to draw a tangent 
through the point to some similar and concentric conic, and the 
greater the given area, the greater will be the distance between 
the two conics. The area will therefore evidently be least when 
this last conic passes through the given point ; and since the tan- 
gent at the point must be bisected, the line through a given point 
which cuts off the minimum area is bisected at that point. 

In like manner, the chord drawn through a given point which 
cuts off the minimum or maximum area from any curve is bi- 
sected at that point. In like manner can be proved the following 
two theorems. I am indebted to the late Professor Mac Cullagh 
for my knowledge of all the theorems of this Article, and 1 do 
not remember having seen them elsewhere published. 

Ex. 1 . If a tangent AB to one curve cut off a constant arc from 
another , it is divided at the point of contact, so that AP : PB in- 
versely as the tangents to the outer curve at A and B. 

Ex. 2. If the tangent AB be of a constant length, and if the 
perpendicular let fall on AB from the intersection of the tangents 
at A and B meet AB in M, then AP will « MB. 
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354. To fnd the radius of curvature at any point on an ellipse. 
The centre of the circle circumscribing any triangle is the in- 
tersection of perpendiculars erected at the middle points of the 
sides of -that triangle ; it follows, therefore, that the centre of the 
circle passing through three consecutive points on the curve is 
the intersection of two consecutive normals to the curve. 

Now, given any two triangles FPF, FP'F', and PN, FN, 
the two bisectors of their vertical angles, it is easily proved, by 
elementary geometry, that twice the angle PN P' = PFP' + PFF. 
(See figure, p. 291). 

Now, since the arc of any circle is proportional to the angle 
it subtends at the centre (Euc. VI. 33), and also to the radius 
(Art. 348), if we consider PF as the arc of a circle, whose 

PF 

centre is N, the angle PNP' is measured by I n like nian- 

PR 

ner, taking FR - FP, PFF is measured by and we have 

1? Jr 

2PF PR P'R' 

PN = FP + FP' ; 

but PR = FR' = PF sin PFF ; 

therefore, denoting this angle by 0, PN by R, FP, F'P, by p, p, 
we have • 2 11 

R sin 6 p + p 

Hence it may be inferred that the focal chord of curvature is double 
the harmonic mean between the focal radii. Substituting — for 
sin0, 2a for p + p, and IP for pp, we obtain the known value, 



The radius of curvature of the hyperbola or parabola can be 
investigated by an exactly similar process. In the case of the 
parabola we have p infinite, and the formula becomes 

2 1 

Rsinfi p 

I owe to Mr. Townsend the following investigation, by a dif- 
ferent method, of the length of the focal chord of curvature : 
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Draw any parallel QR to the tangent at P, and describe a 
circle through PQR meeting the focal 
chord PL of the conic at C. Then by 
the circle PS • SC = QS • SR, and by 
the conic (Ex. 2, p. 170) 

PS • SL : QS • SR : : PL : MN ; 
therefore, whatever be the circle, 

SC : SL : : MN : PL ; 
but for the circle of curvature the points S and P coincide, there- 
fore PC : PL : : MN : PL ; 

or, the focal chord of curvature is equal to the focal chord of the 
conic drawn parallel to the tangent at the point (p. 210). 



355. The radius of curvature of a central conic may otherwise 
be found thus : 

Let Q be an indefinitely near point 
on the curve, QR a parallel to the 
tangent, meeting the normal in S ; 
now, if a circle be described passing 
through P, Q, and touching PT at P, 
since QS is a perpendicular let fall 
from Q on the diameter of this circle, 
we have PQ’ - PS multiplied by the diameter ; or the radius of 
PQa 

curvature - Now, since QR is always drawn parallel to 

21 b 

the tangent, and since PQ must ultimately coincide with the tan- 
gent, we have PQ ultimately equal to QR ; but, by the property 
of the ellipse (if we denote CP and its conjugate by a, ft), 
ft”* QR’ : PR • RF (= 2a'- PR), 
therefore qjj, _ 2 b n ■ PR 



Hence the radius of curvature = — • ■ Now, no matter how 

a PS 

small PR, PS are taken, we have, by similar triangles, their 

. PR CP a' tT , . ft'’ 

ratio ^ = — lienee radius oi curvature = — 

PS Cl p p 
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It is not difficult to prove that at the intersection of two con- 
focal conics the centre of curvature of either is the pole with re- 
spect to the other of the tangent to the former at the intersection. 

35C. If two tangents be drawn to an ellipse from any point of a 
confocal ellipse, the excess of the sum of these two tangents over 
the arc intercepted between them is constant.* 

For, take an indefinitely near 
point T', and let fall the perpendicu- 
lars TR, T S, then (Art. 348) 

PT = PR = PP' + PR 
(for PR may be considered as the 
continuation of the line PP) ; in like 
manner, Q’P *= QQ' + QS. 

Again, since, by Art. 194, the angle TT'R = T'TS, we have 
TS = TR ; and therefore PT + TQ' = PP + PQ'. Hence, 
(PT + TQ) - (PT'+ TQ) = PP - QQ' = PQ - pQ'. 

Cor. The same theorem will be true of any two curves which 
possess the property that two tangents, TP, TQ, to the inner one, 
always make equal angles with the tangent TP to the outer. 

357. Iftico tangents be drawn to an ellipse from any point of a 
confocal hyperbola, the difference of the arcs PK, QK, is equal to 
the difference of the tangents TP, TQ.f 

For it appears, precisely as be- 
fore, that the excess of PP' - P'K 
over TP - PK = PR, and that 
the excess of T'Q' - Q'K over 
TQ - QK is T'S, which is equal 
to PR, since (Art. 1 94) TP bi- 
sects the angle RT'S. The dif- 
ference, therefore, between the 
excess of TP over PK, and that 
of TQ over QK, is constant ; but 


* This beautiful theorem was discovered by Dr. Graves. See his Translation 0 f 
Chattel's Memoin on Cones and Spherical Conics, p. 77. 

t This extension of the preceding theorem was discovered by Sir. Mac Cullagh. 
Dublin Era m. Papers, 1841, p. 41; 1842, pp. 68, 88. M. Chasles afterwards indepen- 

2 « 
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in the particular case where T coincides with K, both these ex- 
cesses, and consequently their difference, vanish ; in every case, 
therefore, TP - PK = TQ - QK. 

Cor. Fagnani's theorem, “ That an elliptic quadrant can he 
so divided, that the difference of its parts may be equal to the 
difference of the semiaxes,” follows immediately from this Article, 
since we have only to draw tangents at the extremities of the 
axes, and through their intersection to draw a hyperbola confocal 
with the given ellipse. The co-ordinates of the points where it 
meets the ellipse ore found to be 


a 3 

X’ 7 , 

a + b 


a + b 


358. If a polygon circumscril>e a conic, and if all the vertices 
but one move on confocal conics, the locus of the remaining vertex 
will be a confocal conic. 

In the first place, we assert that if the vertex T of an angle 
PTQ circumscribing a conic, move on a confocal conic (see fig. 
Art. 356) ; and if we denote by a, b, the diameters parallel to 
TP, TQ; and by a, (3, the angles TPT', TQ'T', made by each 
of the sides of the angle with its consecutive position, then aa = bji. 
For (Art. 356) TR = T'S ; but TR = TP a ; T'S = T'Q'/3, and 
(Art. 152) TP and TQ arc proportional to the diameters to 
which they are parallel. 

Conversely, if aa = b(3, T moves on a confocal conic. For 
by reversing the steps of the proof we prove that TR = T'S; 
hence that TT' makes equal angles with TP, TQ, and therefore 
coincides with the tangent to the confocal conic through T ; and 
therefore that T' lies on that conic. 

If then the diameters parallel to the sides of the polygon be 
«, b, c, &c., that parallel to the last side being d, we have aa = b(3, 
because the first vertex moves on a confocal conic ; in like man- 
ner bfi = cy, and so on until we find aa = d$, which shows that 
the last vertex moves on a confocal conic.* 


dently noticed the same ex tension of Dr. Graves’s theorem. Comptes Rendu * , October, 
1843, tom. xvii. p. 838. 

• Tins proof is token from a paper by Dr. Hart ; Cambridge and Dublin Math. 
Jour iv. 193. 
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359. Wc have already several times had occasion to point out 
to the reader the advantage gained by taking notice of the num- 
ber of particular theorems often included under one general 
enunciation, but we now propose to lay before him a short sketch 
of a method which renders us a still more important service, and 
which enables us to tell when from a particular given theorem 
we can safely infer the general one under which it is contained. 
The method of projections, indeed, as requiring some knowledge 
of the geometry of three dimensions, may seem scarcely admissible 
into a treatise on plane geometry ; yet, as it is only in laying 
down its principles that we shall have to use a few not very diffi- 
cult theorems of solid geometry, and as the applications of the 
method (the principles being once admitted) do not require any 
consideration of space of three dimensions, we feel that it could 
not with propriety be excluded from the present treatise. The 
reader will have less difficulty in following the demonstrations 
here given, as in studying spherical trigonometry he has been 
already introduced to the consideration of space of three di- 
mensions. 

360. If all the points of any figure be joined to any fixed 
point in space (O), the joining lines will form a cone , of which 
the point O is called the vertex, and the section of this cone, by 
any plane, will form a figure which is called the projection of the 
given figure. The plane by which the cone is cut is called the 
plane of projection. 

To any point of one figure will correspond a point in the other. 

For, if any point A be joined to the vertex O, the point a, in 
which the joining line OA is cut by any plane, will be the pro- 
jection on that plane of the given point A. 

A right line will always be projected into a right line. 

For, if all the points of the right line be joined to the vertex. 


* This method is tho invention ofM. Poncelet. Sec his TV ait e de* Propriety Pro- 
jf dives, published in the year 1822. I shall lie glad if the slight sketch here given in- 
duces any reader to study a work, from which I have perhaps derived more information 
than from any other on the theory of curves. 
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the joining lines will form a plane, and this plane will be inter- 
sected by any plane of projection in a right line. 

Hence, if any number of points in one figure be in a right 
line, so will also the corresponding points on the projection ; and 
if any number of lines in one figure pass through a point, so will 
also the corresponding lines on the projection. 

361. Any plane curve will always be projected into another 
curve of the same degree. 

For it is plain that, if the given curve be cut by any right line 
in any number of points, A, B, C, D, &c., the projection will 
be cut by the projection of that right line in the same number of 
corresponding points, a, b, c, d, &c., but the degree of a curve is 
estimated geometrically by the number of points in which it can 
be cut by any right line. If AB meet the curve in some real and 
some imaginary points, ub will meet the projection in the same 
number of real and the same number of imaginary points. 

In like manner, if any two curves intersect, their projections 
will intersect in the same number of points, and any point com- 
mon to one pair, whether real or imaginary, must be considered 
as the projection of a corresponding real or imaginary point com- 
mon to the other pair. 

Any tangent to one curve will be projected into a tangent to the 
other. 

For, any line AB on one curve must be projected into the 
line ab joining the corresponding points of the projection. Now, 
if the points A, B, coincide, the points a, b, will also coincide, 
and the line ab will be a tangent. 

More generally, if any two curves touch each other in any 
number of points, their projections will touch each other in the 
same number of points. 

362. If a plane through the vertex parallel to the plane of , 
projection meet the original plane in a line AB, then any pencil 
of lines diverging from a point on AB will be projected into a 
system of parallel lines on the plane of projection. For, since 
the line from the vertex to any point of AB meets the plane of 
projection at an infinite distance, the intersection of any two lines 
which meet on AB is projected to an infinite distance on the 
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plane of projection. Conversely, any system of parallel lines on 
the original plane is projected into a system of lines meetiny on a 
point in the line DF, where a plane throuyh the vertex parallel to 
the original plane is cut by the plane of projection. The method 
of projections then leads us naturally to the conclusion, that any 
system of parallel lines may be considered as passing through a 
point at an infinite distance, for their projections on any plane 
pass through a point in general at a finite distance ; and again, 
that all the points at infinity on any plane may be considered as 
lying on a right line, since we have showed, that the projection of 
any point in which parallel lines intersect must lie somewhere on 
the right line DF in the plane of projection. 

363. We see now that if any property of a given curve does 
not involve the magnitude of lines or angles, but merely relates 
to the position of lines as drawn to certain points, or touching cer- 
tain curves, or to the position of points, &c., then this property 
will be true for any curve into which the given curve can be pro- 
jected. Thus, for instance, “ if through any point in the plane 
of a circle a chord be drawn, the tangents at its extremities will 
meet on a fixed line.” Now since we shall presently prove that 
every curve of the second degree can be projected into a circle, 
the method of projections shows at once that the properties of 
poles and polars are true not only for the circle, but also for all 
curves of the second degree. Again, Pascal’s and Brianchon’s 
theorems arc properties of the same class, which it is sufficient 
to prove in the case of the circle, in order to know that they are 
true for all conic sections. 

364. Properties which, if true for any figure, are true for its 
projection, are called projective properties. Beside the classes of 
theorems mentioned in the last Article, there are many projective 
theorems which do involve the magnitude of lines. For instance, 
the anharmonic ratio of four points in a right line, ( ABCD j being 
measured by the ratio of the pencil (O.ABCD) drawn to the 
vertex, must be the same as that of the four points jaZ*'</j, where 
this pencil is cut by any transversal. Again, if there be an equa- 
tion between the mutual distances of any number of points in a 
right line, such as 
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AB.CD.EF + A.AC.BE.DF + LAD.CE.BF + &c. = 0, 
where in each term of the equation the same points are men- 
tioned, although in different orders, this property will be projec- 
tive. For (see Art. 314) if for AB we substitute 
OA.OB.sinAOB „ 


each term of the equation will contain OA.OB.OC .OD.OE.OF 
in the numerator, and OP J in the denominator. Dividing, then, 
by these, there will remain merely a relation between the sines 
of angles subtended at O. It is evident that the points A, B, C, 
D, E, F, need not be on the same right line ; or, in other words, 
that the perpendicular OP need not be the same for all, provided 
the points be so taken that after the substitution, each term of 
the equation may contain in the denominator the same product, 
OP . OP'. OP", &c. Thus, for example, “ If lines meeting in a 
point and drawn through the vertices of a triangle ABC meet the 
opposite sides in the points a,b,c, then A b . Be . C a - Ac . Ba . C b.” 
This is a relation of the class just mentioned, and which it is 
sufficient to prove for any projection of the triangle ABC. Let 
us suppose the point C projected to an infinite distance, then 
AC, BC, Cc are parallel, and the relation becomes 
A b . Be = Ac . Ba, 

the truth of which is at once perceived on making the figure. 

365. It appears from what has been said, that if we wish to 
demonstrate any projective property of any figure, it is sufficient 
to demonstrate it for the simplest figure into which the given 
figure can be projected ; e. g. for one in which any line of the 
given figure is at an infinite distance. 

Thus, if it were required to investigate the harmonic proper- 
ties of a complete quadrilateral ABCD, whose opposite sides in- 
tersect in E, F, and the intersection of whose diagonals is G, we 
may join all the points of this figure to any point in space O, and 
out the joining lines by any plane parallel to OEF, then EF is 
projected to infinity, and we have a new quadrilateral, whose 
sides ab, cd intersect at e at infinity, that is, are parallel ; while 
ad, be intersect in a point f at infinity, or are also parallel. We 
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thus see that any quadrilateral may be projected into a parallelo- 
gram. Now since the diagonals of a parallelogram bisect each 
other, the diagonal ac is cut harmonically in the points a, g , c, 
and the point where it meets the line at infinity ef. Hence AB is 
cut harmonically in the points A, G, C, and where it meets EF. 

Ex. If two triangles ABC, A'B'C’, be such that the points of intersection of AB, A'B' ; 
BC, B'C'; CA, C'A'; lie in a right line, then the lines AA' t BB’, CC' meet in a point. 

Project to infinity the line in which AB, A'B', &c., intersect; then the theorem be- 
comes: “ If two triangles afce, a ’b'c have the sides of the one respectively parallel to the 
sides of the other, then the lines aa\ bb\ ce meet in a point.*' But the truth of this lat- 
ter theorem is evident, since aa, bb' both cut cc in the same ratio. 

366. Before giving examples of the application of the method 
of projections to curves of the second degree, we wish to examine 
more particularly than in Art. 36 1 the nature of the section made 
by any plane in a cone standing on a circular base. We there 
proved that the projection of a circle must be always a curve of 
the second degree, and we wish now to show that the same circle 
may be projected into any of the three species of curves of the 
second degree. We commence by proving that any curve will be 
projected into a similar curve, on a plane parallel to the plane of 
the original curve. 

For take any fixed point A in the plane of one of them, and 
the corresponding point a in the plane of the other, and let radii 
vectorcs be drawn from them to any corresponding points B, b ; 
now from the similar triangles OAB, O ah, AB is to ab in the 
constant ratio O A : Oa ; and since every radius vector of the one 
curve is in this constant ratio to the corresponding radius vector 
of the other, the two curves are similar (Art. 239). 

Cor. If a cone standing on a circular base be cut by any plane 
parallel to the base, the section will be a circle. This is evident 
as before : we may, if we please, suppose the points A, a the 
centres of the curves. 

367. The section by any plane of a cone standing on a circular 
base is a curve of the second degree. 

A cone of the second degree is said to be right if the line 
joining the vertex to the centre of the circle which is taken for 
base be perpendicular to the plane of that circle ; in which case 
this line is called the axis of the cone. If this line be Dot per- 
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pendicular to the plane of the base, the cone is said to be oblique. 
The investigation of the sections of an oblique cone is exactly the 
same as that of the sections of a right cone, but we shall treat 
them separately, because the figure in the latter case being more 
simple will be more easily understood by the learner, who may at 
first find some difficulty in the conception of figures in space. 

Let a plane (OAB) be drawn through the axis of the cone 
OC perpendicular to the plane of the section, so that both the 
section MSsN and the base A SB arc 
supposed to be perpendicular to the 
plane of the paper : the line RS, in 
which the section meets the base, is, 
therefore, also supposed perpendicu- 
lar to the plane of the paper. Let us 
first suppose the line MN, in which 
the section cuts the plane OAB to 
meet both the sides OA, OB, as in the 
figure, on the same side of the vertex. 

Now let a plane parallel to the base be drawn at any other 
point s of the section. Then we have (Euc. III. 35) the square 
of RS, the ordinate of the circle, = AR . RB, and in like manner 
rs' = ar . rb. But from a comparison of the 
similar triangles ARM, arM ; BRN, JrN, 
it can at once be proved that 
AR . RB : MR . RN :: ar. rb: Mr. rN. 

Therefore 

RS’ : r« J : : MR . RN : Mr. rN. 

Hence the section MSsN is such that the 
square of any ordinate rs is to the rectangle 
under the parts in which it cuts the line 
MN in the constant ratio RS 1 : MR . RN. 

Hence it can immediately be inferred (Art. 

152) that the section is an ellipse, of which 
MN is the axis major, while the square of 
the axis minor is to MN’in the given ratio 
RS’ : MR . RN. 
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Secondly. Let MN meet one of the sides Oil produced. The 
proof proceeds exactly as before, ouly that now we prove the 
square of the ordinate rs in a constant ratio to the rectangle 
Mr . rN under the parts into which it cuts the line MN produced. 
The learner will have no difficulty in proving that the locus will 
in this case be a hyperbola, consisting evidently of the two oppo- 
site branches NrS, Ms'S'. 

Thirdly. Let the lineMN be parallel to 
one of the sides. In this case, since AR=ar, 
and RB : rb : : RN : rN, we have the square 
of the ordinate rs ( =ar.rb ) to the abscissa 
rN in the constant ratio 

RS 2 (= AR . RB) : RN. 

The section is therefore a parabola.” 



* Those who first treated of conic sections only considered the case when a right 
cone is cut by a plane perpendicular to a side of the cone : that is to say, when MN is 
perpendicular to OB. Conic sections were then divided into sections of a right-angled, 
acute, or obtuse-angled cone ; and according to Eutochius, the commentator on Apollo- 
nius, were called parabola, ellipse, or hyperbola, according as the angle of the cone was 
equal to, less than, or exceeded a right angle. (See the passage cited in full, Walton $ 
Examples , p. 428.) It was Apollonius who first showed that all three sections could be 
made from one cone ; and who, according to Pappus, gave them the names parabola, 
ellipse, and hyperbola, for the reason stated, p. 170. The authority of Eutochius, who 
was more than a ceutury later than Pappus, may not be very great, but the name para- 
bola was used by Archimedes, who was prior to Apollonius. 

It is worth mentioning, that if a sphere be inscribcul in a right cone touching the 
plane o f any section , the point of contact will be a focus of that 
section, and the corresponding directrix will be the intersection of 
the plane of the section with the plane of contact of the cone with 
the sphere. ( Bp . Hamilton's Conic Sections, lib. ii. prop. 37.) 

Let a sphere be both inscribed and exscribed between tho 
cone and the plane of the section. Now, if any point P of the 
section be joined to the vertex, and the joining line meet the 
planes of contact in Drf, then we have PD = PF, since they 
are tangents to the same sphere, and, similarly, Yd = PF', there- 
fore PF + PF' = D/f, which is constant. The point (R) where 
FF* meets AB produced, is a point on the directrix, for by the 
property of the circle NFMR is cut harmonically, therefore, R is a point on the polar of 
F. This is only a particular case of amore general theorem. 

It is not difficult to prove that the parameter of the section MPN is constant, if the 
distance of the plane from the vertex be constant 

2 R 
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368. It is evident that the projections of the tangents at the 
points A, B of the circle are the tangents at the points M, N of 
the conic section (Art. 362) ; now in the case of the parabola the 
point M and the tangent at it go off to infinity ; we arc therefore 
again led to the conclusion that every parabola has one tangent 
altogether at an infinite distance. 

369. Let the cone now be supposed oblique. The plane of 
the paper is a plane drawn through the line OC, perpendicular to 
the plane of the circle AQSB. Now let 
the section meet the base in any line QS, 
draw a diameter LK bisecting QS, and 
let the section meet the plane OLK in the 
line MN, then the proof proceeds exactly 
as before ; we have the square of the ordi- 
nate RS equal to the rectangle LR . RK ; 
if we conceive a plane, as before, drawn 
parallel to the base (which, however, is left 
out of the figure in order to avoid render- 
ing it too complicated), we have the square 
of any other ordinate, rs, equal to the corresponding rectangle 
Ir .rk; and we then prove by the similar triangles KRM, krM ; 
LRN, /rN, in the plane OLK, exactly as in the case of the right 
cone, that RS* : rs*, as the rectangle under the parts in which 
each ordinate divides MN, and that therefore the section is a 
conic of which MN is the diameter bisecting QS, and which is an 
ellipse when MN meets both the lines OL, OK on the same side 
of the vertex, an hyperbola when it meets them on different sides 
of the vertex, and a parabola when it is parallel to either. 

In the proof j'ust given QS is supposed to intersect the circle 
in real points ; if it did not, we have only to take, instead of the 
circle AB, any other parallel circle ah, which does meet the sec- 
tion in real points, and the proof will proceed as before. 

370. If a circular section be cut by any plane in a line RS, the 
rectangle DR . RF of the segments of the diameter of the circle 
conjugate to QS is to the rectangle f/R . RA under the segments of 
the diameter of the, section conjugate to QS as the square of the 
diameter of the section parallel to QS is to the square of the con- 
jugate diameter gh. 
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This has been proved in the last Article, in the case where 
QS meets the circle in real points, 
since rs 1 ^dr .rf. Now, if the plane 
meet any other parallel plane in a 
line QS which does not meet the 
curve: First, we say that the dia- 
meters conjugate to QS with regard 
to the circle, and with regard to the 
other section, will meet QS in the 
same point R ; for, by Art. 3GG, the 
diameter df, bisecting chords of any 
circular section -parallel to qs, will be projected into a diameter 
bisecting the parallel chords of any parallel section. The middle 
points, therefore, of all chords parallel to qs, must lie in the 
plane O df, nnd, consequently, the diameter conjugate to QS, in 
the section gqhs, must be the line gk, in which it is met by the 
plane O df. DF, therefore, and gk, intersect in the point R, 
where QS meets the plane O df. 

Now, since we have proved that the lines gk, df, DF, lie in 
one plane passing through the vertex, the points D, d, are pro- 
jections of g, that is, they lie in one right line passing through the 
vertex ; we have, therefore, by similar triangles, as in Art. 367, 
dr .rf: DR . RF : : gr . rk . gli . RA ; and, since dr .rf-.gr.rk, as 
the squares of the parallel semidiameters, DR . RF : </R . RA in 
the same ratio. 

371. If a plane be drawn tiirough the vertex parallel to the 
circular base meeting the section gqhs in TL, it follows, as a par- 
ticular case of the preceding, that g\j . LA : OL a in the ratio of the 
squares of the parallel diameters of the section. Hence we sec 
that, given any conic section and a line, TL, in its plane, it is an 
indeterminate problem to find O the vertex of a cone such that 
the section of it, by any plane parallel to OTL, should be a circle. 
For, draw the diameter of the section conjugate to TL, then the 
distance of L from the vertex of the cone is determined by the 
present Article ; also OL must lie in the plane perpendicular to 
TL, since it is parallel to the diameter of a circle perpendicular 
to TL ; O may, therefore, be any point of a certain circle in a 
plane perpendicular to TL. 
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Hence, Given any conic section, and any line TL in its plane 
not cutting it, we can project it, so that the conic section may be- 
come a circle ; and the line may be projected to infinity, for wc 
have only to take any point O, such that the plane OTL may be 
parallel to the planes of circular section, and then any plane pa- 
rallel to OTL will be a plane of projection fulfilling the required 
conditions. 

372. Given any conic section and a point in its plane, we can 
project it into a circle, of which the projection of that point is the 
centre, for wc have only to project it so that the projection of the 
polar of the given point may pass to infinity (Art. 157). 

Or again, Any two conic sections may be projected so as both to 
become circles, for wc have only to project one of them into a cir- 
cle so as that any of its chords of intersection with the other shall 
pass to infinity, and then, by Art. 259, the projection of the se- 
cond conic passing through the same points at infinity as the 
circle ninst be a circle also. 

Any two conics which have double contact with each other may 
be projected into concentric circles. 

For we have only to project one of them into a circle so that 
its chord of contact with the other may pass to infinity ( Art. 259). 

Strictly speaking, all these projections have only been shown 
to be possible when the line projected to infinity docs not meet 
the conic in real points ; but it will be found in practice that this is 
a limitation which it is unnecessary to attend to, and that a pro- 
jective proposition once proved true for any state of a figure may 
become unmeaning, but will never become false, when certain 
lines in that figure have become imaginary. Thus, for example, 
although the method of projecting into concentric circles only 
directly proves properties of conics having double contact, whose 
chord of contact is imaginary, we shall not think it necessary to 
seek for an independent proof of the same properties in the case 
where the chord of contact is real. 

373. We shall now give some examples of the method of de- 
riving properties of conics from those of the cbclc, or from other 
more particular properties of conics. 

Ex. 1. “Aline through any point is cut harmonically by tlic curve and the polar of 
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that point.” This property ami its reciprocal are projective properties (Art. 364), anti 
both being true for the circle, are true for every conic. Hence all the properties of the 
circle dej>ending on the theory of poles and polar.* are true for all the conic sections. 

Ex. 2. The anharmonic properties of the points and tangents of a conic are projective 
properties, which, when proved for the circle, as in Art. 313, are proved for all the conics. 
Hence, every property of the circle which results from either of its anharmonic properties 
is true also for all the conk sections. 


Ex. 3. Carnot’s theorem (Art. 314), that if a conic meet the sides of a triangle, 

A b . Kb. Be. Be'. C a . Cfl’ = Ac . Ac'. B<* . Ba\ C6 . C6', 
is a projective property which need only be proved in the case of the circle, in which 
case it is evidently true, since Kb . Kb =s Ac . Ac', &c. 

The theorem is evidently true, and can be proved in like manner for any polygon. 

Ex. 4. From Carnot’s theorem, thus proved, could be deduced the properties of Art. 
151, by supposing the point C at an infinite distance ; we then have 
A6.A5 Bfl.Ba' 

Ac. Ac “ Be. Be’ 
where the line Kb is parallel to Bd. 

Ex. 5. Given two concentric circles, Given two conics having double contact 
any chord of one w'hich touches the other with each other, auy chord of one which 
is bisected at the point of contact. touches the other is cut harmonically at 

the point of contact, and where it meets 
the chord of contact of the conics. (Ex. 3, 

p. 280.) ' 

For the line at infinity in the first case is projected Into the chord of contact of two 
conics having double contact with each other. Ex. 4, p. 203, is only a particular case of 
this theorem. 


Ex. 6. Given three concentric circles, 
any tangent to one is cut by the other two 
in four points whose anharmonic ratio is 
constant. 


Given three conics all touching each 
other in the same two points, any tangent 
to one is cut by the other two in four points 
whose anharmonic ratio is constant. 


The first theorem is obviously true, since the four lengths are constant. The second 
may be consklcred as an extension of the anharmonic property of the tangents of a conic. 
In like manner, the theorems (in Art. 278) with regard to anharmonic ratios in conics 
having double contact are immediately proved by projecting the conics into concentric 
circles. 


Ex. 7. We mentioned already, that it was sufficient to prove Pascal’s theorem for the 
case of a circle, hut by tlie help of Art. 362 wc may still further simplify our figure, for 
we may suppose the line joining the intersection of AB, DE, to that of BC, EF, to pass 
off to infinity ; and it is only necessary to prove that, if a hexagon be inscribed in n 
circle having the side AB parallel to I)E, and BC to EF, then CD will be parallel to 
AF ; but the truth of this can be shown from elementary considerations. 

Ex. 8. A triangle is inscribed in any conic, two of whose sides pass through fixed 
points, to find the envelope of the third (p. 220). Let the line joining the fixed points 
be projected to infinity, and at the same time the conic into a circle, and this property 
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becomes, — “ A triangle is inscribed in a circle, two of whose sides are parallel to fixed 
lines, to find the envelope of the third.” Rut this envelope is a concentric circle, since 
the vertical angle of the triangle is given ; hence, in the general case, the envelope is a 
conic touching the given conic in two points on the line joining the two given points. 

Ex. 9. To investigate the projective properties of a quad rilateral inscribed in a conic. 
Let the conic be projected into a circle, and the quadrilateral into a parallelogram (Art. 
365). Now the intersection of the diagonals of a parallelogram inscribed in a circle is 
the centre of the circle ; hence the intersection of the diagonals of a quadrilateral in- 
scribed in a conic is the pole of the lino joining the intersections of the opposite sides. 
Again, if tangents to the circle be drawn at the vertices of this parallelogram, the dia- 
gonals of the quadrilateral so formed will also pass through the centre, bisecting the 
angles between the first diagonals ; hence, “ the diagonals of the inscribed and corre- 
sponding circumscribing quadrilateral pass through a point, and form an harmonic 
pencil.” 

Ex. 10. Given four points on a conic. Given four points on a conic, the locus 
the locus of its centre is a conic through of the pole of any fixed line is a conic pass- 

the middle points of tfie sides of the given iug through the fourth harmonic to the 

quadrilateral. point in which tills line meets each ride of 

the given quadrilateral. 

Ex. 1 1. The locus of the point where If through a fixed point O a line be 
parallel chords of a circle are cut in a given drawn meeting the conic in A, B, and on it 

ratio is an ellipse having double contact a j joint P be taken, such that {OABP} 

with the circle. (Art. 166.) may be constant, the locus of P is a conic 

having double contact with the given conic. 

374. We may project several properties relating to foci by 
the help of the definition of a focus given, page 233. 

Ex. 1. The locus of the centre of a circle If a cotlic be described through two 
touching two given circles is a hyperbola, fixed poiuts, and touching two conics which 
having the centres of the given circles for also puss through those points, the locus of 
foci. the pole of the line joining those points is 

a conic inscribed in the quadrilateral formed 
by joining the two given [joints to the poles 
of the same line with regard to the given 
conics. 

Wc give this example as worth the learner’s study, because it illustrates the different 
principles that all circles pass through two fixed [joints at infinity (Art. 259) ; that the 
centre is the pole of the line joining them (Art. 157); that a focus is the intersection of 
tangents passing through these fixed points (Art. 282) ; and that we are safe in extend- 
ing our conclusion from imaginary to real points (Art. 372). 

Ex. 2. Given the focus and two points Given two tangents, and two points on 
of a conic section, the intersection of tan- a conic, the locus of the intersection of tan* 
gents at those [joints will be on a fixed line. gents at those points is a right line. 

(Art. 196.) 

Ex. 3. Given a focus and two tangent* Given four tangents and a fixed [joint 

to a conic, the locus of the other focus is a on each of two of them, the locus of the 
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right line. (This follows from Art. 194.) intersection of tangents from theae points is 

a right line. 

For, the two points at infinity on any circle lie one on each of the tangents from one 
focus, and the intersection of the other tangents from these two points is the other focus. 

Ex. 4. Given three tangents to a para- Given four tangents to a conic, and two 
bola, the locus of the focus is the circum- fixed points on one of them, the locus of 
scribing circle, (p. 1 87.) intersection of the other tangents from these 

points is a conic passing through the two 
points, and circumscribing the triangle 
formed by the other three tangents. 

For every parabola lias one tangent at infinity, and the two points through which 
every circle must pass lie on this tangent. 

Ex. 5. The locus of the centre of a Given one tangent, and three points on 
circle passing through a fixed point, and a conic, the locus of the intersection of tail- 

torching a fixed line, is a parabola of which gents at any two of these points is a conic 

the fixed point is the focus. inscribed in the triangle formed by those 

points. 

Ex. 6. Given four tangents to a conic. Given four tangents to a conic, the locus 
the locus of the centre is the line joining of the pole of any line is the line joining 

the middle points of the diagonals of the tho fourth harmonics of the points where 

quadrilateral. the given line meets the diagonals of the 

quadrilateral. 

It follows from our definition of a focus, that if two conics have the same focus, this 
point will be an intersection of common tangents to them, and will possess the properties 
mentioned in Art. 265. Also, that if two conics have the same focus and directrix, they 
may be considered as two conics having double contact with each other, and may be 
projected into concentric circles. 

375. Since angles which are constant in any figure will in 
general not be constant in the projection of that figure, we pro- 
ceed to show what property of a projected figure may be inferred 
when any property relating to the magnitude of angles is given,* 
and we commence with the case of the right angle. 

Let the equations of two lines at right angles to each other 
be x = 0, y = 0, then the equation which determines the direction 
of the points at infinity on any circle is x* + y 1 = 0, or 
* + y*/-l = 0, x — y^-l = 0. 

• Some particular cases where constant angles are projected into constant angles 
have been treated of by M. Poncelet, Traite des Propriety Projective*, p. 257 ; and by 
Mr. Mulcahy, Modern Geometry , p. 116; who have thus deduced by projection properties 
relating to angles subtended at the foci of conics from properties of the circle. As these 
theorems, however, may be more simply obtained otherwise, we have thought it better 
not to occupy space with this method of obtaining them, and have substituted the gene- 
ral theory of projection of angles given in the text. 
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Hence (Art. 55) these four lines form an harmonic pencil. Hence, 
given four points, A, 1$, C, D, of a line cut harmonically, where 
A, C may be real or imaginary, if these points be transferred by 
a real or imaginary projection, so that A, C may become the two 
imaginary points at infinity on any circle, then any lines through 
II, D will be projected into lines at right angles to each other. 
Conversely, any two lines at right angles to each other will be pro- 
jected into lines which cut harmonically the line joining the two 
fixed points which are the projections of the imaginary points at 
infinity on a circle. 

Ex. 1. The tangent to a circle is at Any chord of a conic is cut harmoni- 
right angles to the radius. cally by any tangent, and by the line join- 

ing the point of contact of that tangent to 
the pole of the given chord. (Art- 147.) 

For the chord of the conic is supposed to be the projection of the line at infinity on 
the plane of the circle; the points where the chord meets the conic will be the projections 
of the imaginary points at infinity on the circle; and the pole of the chord will be the 
projection of the centre of the circle. 

Ex. 2. Any right line drawn through Any right line through a point, the lino 
the focus of a conic is at right angles to the joining its pole to that point, and the two 

line joining its pole to the focus. (Art. tangents from the point, form an harmonic 

197.) pencil. (Art. 149.) 

It is evident that tho first of these properties is only a particular case of the second, 
if we recollect that the tangents from the focus arc the lines joining the focus to the two 
imaginary points in any circle (Art. 282). 

Ex. 3. Let us apply Ex. 6 of the last Article to determine the locus of the pole of a 
given line with regard to a system of confocsl conics. Being given the two foci, we ore 
given a quadrilateral circumscribing the conic (Art. 282), one of the diagonals of this 
quadrilateral is the line joining the foci, therefore (Ex. 6) one point on the locus is the 
fourth harmonic to the point where the given line cuts the distance between the foci. 
Again, another diagonal is the line at infinity, and since the extremities of this diagonal 
are the points at infinity on a circle, by the present Article the locus is perpendicular to 
the given line. The locus is, therefore, completely determined. 

Ex. 4. Two confocal conics cut each If two conics be inscribed in the same 
other at right angles. quadrilateral, the two tangents at any of 

their points of intersection cut any diagonal 
of the circumscribing quadrilateral har- 
monically. 

The last theorem is a case of the reciprocal of Ex. 1, p. 280. 

Ex. 5. The locus of the intersection of If from any two points B, D, which ent 

two tangents to a central conic, which cut a given line AC harmonic ally, tangents be 
at right angles, is a circle. drawn to a conic, the locus of their inter- 

section O is a conic through tho points 
A, C. 
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The last theorem may, by Art 149, be stated otherwise thus : 44 The locus of a poiut 
0, such that the line joining O to the pole of AO may pass through C, is a conic through 
A, C and the truth of it is evident directly, by taking four positions of the line, when 
we see, by Art 339, that the anharmonic ratio of four lines, AO, is equal to that of four 
corresponding lines, CO. 

Ex. 6. The locus of the intersection of If in the last example AC touch the 
tangents to a parabola, which cut at right given conic, the locus of O will be the line 

angles, is the directrix. joining the points of contact of taugents 

from A, C. 

Ex. 7. If from any point on a conic If a harmonic pencil be drawn through 
two lines at right angles to each other be any point on a conic, two legs of which are 
drawn, the chord joining their extremities fixed, the chord joining the extremities of 
passes through a fixed point, (p. 160.) the other legs will pass through a fixed 

point. 

In other words, given two points, a, c, on a conic, and { abed } an harmonic ratio, bd 
will pass through a fixed point, namely, the intersection of tangents at a, e. But the 
truth of this may be seen directly : for let the line ac meet bd in K, then since [a. abed] 
is a harmonic pencil, the tangent at a cuts bd in the fourth harmonic to K : but so like- 
wise must the tangent at c, therefore these tangents meet bd in the same poiut. As a 
particular case of this theorem we have the following : 14 Through a fixed point on a conic 
two lines are drawn, making equal angles with a fixed line, the chord joining their extre- 
mities will pass through a fixed point.” 

376. A system of pairs of right lines drawn through a point , 
every two of which make equal angles tcith a fixed line, cut the line 
at infinity in a system of points in involution, of which the two points 
at infinity on any circle form one pair of conjugate points. For 
they evidently cut any right line in a system of points in involu- 
tion, the foci of which are the points where the line is met by the 
given internal and external bisector of every pair of right lines. 
The two points at infinity just mentioned belong to the system, 
since they also are cut harmonically by these bisectors. 

The tangents from any point to a sys- The tangents from any point to a sys- 

tem of con focal conics make equal angles tern of conics inscribed in the same quadri- 
with two fixed lines. (Art. 194.) lateral cut any diagonal of that quadrila- 

teral in a system of points in involution of 
which the two extremities of that diagonal 
are a pair of conjugate points. (Art. 336.) 

377. Two lines diverging from a fixed point, which contain a 
constant angle, cut the line joining the two points at infinity on a 
circle, so that the anharmonic ratio of the four points is constant. 

For the equation of two lines containing an angle 0 being 
x = 0, y = 0, the direction of the points at infinity on any circle is 
determined by the equation 

2 s 
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a? + y 2 + 2 j^cob0 = 0 ; 

and, separating this equation into factors, we sec, by Art. 55, that 
the anharmonic ratio of the four lines is constant if 0 be constant. 

Ex. 1. “The angle contained in the same segment of a circle is constant.” We see, 
by the present Article, that this is the form assumed by the anharmonic property of four 
points on a circle when two of them arc at an infinite distance. 

Ex. 2. The envelope of a chord of a If tangents through any point 0 meet 
conic which subtends a constant angle at the conic in T, T, and there be taken on 

the focus is another conic having the same the conic two points A, B, such that 

focus and the same directrix. {O.ATBT} is constant, the envelope of 

AB is a conic touching the given conic in 
the points T, T'. 

Ex. 3. The locus of the intersection of If in Art. 376, Ex. 6, the points B, D 
tangents to a parabola which cut at a given be so taken that { A BCD } is constant, the 

angle is a hyperbola having the same focus locus of 0 is a conic touching the given 

and the same directrix. conic at the points of contact of tangents 

from A, C. 

Ex. 4. If from the focus of a conic a If a variable tangent to a conic meet 
line be drawn making a given angle with two fixed tangents in T, T, and a fixed 

any tangent, the locus of the point where line in M, and there be taken on it a point 

it meets it is a circle. P, such that {PTMT} may be constant, 

the locus of P is a conic passing through 
the points where the fixed tangents meet 
the fixed line. 

A particular case of this theorem is : “ The locus of the point where the intercept of 
a variable tangent between two fixed tangents is cut in a given ratio, is a hyperbola 
whose asymptotes are parallel to the fixed tangents.” 

Ex. 5. If from a fixed point 0, OP be Given the anharmonic ratio of a pencil 
drawn to a given circle, and the angle three of whose legs pass through fixed 
TPO be constant, the envelope of TP is a points, and whose vertex moves along a 
conic having O for its focus. given conic, passing through two of the 

points ; the envelope of the fourth leg is a 
conic touching the lines joining these two 
to the third fixed point. 

A particular case of this is : “ If two fixed points A, B, on a conic be joined to a 
variable point P, and the intercept made by the joining chords on a fixed line be cut in 
a given ratio at M, the envelope of PM is a conic touching parallels through A and B 
to the fixed line.” 

Ex. 6. If from a fixed point O, OP be Given the anharmonic ratio of a pencil, 
drawn to a given right line, and the angle three of whose legs pass through fixed 
TPO be constant, the envelope of TP is a points, and whose vertex moves along a 

parabola having O for its focus. fixed line, the envelope of the fourth leg is 

a conic touching the three sides of the tri- 
angle formed by the given points. * 

• The mothod of projections can equally be used in obtaining from properties of plane 
curves properties of other curves not plane, e. g. curves on the surface of a sphere. Mr. 
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378. We shall conclude this chapter with a brief account of 
the method of orthogonal projection, which, before the publication 
of M.Poncelet’s treatise, was the only method of projection much 
used by geometers. If from all the points of any figure perpen- 
diculars be let fall on any plane, their feet will trace out a figure 
which is called the orthogonal projection of the given figure. 
The orthogonal projection of any figure is, therefore, a right sec- 
tion of a cylinder passing through the given figure. 

All parallel lines are in a constant ratio to their orthogonal 
projections on any plane. 

For (sec fig. p. 4) MM' represents the orthogonal projection 
of the line PQ, and it is evidently = PQ multiplied by the cosine 
of the angle which PQ makes with MM'. 

All lines parallel to the intersection of the plane of the figure 
with the plane on which it is projected, are equal to their orthogonal 
projections. 

For, since the intersection of the planes is itself not altered 
by projection, neither can any line parallel to it. 

The area of any figure in a given plane is in a constant ratio 
to its orthogonal projection on another given plane. 

For, if we suppose ordinates of the figure and of its projection 
to be drawn perpendicular to the intersection of the planes, since 
every ordinate of the projection is to the corresponding ordinate 
of the original figure in the constant ratio of the cosine of the 


Mulcahy, some years ago, gave the following method of obtaining the properties of 
angles subtended at the focus from those of small circles on a sphere. The method de- 
pends on the following principle : the locu* of the vertices of alt the right cones from 
which a given ellipse can be cut is a hyperbola passing through the foci of the ellipse. 
For, see note, p. 805, the difference of MO and NO is constant, being equal to the diffe- 
rence of MF and NF. 

Now, let us take any property of a small circle of a sphere, e. g. if through any point 
P, on the surface of a sphere, a great circle be drawn, cutting the small circle in the points 
A, B, then tan £AP tan ^BP is constant. Now, let us take a cone whose base is the 
small circle, and whose vertex is the centre of the sphere, and let us cut this cone by any 
plane, and we learn that “ if through a point p, in the plane of any conic, a line be drawn 
cutting the couic in the points a, 5, then the product of the tangents of the halves of the 
angles which op, bp subtend at the vertex of the cone will be constant ; this property will 
be true of the vertex of any right cone, out of which the section can be cut, and, there- 
fore, since the focus is a point in the locus of such vertices, it must be true that tan \afp 
tan \bfp is constant (see p. 191). 
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angle between the planes to unity; by Art. 351, Cor., the areas 
of the figures will be in the same ratio. 

Any ellipse can be orthogonally projected into a circle. 

For, if we take the intersection of the plane of projection with 
the plane of the given ellipse parallel to the axis minor of that 
ellipse, and if we take the cosine of the angle between the planes 

«= then every line parallel to the axis minor will be unaltered 

by projection, but every line parallel to the axis major will be 
shortened in the ratio b : a, the projection will, therefore (Art. 166), 
be a circle, whose radius is b. 


379. We shall apply the principles laid down in the last Ar- 
ticle to investigate the expression for the radius of a circle cir- 
cumscribing a triangle inscribed in a conic, given Ex. 6, p. 199.* 
Let the sides of the triangle be a, /3, y, and its area A y then, 
by elementary geometry, 

Now let the ellipse be projected into a circle whose radius is b, 
then, since this is the circle circumscribing the projected triangle, 
we have a'HV 


But, since parallel lines arc in a constant ratio to their projec- 
tions, we have a tail bib', 

(3':(i:;b:b", 

yiy ::b:b"’; 

and, since (Art. 378) A' is to A as the area of the circle (=nb‘ > ) 
to the area of the ellipse (= nab), we have 

A' : A : : b : a. 

H encc V <‘fty 

IaH JL'’-a»-bbb, 

and, therefore, b'b'b" 

It = — =-• 


* This proof of Mr. Mac Cullagh’s theorem is due to Dr. Grave*. 
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Pascal’s Theorem, Page 222. 

M. Steiner was the first who (in Gergonne's Annales ) directed the 
attention of geometers to the complete figure obtained by joining in 
every possible way six points on a conic. M. Steiner’s theorems were 
corrected and extended by M. P Kicker (Crete’s Journal , vol. v. p. 274), 
and the subject has been more recently investigated by Messrs. Cayley 
and Kirkman, the latter of whom, in particular, has added several new 
theorems to those already known. We shall in this note give a slight 
sketch of the more important of these, and of the methods of obtaining 
them. The greater part are derived by joining the simplest principles 
of the theory of combinations with the following elementary theorems 
and their reciprocals : “ If two triangles be such that the lines joining 
corresponding vertices meet in a point (which we shall call the pole of 
the two triangles), the intersections of corresponding sides will lie in 
one right line (which we shall call their axis).” “ If the intersections 
of opposite sides of three triangles be for each pair Me fame three points 
in a right line, the poles of the first and second, second and third, third 
and first, will lie in a right line.” 

Now let the six points on a conic be a, b, c, d, e,/, which wo shall 
call the points P. These may be connected by fifteen right lines, ab, ae, 
& c., which we shall call the lines C. Each of the lines C (for example 
ab) is intersected by the fourteen others ; by four of them in the point 
a, by four in the point b, and consequently by six in points distinct 
from the points P (for example the points ab, cd; &c.) These we shall 
call the points p. There are forty-five such points ; for there are six 
on each of the lines C. To find then the number of points p, we 
must multiply the number of lines C by 6, and divide by 2, since two 
lines C pass through every point p. 
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If we take the sides of the hexagon in the order abcdef, Pascal’s 
theorem is, that the three p points, (ab, de), (cd fa), (be, ef), lie in one 
right line, which we may call either the Pascal abcdef, or else we may 

denote as the Pascal , a form which we sometimes prefer, 

as showing more readily the three points through which the Pascal 
passes. Through each point p four Pascals can be drawn. Thus 
through (ab, de) can be drawn abcdef, abfdec, abcedf, abfedc. We then 
find the total number of Pascals by multiplying the number of points p 
by 4, and dividing by 3, since there are three points p on each Pascal. 
Wc thus obtain the number of Pascal’s lines = 60. We might have 
derived the same directly by considering the number of different ways 
of arranging the letters abcdef. 

Consider now the three triangles whose sides are 

ab, cd, ef, (1) 
de, fa, be, (2) 
cf, be, ad (3) 

The intersections of corresponding sides of 1 and 2 lie on the same 
Pascal, therefore the lines joining corresponding vertices meet in a 
point, but these are the three Pascals, 

[ ab.de. cf~\ rcd.fa.be 1 fef.be. ad 1 
l cd.fa.be J' Xef.bc.adJ' Xab.de.cfJ 

This is Steiner’s theorem (p. 222) ; we shall call this the g point, 

( ab.de. ef "j 
cd.fa.be ^ 
l ef. be. ad j 


The notation shows plainly that on each Pascal’s line there is only one 

g point ; for given the Pascal { 1 l ^ e 9 P°’ nt on found 

by writing under each term the two letters not already found in that 
vertical line. Since then three Pascals intersect in every point g, the 
number of points ^ = 20. If we take the triangles 2, 3; and 1, 3; the 
lines joining corresponding vertices are the same in all cases: therefore, 
by the reciprocal of the second preliminary theorem, the three axes of 
the three triangles meet in a point. This, however, is plainly only the 
f ab . cd . ef j 

g point s de.fa.be z, and therefore leads us to no new theorem. 

L cf. be .ad J 
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Let us now consider the triangles, 


ab 

cd 

«/ 

(') 

ab.ee. df t 

cd. bf. ae 1 

ef. bd.ae 1 

(4) 

de.bf.ac J 1 

af. ce.bd / 1 

be. ae. df i ’ 

ab.ee -df\ 

cd. bf. ae 1 

ef . bd. ac i 

. (5) 

cf. bd.ae /' 

be.ac.df J ' 

ad. ce .bf J 


Now the intersections of corresponding sides of 1 and 4 are three points 
which lie on the same Pascal ; therefore the lines joining corresponding 
vertices meet in a point. But these are the three Pascals, 


ab.ee .df 

cd. bf. ae 1 

ef .ac.bd ' i 

cd .bf.ae J 

ef . ac.bd J 

ab.df.ee t 


ab . ce . df "I 

W e may denote the point of meeting as the h point, cd . bf. ae ?■ 

ef . ac .bd J 

The notation differs from that of the g points in that only one of the 
vertical columns contains the six letters without omission or repetition. 
On every Pascal there are three h points, viz., there are on 


ab.cd.ef\ ab . cd . ef\ ab.cd.ef ) ab.cd.ef] 
de.af.be J ! dea f be f’ de.af.be >. de.af.be>, 
cf.bd.ae J ac.be.dfj bf.ee. ad J 

where the bar denotes the complete vertical column. We obtain then 
Mr. Kirkman’s extension of Steiner’s theorem : — The Pascals intersect 
three by three, not only in Steiner's twenty points g, but also in sixty other 
points h. The demonstration of Art. 269 applies alike to Mr. Kirkman’s 
and to Steiner’s theorem. 


In like manner if we consider the triangles 1 and 5, the lines join- 
ing corresponding vertices are the same as for 1 and 4 ; therefore the 
corresponding sides intersect on a right line, as they manifestly do on a 
Pascal. In the same manner the corresponding sides of 4 and 5 must 
intersect on a right line, but these intersections are the three h points, 


ab.ee. df ' | ae.cd.bf "] ac.bd.ef 

de.bf.ac bd.af.ee Vi df.ae.be ^ 

cf.ae.bd J ac ■ be . df J ce .bf .ad] 


Moreover, the axis of 4 and 5 must pass through the intersection of 

ab. cd.ef ' 1 

the axes of 1, 4, and 1, 5, namely, through the g point, de. af. be >. 

cf . be .ad] 

In this notation the g point is found by combining the complete 
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vertical columns of the three h points. Hence we have the theorem : 
“ There are twenty lines x, each of which passes through one g and three h 
points." The existence of these lines was observed independently by 
Mr. Cayley and myself. The proof here given is Mr. Cayley’s. 

Again, let us take three Pascals meeting in a point h. For instance. 


ab.ee. df i 

de. bf.ac l 

cf. ae.bd~\ 

de .bf .ac J ’ 

cf.ae.bdj' 

ab. df.ee J 


We may, by taking on each of these a point p, form a triangle whose 
vertices are (df, ac), (bf ae), ( bd , ce), and whose sides are, therefore, 
ac.bf.de ' t bf.ee. ad 1 bd.ac.ef v 

df.ae.cbi' ae-bd.cf )' ce.df.abj 

Again, we may take on each a point h, by writing under each of the 
above Pascals af.cd. be , and so form a triangle whose sides are 
ac . bf. de "l cf.ae.bd'i df. ab . ce 1 

be.cd.af) be.cd.af}' be.cd.af j 

But the intersections of corresponding sides of these triangles, which 
must therefore be on a right line, are the three g points, 

be.cd.af~ \ be.cd.af be ,cd.af~\ be.cd.af} 

ac.bf.de >, cf.ae.bd>, df.ab.ee >, cf.ab.de y. 
df.ae.be J ad.bf.ee j ac.ef.bd J ad.ef.be J 
I have added a fourth g point, which the symmetry of the notation 
shows must lie on the same right line; these being all the g points into 
the notation of which be.cd .af can enter. Now there can be formed, 
as may readily be seen, fifteen different products of the form be.cd. af ; 
we have then Steiner’s theorem, The g points lie four by four on fifteen 
right lines I. 

My limits do not allow me to do more than add the enunciations of 
a few more theorems (principally Mr. Kirkman’s), but the preceding 
examples are sufficient to show how they may be demonstrated, and how 
any reader who chooses to prosecute the study of the figure may find 
other theorems in great abundance: “ The twenty lines x pass four by 
four through fifteen points y." The four lines x whose g points in the pre- 
ceding notation have a common vertical column will pass through the 
same point. “ There are sixty lines J, each of which passes through one 
point p and two points h." “ The lines J again pass three by three through 

sixty points j, three of which lie on each of the lines x." Mr. Kirkman calls 
points m the intersections of two Pascals, corresponding to hexagons 
which have four common sides, no opposite pairs being the same for 
both ; for example, abedef abefed ; and points r, those corresponding 
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to hexagons which have three common sides, two of which are con- 
tiguous ; for example, abcdef abce/d. “ The ninety points m lie three by 
three on sixty lines M.” “ There are sixty lines R, each containing six 

points r, and also one of the six points P, and ivhich pass in threes through 
twenty points q.” (See Cambridge and Dublin Math. Jour., vol. v. p. 185). 


Art. 296, Page 250. 

Dr. Boole’s method (p. 143) may be applied to find the relations 
between the coefficients of the equations of two conics, which remain 
unaltered when we transform from one set of trilinear co-ordinates to 
another. Thus, if we form the condition that kS + S' *» 0 shall repre- 
sent two right lines, it is plain that the values of k determined by put- 
ting this condition = 0, must be the same no matter in what system of 
co-ordinates S is expressed. Hence then the ratio between any two 
coefficients in the cubic for k (Art. 296) remains unaltered when we 
transform from one set of trilinear co-ordinates to another. Several 
theorems may hence be easily proved. For instance, let us define a 
self-conjugate triangle, one such that any side is the polar of the oppo- 
site vertex with regard to a given conic; and let it be required to prove 
that the vertices of any two self-conjugate triangles all lie on the same conic 
(see Ex. 2, p. 195). Let the sides of the first triangle be x, y, z; those 
of the second u, t>, to; then supposing these quantities to include con- 
stants implicitly, the equation of the conic can (Art. 281) be expressed 
in either of the forms x* + y* + z 3 = 0, or u* + v’ + to 1 = 0. And let 
the equation of any other conic expressed in terms of the sides of the 
first triangle be 

Aar + Ay’ + A"z 3 + 2Byz + 2b' zx + 2b" xy = 0, 
and of those of the second be 

au’ + oV + a"ui l + 2b vw + 2b' wu + 2b" uv = 0; 
then we have 

Ax’ + &c. + k (x 3 + y 3 + z 3 ) = au‘ + &c. + k («* + t> 3 + to 3 ). 
Forming then the discriminant of each side of this equation, and 
equating corresponding coefficients of k , we find 
A + A' + A" = a + a' + a"; 

(AA'-B" 3 )+(A'A"-B 3 ) + (A" A - b”)=(aa'-b'”) + (a'a"- i 3 ) + (o"a- b'). 
If now a conic be described passing through three vertices of the first 
triangle and two of the second, we must have the five quantities 
A, A', A", a, a', all = 0, and therefore by the first equation a" - 0. 
Again, if a conic be described to touch the three sides of the first 
triangle and two of the second, we must have five of the six members 
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of the second equation = 0, and therefore also the sixth, or the six sides 
of the two triangles all touch the same conic. In the same manner it is 
proved that if two triangles be both inscribed in the same conic, their 
sides will touch the same conic, and vice versa. 


On the Froblem to describe a Conic under certain Conditions. 

We saw (p. 119) that five conditions determine a conic; we can, 
therefore, in general describe a conic being given m points and n tan- 
gents where »i + n = 5. We shall not think it worth while to treat 
separately the cases where any of these are at an infinite distance, for 
which the constructions for the general ense only require to be suitably 
modified. Thus to be given a parallel to an asymptote is equivalent to 
one condition, for we are then given a point of the curve, namely, the 
point nt infinity on the given parallel. If, for example, we were re- 
quired to describe a conic, given four points and a parallel to an 
asymptote, the only change to be made in the construction (p. 283) is 
to suppose the point E at infinity, and the lines DE, ME therefore 
drawn parallel to a given line. 

To be given an asymptote is equivalent to two conditions, for we are 
then given a tangent and its point of contact, namely, the point at in- 
finity on the given asymptote. To be given that the curve is a parabola 
is equivalent to one condition, for we are then given a tangent,, namely, 
the line at infinity. To be given that the curve is a circle is equivalent 
to two conditions, for we are then given two points of the curve at in- 
finity. To be given a focus is equivalent to two conditions, for we are 
then given two tangents to the curve (p. 233), or we may see otherwise 
that the focus and any three conditions will determine the curve ; for 
by taking the focus as origin, and reciprocating, the problem becomes, 
to describe a circle, three conditions being given ; and the solution of 
this, obtained by elementary geometry, may be again reciprocated for 
the conic. Again, to be given the pole, with regard to the conic, of any 
given right line, is equivalent to two conditions ; for three more will de- 
termine the curve. For (see figure, p. 132) if we know that P is the 
polar of R'R", and that T is a point on the curve, T', the fourth har- 
monic, must also be a point on the curve: or if OT be a tangent, OT' 
must also be a tangent; if then, in addition to a lino and its pole, we 
are given three points or tangents, we can find three more, and thus 
determine the curve. Hence, to be given the centre (the pole of the line 
at infinity) is equivalent to two conditions. It may be seen likewise 
that to be given a point on the polar of a given point is equivalent to 
one condition. For example, when we arc given that the curve is an 
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equilateral hyperbola, this is the same as saying that the two points at 
infinity on any circle lie each on the polar of the other with respect to 
the curve. 

Given Jive points . — We have shown (Ex. 12, p. 283) how by the 
ruler alone we may determine as many other points of the curve as we 
please. We may also find the polar of any given point with regard to 
the curve ; for by the help of the same Example we can perform the 
construction of Ex. 2, Art. 149. Hence too we can find the pole of 
any line, and therefore also the centre. 

Five tangents . — We may either reciprocate the constructions of 
Ex. 12, p. 283, or reduce this question to the last by Art. 2G6. 

Four points and a tangent . — We have already given one method of 
solving this question, p. 280. As the problem admits of two solutions, 
of course we cannot expect a construction by the ruler only. We may 
therefore apply Carnot’s theorem (Art. 314), 

Ac. Ac'. Ba . Bo 1 . C b. C b' = Ab.AV. Be. Be'. Ca. Ca'. 

Let the four points a, o', b, b' be given, and let AB be a tangent, the 
points c, d will coincide, and the equation just given determines the 
ratio Ac* : Be’, everything else in the equation being known. This 
question may also be reduced, if we please, to those which follow, for 
given four points, there are (Art. 318) three points whose polars are 
given ; having also then a tangent, we can find three other tangents 
immediately, and thus have four points and four tangents. 

Four tangents and a point . — This is either reduced to the last by re- 
ciprocation, or by the method just described ; for given four tangents, 
there are three points whose polars are given (p. 134). 

Three points and two tangents . — It is a particular case of Art. 337 
that the two points where any line meets a conic, and where it meets 
two of its tangents, belong to a system in involution of which the point 
where the line meets the chord of contact is one of the foci. If, there- 
fore, the line joining two of the fixed points a, b, be cut by the two 
tangents in the points A, B, the chord of contact of those tangents 
passes through one or other of the fixed points F, F', the foci of the 
system (a, b, A, B), (see Art. 264). In like manner the chord of con- 
tact must pass through one or other of two fixed points G, G' on the 
line joining the given points a, c. The chord must therefore be one or 
other of the four lines, FG, FG', F'G, F'G'; the problem, therefore, 
has four solutions. 

Two points and three tangents The triangle formed by the three 

chords of contact has its vertices resting one on each of the three given 
tangents; and by the last case the sides pass each through a fixed point 


Digitized by Google 



324 


NOTES. 


on the line joining the two given points: therefore this triangle can be 
constructed. 

To be given two points or two tangents to a conic is a particular 
case of being given that the conic has double contact with a given conic. 
For the problem to describe a conic having double contact with a given 
one, and touching three lines, or else passing through three points, see 
p. 283. Having double contact with two, and passing through a given 
point, or touching a given line, see p. 237. Having double contact 
with a given one, and touching three other such conics, see p. 257. 

We have already alluded (p. 252) to the problem, “to describe a 
conic through four points to touch a given conic.” Let the required 
conic be S + LS', which is to touch S". Then the polar of the point of 
contact, with regard to S", is the tangent at the point, and is also its 
polar for S + fcS', and therefore passes through the intersection of the 
polars with regard to S and S'. Now let it be required to find the locus 
of a point such that its polars, with regard to S, S', S", should meet in 
a point. If f, 17 , £ be the current co-ordinates, we have to eliminate 
these between the equations of the three polars, 


dS dS dS „ dS' dS' dS' 
^’d^dT 0, f dT 

and the result is, 


„ dS" dS" dS" „ 

°' f 5T W°‘ 


dS 

/dS' 

dS" 

dS' 

dS"\ 

+ dS l 

fdS' 

dS" 

dS' 

dS"\ 

dx 

\d’j 

dz 

' dz 

' d, J ) 

+ I 

Id* 

dx 

dx 

' dz ) 


d S 
dz 


/d£ d£T dS' dS''\ _ 
\d;r ’ dy dy ’ dx ) 


a curve of the third degree, whose intersections with S" give the six 
solutions sought. 

If S, S', S" all pass through the same two points A, B, the locus 
reduces to a line and a conic: for the line joining those points must be 
a factor in the locus, since the polar of any point C on that line must 
pass through D, the fourth harmonic to A, B, C. If S, S', S" repre- 
sent circles, the equation just written represents the circle cutting all 
those at right angles. 

The locus will also break up into a line and conic, if one of the 
quantities S' be a perfect square I.’; since I> will then be a factor in 
the locus. Hence we can describe a conic to touch a given conic S at 
two given points (S, L), and also touching S"; for the intersection of 
the locus with S” determines the points of contact with S" of conics 
of the form S + L\ 


THE END. 
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Institution. New Edition. Fcp. 8vo. 6s. 

Dr. T. Bull’s Hints to Mothers on the Manage- 
ment of their Health during the Period of 
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Buckingham— Autobiography of James 
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%• This Second Edition of the Hippolplut In composed 
or three distinct wurks, which may be had separately, as 
follows 
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Third Edition. Fcp. 8vo. 5s. 
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a collection published in Germany by the Chevalier UpjisBjr ; 
and forms a comjnuiiou volume to 

Theologin Oermanica: Which aetteth forth 
many fair lineaments of Divine Truth, and 
saith very lofty and lovely things touching 
a Perfect Lile. Translated oy Susanna 
Wtnkworth. With a Preface by the Rev. 
Cff ARLES Kingsley ; and a letter by Cheva- 
lier Bunsen. Third Edition. Fcp. 8vo. 5s. 

Bun sen. — Egypt's Place in Universal 

History: An Historical Investigation, in 
Five Books. By C. C. J. Bunsen, D.D., 
D.C.L., D.Ph. Translated from the Ger- 
man by C. H. Cottrell, Esq., M.A. 
W it h many Illustrations. Vol. I. 8vo. 28s. ; 
Vol. II. 8vo. 30s. 

Burton (J. H.)— The History of Scotland 

from the Revolution to the Extinction of tho 
Lust Jacobite Insurrect ion (1689-1748). By 
John Hill Burton. 2 vols. 8vo. 26s. 

Bishop S. Butler’s General Atlas of 
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complete Indices. New Edition, nearly all 
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Edited by the Author’s Son. Royal 4to. 
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{ The Modern Atlas of 28 full -coloured Maps. 
Royal 8 vo. price 12s. 
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Royal 8vo. price 12#. 

Bi*Jiop S. Butler’s Sketch of Modern and 

Ancient Geography. New Edition, tho- 
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necessary. Post 8vo. price 7s. 6d. 


Burton.— First Footsteps in East Africa ; 
or, an Exploration of Harar. By Richard 
F. Burton, Captain, Bombay Army. With 
Maps and coloured Plates. 8vo. 18s. 


Burton. — Personal Narrative of a Pil- 
grimage to El Medinah and Meccah. By 
Richard F. Burton, Captain, Bombay 
Army, fraud Edition, revised; with coloured 
Plates and Woodcuts. 2 vols. crown 8vo. 
price 24s. 

The Cabinet Lawyer : A Popular Digest 

of the Laws of England, Civil and Criminal \ 
with a Dictionary of Law Terms, Maxims, 
Statutes, and J udicial Antiquities ; Correct 
Tables of Assessed Taxes, Stamp Duties, 
Excise Licenses, and Post-Horse Duties; 
Post-Office Regulations j and Prison Disci- 
pline. 17th Edition, comprising the Public 
Acts of the Session 1857. Fcp. 8vo. 10s. 6d. 


The Cabinet 0a2etteer: A Popular Expo- 
sition of AJ1 the Countries of tho World: 
their Government, Population, Revenues, 
Cominorce, and Industries; Agricultural, 
Manufactured, and Mineral Products ; Re- 
ligion, Laws, Manners, and Social State; 
With brief Notices of their History and Au- 
tiquitiea. By the Author of The Cabinet 
Lawyer. Fcp. 8vo. 10s. Gd. cloth ; or 13s. 
bound in calf. 


" The author )uu neglected 
no modern source* of inform- 
ation, and all hi* short, me- 
clnet, and ncut description* 
of the different places* are 
quite conformable to present 
knowledge. Sarawak, for 
example, in Romeo, is not 
omitted, und of ban Fran- 
cisco there isquito a detailed 
description. The work is 
complied witli considerable 
care, ami in the 912 pap-es 


that it contains there Is a 
Mint amount of t-vcyruphlnil 
and toiKigruphical informa- 
tion pltMKanlly condensed. 
I lie Cabinet Gazetteer , 

though not intended to 
tupersedt mors elaborate 
works, will, to Bonn? extent, 
have that effect ; but it will 
be Bure to find a Urge and 
permanent circulation of Its 
own.” 

Economist. 


Calendar of English State Papers, Do- 

mcstic Series, of the Reigns of Edward VI., 
Mary, Elizabeth, 1547 — 1580, preserved in 
tho State Paper Department of Jlcr Ma- 
jesty’s Public Record Office. Edited by 
Robert Lemon, Esq., F.S.A., under tho 
direction of tho Master of the Rolls, and 
with the sanction of Her Majesty’s Secre- 
tary of State for the Home Department. 
Imperial 8vo. 15s. 


Calendar of English State Papers, Do- 
mestic Scries, of the Reign of James I., 
1003 — 1610 (comprising the Papers relnting 
to tho Gunpowder Plot), preserved in the 
State Paper Department of 1I.M. Public 
Record Office. Edited by Mary Anne 
Everett Green, Author ofr The Lives of the 
Princesses of England , Ac., under the direc- 
tion of the Master of the Rolls, and with 
the sanction of II. M. Secretary of Slate for 
the Home Department. Imperial 8vo. 15s. 
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NKW WOBKS akd NEW EDITIONS 


Calvert. — The Wife's Manual ; or, 

Prayers, Thoughts, and £ongs on Several 
Occasions of a Matron’s Life. By the Rev. 
W. Calvert, M.A. Ornamented from De- 
signs by the Author in the stylo of Queen 
Elizabeth's Prayer-Book. Second Edition. 
Crown 8to. 10s. 6d. 

Carlisle (Lord).— A Diary in Turkish and 

Greek Waters. By the Right Hon. the 
Earl op Carlisle. Fifth Edition. Post 8vo. 
price 10s. 6d. 

Catlow.— Popular Conchology; or, the 

Shell Cabinet arranged according to the 
Modern System : With a detailed Account 
of the Animals, and a complete Descriptive 
List of the Families and Genera of Recent 
and Fossil Shells. By Agues Catlow. 
Second Edition, much improved ; with 405 
Woodcut Illustrations. Post 8vo. price 14s. 

Cecil. — The Stud Farm; or, Hints on 

Breeding Horses for the Turf, the Chase, and 
the Road. Addressed to Breeders of Race- 
Horses and Hunters, Landed Proprietors, 
and especially to Tenant Fanners. By 
Cecil. Fcp. 8vo. with Frontispiece, 6s. 

Cecil’s Stable Practice ; or, Hints on Training 

for the Turf, the Chase, and the Road ; 
with Observations on Racing and Hunt- 
ing, Wasting, Race-Riding, and Handi- 
capping : Addressed to Owners of Racers, 
Hunters, and other Horses, and to all who 
are concerned in Racing, Steeple-Chasing, 
and Fox-Hunting. Fcp. 8vo. with Plate, 
price 5». half- bound. 

Chapman. — History of Gustavus Adol- 

phus.and of the Thirty Years’ War up to the 
King’s Death : With some Account of its 
Conclusion by the Peace of Westphalia, in 
1648. By B. Chapman, M.A., Vicar of 
Letberhead. 8vo. with Plans, 12s. 6d. 

Chevreul On the Harmony and Contrast 

of Colours, and their Applications to the 
Arts : Including Painting, Interior Decora- 
tion, Tapestries, Carpets, Mosaics, Coloured 
Glazing, Paper-Staining, Calico-Printing, 
Letterpress-Printing, Map-Colouring, Dress, 
Landscape and Flower- Gardening, Ac. Ac. 
Translated by Charles Martel. Second 
Edition ; with 4 Plates. Crown 8vo. 
price 10s. 6d. 

Connolly —History of the Royal Sappers 

and Miners : Including the Services of the 
Corps in the Crimea and at the Siege of 
Sebastopol. By T. W. J. Connolly, Quar- 
termaster of the Royal Engineers. Second 
Edition , revised and enlarged ; with 17 co- 
loured plates. 2 vols. 8vo. price 80s. 


Conybeare and Howson.— The Life and 

Epistles of Saint Paul : Comprising a com- 
plete Biography of the Apostle, and a 
Translation of his Epistles inserted in 
Chronological Order. By the Rev. W. J. 
Conybeare, M.A. ; and the Rev. J. S. 
Howson, M.A. Second Edition , revised and 
corrected; with several Maps and Wood- 
cuts, and 4 Plates. 2 vols. square crown 
8vo. 31s. 6d. cloth. 

%• The Original Edition, with more numerous Illustra- 
tions, in 2 to!)*, fto. pries w.— may alao be had. 

Conybeare.— Easay 3, Ecclesiastical and Social : 

Reprinted, with Additions, from the 
Edinburgh Review. By the Rev. W. J. 
Conybeare, M.A., late Fellow of Trinity 
College, Cambridge. 8vo. 12s. 

Dr. Copland’s Dictionary of Practical 

Medicine: Comprising General Pathology, 
the Nature and Treatment of Diseases, 
Morbid Structures, and the Disorders es- 
pecially incidental to Climates, to Sex, and 
to tlie different Epochs of Life ; with nume- 
rous approved Formula) of the Medicines 
recommended. Vols. I. and II. 8vo. price 
£3 ; and Ports X. to XVIII. 4a. 6(1 each. 
'#* Part XIX., completing the work, U nearly ready. 

Cotton. — Instructions in the Doctrine 

and Practice of Christianity. Intended 
chiefly ns an Introduction to Confirmation. 
By G. E. L. Cotton, M.A. 18mo. 2s. 6d. 

Cresy’s Encyclopaedia of Civil Engi- 
neering, Historical, Theoretical, and Prac- 
tical. Illustrated by upwards of 3,000 
Woodcuts. Second Edition , revised and 
brought down to the Present Time in a 
Supplement, comprisingMetropolitan Water- 
Supply, Drainage of Towns, Railways, 
Cubical Proportion, Brick and Iron Con- 
struction, Iron Screw Piles, Tubular Bridges, 
Ac. 8vo. 63s. cloth. — The Supplement 
separately, price 10s. 6d. cloth. 

The Cricket-Field; or, the Science and 

History of the Game of Cricket. By the 
Author of Principles of Scientific Batting. 
Second Edition, greatly improved ; with 
Plates and Woodcuts. Fcp. 8vo. price 5s. 

Crosse.'— Memorials, Scientific and Li- 
terary, of Andrew Crosse, the Electrician. 
Edited by Mrs. Crosse. Post 8vo. 9s. Cd. 

Crnikshank. — The Life of Sir John 

Fnlstaff, illustrated by George Cruikshank. 
With a Biography of the Knight, from au- 
thentic sources, by Rodert B. Brough, 
Esq. Royal 8vo. — In course of publication 
monthly, and to be completed in 10 Num- 
bers, each containing 2 Plates, price Is. 
The first 6 Numbers are now ready. 
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Lady Cast’s Invalid’s Book. — The In- 

yalid's Own Book : A Collect ion of Kecipes 
from T»riou» Books and rarious Countries. 
By the Honourable Lady Oral. Second 
Edition. Fcp. 8vo. price 2«. 6d. 

Dale.— The Domestic Liturgy and Family 

Chaplain, in Two Parts : Part I. Church 
Services adapted for Domestic Use, with 
Prayers for Every Day of the W eck, selected 
from the Book of Common Prayer ; Part 
II. an appropriate Sermon for Every Sunday 
in the Year. By the Rev. Thomas Dale, 
M.A., Canon Residentiary of St. Paul’s. 
Second Edition. Post 4to. 21s. cloth ; 
31s. 6d. calf ; or £2. 10s. morocco. 

f Tim Family Chaplain, 12a. 

Separately \ xiu Domestic Liturgy, 10a. tkl. 

Davy (Dr. J.) — The Angler and his 

Friend j or, Piscatory Colloquies and Fish- 
ing Excursions. By John Davy, M.D., 
F.R.S., Ac. Fcp. 8vo. price 6s. 

The Angler in the Lake District : Or, Piscatory 

Colloquies and Fishing Excursions in West- 
moreland and Cumberland. By John 
Dayy, M.D., F.R.8. Fcp. 8vo. 6s. 6d. 

Delabeche.— Report on the Geology of 
Cornwall, Devon, and West Somerset. By 
Sib H. T. Delabeche, F.R.S. With Maps, 
Plates, and Woodcuts. 8vo. price 14s. 

De la Rive.— A Treatise on Electricity 

in Theory and Practice. By A. Db la Rive, 
Professor in the Academy of Geneva. Trans- 
lated for the Author by C. V. Walxeb, 
F.R.S. In Three Volumes; with numerous 
Woodcuts. VoL I. 8vo. price 18s. ; VoL II. 
price 28s. — VoL III. is in the press. 

De Vere.— May Carols. By Aubrey de 

Yebe, Author of The Search after Prosyerine, 
Ac. Fcp. 8 vo. 5s. 

Discipline. By the Author of “ Letters 

to my Unknown Friends,” Ac. Second 
Edition, enlarged. 18mo. price 2s. 6d. 

Dodd.— The Food of London : A Sketch 

of the chief Varieties, Sources of Supply, 
probable Quantities, Modes of Arrival, Pro- 
ceases of Manufacture, suspected Adultera- 
tion, and Machinery of Distribution of the 
Food for a Community of Two Millions and 
a Half. By Geobob Dodd, Author of 
British Manufactures , Ac. Poet 8vo. 10s. 6d. 

Estcourt.— Music the Voice of Harmony 

in Creation. Selected and arranged by 
Mary Jane Estcourt. Fcp. 8vo. 7s. 6d. 


The Eclipse of Faith ; or, a Visit to a 

Religious Sceptic. 8th Edit ion. Fcp. 8vo. 5s. 

Defence of The Eclipse of Faith, by its 

Author: Being a Rejoinder to Professor 
Newman's Reply: Including a full Exami- 
nation of that Writer’s Criticism on the 
Character of Christ ; and a Chapter on the 
Aspects and Pretensions of Modern Deism. 
Second Edition , revised. Post 8vo. 5s. 6d. 

The Englishman’s Greek Concordance of 

the New Testament : Being an Attempt at a 
Verbal Connexion between the Greek and 
the English Texts ; including a Concordance 
to the Proper Names, with Indexes, Greek- 
English and English-Greek. New Edition , 
with a new Index. Royal 8vo. price 42s. 

The Englishman’ s Hebrew and Chaldee Con- 
cordance of the Old Testament : Being an 
Attempt at a Verbal Connexion between 
the Original and the English Translations ; 
with Indexes, a List of the Proper Names 
and their Occurrences, Ac. 2 vols, royal 
8vo. £3. 13s. 6d. ; large paper, £4. l is. 6d. 

Ephemera’s Handbook of Angling; 

teaching Fly-Fishing, Trolling, Bottom- 
Fishing, Sulmon-Fishing : With the Natural 
History of River-Fish, and the best Modes 
of Catching them. Third Edition, corrected 
and improved; with Woodcuts. Fcp. 8vo.5s. 

Ephemera. —The Book of the Salmon: Com- 
prising the Theory, Principles, and Prac- 
tice of Fly-Fishing for Salmon : Lists of 
good Salmon Flies for every good River in 
the Empire ; the Natural History of the 
Salmon, its Habits described, and the best 
way of artificially Breeding it. By Ephe- 
mera ; assisted by Andbew Young. Fcp. 
8vo. with coloured Plates, price 14s. 

Fairbairn.— Useful Information for En- 
gineers : Being a Series of Lectures delivered 
to the Working Engineers of Yorkshire and 
Lancashire. With Appendices, containing 
the Results of Experimental Inquiries into 
the Strength of Materials, the Causes of 
Boiler Explosions, Ac. By William 
Faibbairn, F.R.S., F.G.S. Second Edition ; 
with numerous Platos and Woodcuts. Crown 
8vo. price 10s. 6d. 

The Fairy Family : A Series of Ballads 

and Metrical Tales illustrating the Fairy 
Mythology of Europe. With Frontispiece 
and Pictorial Title. Crown 8vo. 10s. 6d. 

Flemish Interiors. By the Writer of 

A Glance behind the Grilles of Religious 
Houses in France . Fcp. 8vo. 7s. 6d. 
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NEW WORKS and NEW EDITIONS 


Forester. — Travels in the Islands of Cor- 
sica and Sardinia. By Thomas Forester, 
Author of Rambles in Nonoay. With nume- 
rous coloured Illustrations and Woodcuts, 
from Sketches made during the Tour by 
Lieutenant- Colonel M. A. Biddulph, R.A. 
Imperial 8vo. [In the press. 

Garratt.— Marvels and Mysteries of In- 
stinct; or, Curiosities of Animal Life. By 
Georoe Garratt. Second Edition, revised 
and improved; with a Frontispiece. Fcp. 
8vo. 4s. Gd. 

Gilbart.— A Practical Treatise on Bank- 
ing. By Jimks William Gilbabt, F.R.S., 
General Manager of the London and West- 
minster Bank. Sixth Edition , revised 
and enlarged. 2 vols. 12mo. Portrait, lGs. 

Gilbart. — Logic for the Million: A 

Familiar Exposition of the Art of Reasoning. 
By J. W. Gilbabt, F.R.S. 6th Edition j 
with Portrait of the Author. 12mo. 3s. 6d. 

The Poetical Works of Oliver Goldsmith. 

Edited by Bolton Cobnby, Esq. Illustrated 
by Wood Engravings, from Designs by 
Members of tno Etching Club. Square 
crown 8vo. cloth, 21s. ; morocco, £1. 16s. 

Gosse. — A Naturalist’s Sojourn in 

Jamaica. By P. H. Go5H.IT, Esq. With 
Plates. Post 8vo. price 14s. 

Green. — Lives of the Princesses of Eng- 
land. By Mrs. Mabt Anne Evebett 
Gbben, Editor of the Letters of Royal ami 
Illustrious Ladies. With numerous Por- 
traits. Complete in 6 vols. post 8vo. price 
10s. Od. each. — Any Volume may bo had 
separately to complete sots. 

Mr. W. R. Greg’s Essays on Political 

and Social Science, contributed chiefly to the 
Edinburgh Review. 2 vols. 8vo. price 24s. 

Greyson. — Selections from the Corre- 
spondence of R. E. IT. Grey SON, Esq. 
Edited by the Author of The Eclipse of 
Faith. 2 vole. fcp. 8vo. price 12s. 

Grove. — The Correlation of Physical 
Forces. By W. R. Grove, Q.C., M.A., 
F.R.S., Ac. Third Edition. 8 ro. price 7s. 

Gurney.— St. Louis and Henri IV. : Being 

a Second Series of Historical Sketches. 
By the Rev. John H. Gurney, M.A., Rector 
of St. Mary’s, Marylebono. Fcp. 8vc. 6s. 

Evening Recreations ; or, Samples from the 
Lecture- Room. Edited by the Rev. J. H. 
Gurney, M.A. Crown 8vo. Bs. 


Gwilt’s Encyclopaedia of Architecture, 

Historical, Theoretical, and Practical. By 
Joseph Gwilt. With more than 1,000 
Wood Engravings, from Designs by J. S. 
Gwilt. Third Edition. 8vo. 42s. 

Halloran.— Eight Mouths' Journal kept 

on board one of H.M. Sloops of War, during 
Visits to Loochoo, Japan, and Pootoo. By 
Alfred L. Halloran, Master, R.N. With 
Etchings and Woodcuts. Post 8vo. 7s. Gd. 

Hare (Archdeacon).— The Life of Luther, 

in Forty -eight Historical Engravings. By 
Gustav Konio. With Explanations by 
Archdeacon Hare and Susanna Winy- 
worth. Fcp. 4to. price 28s. 

Harford.— Life of Michael Angelo Buon- 
arroti: With Translations of many of liis 
Poems and Letters ; also Memoirs of Savo- 
narola, Raphael, and Vittoria Colonnn. By 
John S. Harford, Esq., D.C.L., F.R.S., 
Member of the Academy of Painting of 
St. Luke, at Rome, and of the Roman Arch- 
ecological Society. With Portrait and 
Plates. 2 vols. 8vo. 25s. 

Illustrations, Architectural and Pictorial, of 

the Genius of Michael Angelo Buonarroti. 
With Descriptions of the Plates, by the 
Commendatore Canina ; C. R. Cockereil, 
Esq., R.A. ; and J. S. Harford, Esq., 
D.C.L., F.R.S. Folio, 73s. 6d. half-bound. 

Harrison— The Light of the Forge ; or, 

Counsels drawn from the Sick-Bed ot E. M. 
By the Rev. W. Harrison, M.A., Domestic 
Chaplain to H.R.H. the Duchess of Cam- 
bridge. Fcp. 8vo. price 5s. 

Harry Hie over.— Stable Talk and Table 

Talk ; or, Spectacles for Young Sportsmen. 
By Harry Hieover. New Edition, 2 vols. 
8vo. with Portrait, price 24e. 

Harry Hieover.- The Hunting-Field. By Harry 
Hieover. With Two Plates. Fcp. 8vo. 
6s. half-bound. 

Harry Hieover. — Practical Horsemanship. 

By Harry Hieover. Second Edition ; with 
2 Plates. Fcp. 8vo. 5s. half-bound. 

Harry Hieover.— The Pocket and the Stud ; or, 
Practical Hints on the Management of the 
Stable. By Harry Hieover. Second 
Edition ; with Portrait of the Author. Fcp. 
8vo. price 5a. half-bound. 

Harry Hieover.— The Stud, for Practical Pur- 
poses and Practical Men: Being a Guide 
to the Choice of a Horse for use more than 
for show. By Harry Hieover. With 2 
Plates. Fcp. 8vo. price 6s. half-bound. 
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Hassall. —Adulterations Detected; or, 

Plain Instructions for the Discovery of 
Frauds in Food nud Medicine. By Arthur 
Hill Hah hall, M.D. Lond., Analyst of The 
Lancet Sanitary Commission, and Author of 
the Keports of that Commission published 
under the title of Food and its Adulterations 
(which may also bo had, in 8vo. price 28s.) 
With 223 Illustrations, engruved on Wood. 
Crown 8vo. 17s. Gd. 

Hassall.— A History of the British Fresh 

Water Algae : Including Descriptions of the 
Desmidetc and Diatomace®. W ith upwards 
of One Hundred Plates of Figures, illus- 
trating the various Species. By Arthur 
Hill Hassall, M.D., Author of Micro- 
scopic Anatomy < f the Human Body, See. 2 
vols. 8vo. with 103 Plutcs, price £1. 15a. 

Col. Hawker’s Instructions to Young 

Sportsmen in all that relates to Guns and 
Shooting. 10th Edition, revised and brought 
clown to the Present Time, by the Author's 
Son, Major P. W. L. Hawker. With a 
Portrait of the Author, and numorous 
Plates and Woodcuts. 8vo. 21s. 

Haydn’s Book of Dignities : Containing 

Bolls of the Official Fersonages of the British 
Empire, Civil, Ecclesiastical, Judicial, Mili- 
tary, Naval, and Municipal, from the Earliest 
Periods to ttie Present Time. Together 
with the Sovereigns of Europe, from the 
Foundation of their respective States; the 
Peerage and Nobility of Great Britain ; Ac. 
Being a New Edition, improved and conti- 
nued, of BcatBon’s Political Index. 8vo. 
25s. half-bound. 

Sir John Herscliel.— Essays from the 

Edinburgh and Quarterly Rcvincs, with Ad- 
dresses and other Pieces. By Sir John 
F. W. IIkuscii el, Bart., K.U., M.A. 8vo. 
price 18s. 

Sir John Herschel.— Outlines of Astro- 
nomy. By Sib Jons F. W. He&scuel, 
Burt., K.U., M.A. New Edition; with 
Fialca and Woodcut*. 8ro. price 18s. 

Hill— Travels in Siberia. By S. S. Hill, 

Esq., Author of Travels on the Shores of 
the Baltic. With a large Map of European 
and Asiatic Russia. 2 vols. poet 8vo. 24s. 

Hinchliff- Summer Months among the 

Alps : With the Ascent of Monte Rosa. 
By Thomas W. ITinohliff, of Lincoln's 
Inn, Barrister-at-Law. With 4 tinted 
Views and 3 Maps. Post 8vo. price 10s. 6d. 

Hints on Etiquette and the Usages of 

Society : With a Glance at Bad Habits.' 
New Edition, revised (with Additions) by a 
Lady of Hawk. Fcp.8vo. price Half*a-Crown. 


Holland. — Medical Notes and Reflec- 
tions. Bv Sir Henry Holland, Burt., 
M.D., F.R.S., Ac., Physician in Ordinary 
to the Queen and Prince Albert. Third 
Edition. 8vo. 18s. 

Holland.- Chapters on Mental Physiology. By 
Sir Henry Holland, Bort., F.R.S., Ac. 
Founded eliiefly on Chapters contained in 
the First and Second Editions of Medical 
Notes and Reflections by the sumo Author. 
8vo. price 10a. 6d. 

Hook— The Last Days of Our Lord's 

Ministry : A Course of Lectures on the 
principal Events of Passion Week. By 
the Rev. W. F. Hook, D.D. New Edition. 
Fcp. 8vo. price Gs. 

Hooker— Kew Gardens; or, a Popular 

Guide to tho Royal Botanic Gardens of 
Kcw. By Sir William Jackson Hooker, 
K.H., Ac., Director. New Edition ; with 
many Woodcuts. 16mo. price Sixpence. 

Hooker. — Museum of Economic Botany ; or, a 
Popular Guido to the Useful aud Remark- 
able Vegetable Products of tho Museum 
in the Royal Gardens of Kew. By Sir W. J. 
Hooker, K.H., Ac., Director. With 29 
Woodcuts. 1 6m o. price Is. 

Hooker and Arnott.~The British Flora ; 

comprising the Plucnogamous or Flowering 
Plants, and tho Ferns. Seventh Edition, 
with Additions and Corrections ; and nu- 
merous Figures illustrative of tho Umbelli- 
ferous Plants, the Composite Plants, tho 
Grasses, and the Ferns. By Sir W. J. 
Hooker, F.R.A. and L.S., Ac. ; nnd G. A. 
Walker- Aknott, LL.D., F.L.S. 12mo. 
with 12 Plates, price 14s. ; with the Plates 
coloured, price 21s. 

Horne’s Introduction to the Critical 

Study and Knowledge of the Holy Scrip- 
tures. Tenth Edition , revised, corrected, 
and brought down to tho present time. 
Edited by the Rev. T. Hartwell Hornb, 
B.D. (the Author) ; the Rev. Samuel 
Davidson, D.D. of the University of Halle, 
and LL.D. ; and S. Pbidrafx Tregelles, 
LL.D. With 4 Map9 and 22 Vignettes and 
Facsimiles. 4 vols. 8vo. £'3. 13s. Gd. 

The Four Volume* may also be bad separately an 
follow • .— 

Vol. I.— A Summary of the Evidence for tho Genuineness, 
Authenticity, Uneomipted Preservation, and I aspiration of 
the Holy Scripture*. By the Rev. T. H. Home, B.I)..8vo. 15s. 

Vol. II.— The Toil of the Old Testament considered : With 
a Treatise on Sacred Interpretation ; und a brief Introduc- 
tion to the OM Testament Hook* and the Apocrypha, ltv S. 

Davidson, D.IX (Halle) and LL.D thro. 25s. 

Vol. III.— A Summary of Blhlical Geography and Anti- 
quities. lly the Rev. T. H. Horns, B.D 8vo. 18 *. 

Vol. IV. — An Introduction to ths Textual Criticism of tho 
Ness Testament. By the Rev. T. II. Home, B.D. The 
Critical Part re-written, and the remainder revised and 
edited by S. p. Tregelles, LL.D So. IS*. 
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NEW WOKK3 and NEW EDITIONS 


Home. — A Compendious Introduction 

to the Study of the Bible. By the Rev. 

T. Ha ut WELL Horne, B.D. New Edition, 
with Maps and Illustrations. 12mo. 9s. 

Hoskyns— Talpa ; or, the Chronicles of 

a Clay Farm : An Agricultural Fragment. 
ByCiiANDOs When Hoskyns, Esq. Fourth 
Edition. With 21 Woodcuts from the 
original Designs hy George Cbciksiiank, 
IGnio. price 5s. 6d. 

How to Nurse Sick Children : Intended 

especially as a Help to the Nurses in the 
Hospital for Sick Children ; but containing 
Directions of service to all who have the 
charge of the Young. Fcp. 8vo. Is. 6d. 

Howitt (A. M.) — An Art-Student in 

Munich. By Aitoa Maby Howitt. 2 
vols. post 8vo. prioe 14*. 

Howitt.— The Children's Year. By Mary 
Howitt. With Four Illustrations, from 
Designs by A. M. Howitt. Square 16mo. 6s . 

Howitt— Tallangetta, the Squatter’s 
Homo : A Story of Australian Life. By 
William Howitt, Author of Two Yeart in 
Victoria, &c. 2 vols. post 8vo. price 18s. 

Howitt. — Land, Labour, and Gold; 
or, Two Years in Victoria : With Visit to 
Sydney and Van Diemen's Land. By 
William Howitt. 2 vols. post 8vo. 21s. 

Howitt— Visits to Remarkable Places : 

Old Halls, Battle-Fields, and 8cenes illustra- 
tive of Striking Passages in English History 
and Poetry. By William Howitt. With 
about 80 Wood Engravings. New Edition. 
2 toIs. square crown 8vo. price 25e. 

William Howitt's Boy's Country Book: Being 
the Real Life of a Country Boy, written 
hy himself; exhibiting all the Amusements, 
Pleasures, and Pursuits of Children in the 
Country. New Edition j with 40 Wood- 
cuts. Fcp. 8vo. price 6s. 

Howitt. — The Rural Life of England. By 

William Howitt. New Edition, cor- 
rected and revised; with Woodcuts by 
Bewick and Williams. Medium 8vo. 21s. 

Hue - Christianity in China, Tartary, 
and Thibet. By M. l'Abb£ Hrc, formerly 
Missionary Apostolic in China ; Author of 
The Chinese Empire, Ac. 2 vols. 8vo. 21s. 


Hudson's Plain Directions for Making 

Wills in conformity with the I. aw : With a 
clear Exposition of the Law relating to the 
distribution of Personal Estate in the ease 
of Intestacy, two Forms of Wills, and much 
useful information. New and enlarged Edi- 
tion ; including the Provisions of the Wills 
Act Amendment Act. Fcp. 8vo. 2s. 6d. 

Hudson’s Executor's Guide. New and 

improved Edition; with tlic Statutes 
enacted, and the Judicial Decisions pro- 
nounced since the last Edition incorporated, 
comprising the Probate and Administration 
Acts for England and Ireland, passed in the 
first Session of the Now Parliament. Fcp. 
8vo. [Jutl ready. 

Hudson and Kennedy. — Where there ’s 

a Will there 's a Way : An Ascent of Mont 
Blanc by a New Route and Without Guides. 
By the Rev. C. Hudson, M.A., St. John's 
College, Cambridge ; and E. S. KENNEDY, 
B.A., Cains College, Cambridge. Second 
Edition, with Two Ascents of Monte Rota ; a 
Plate, and a coloured Map. Post 8vo. 5s. 6d. 

Humboldt’s Cosmos. Translated, with 

the Author’s authority, by Mbs. Sabine. 
Vols. I. and IL 16mo. Hsif-a-Crown each, 
sewed ; 3s. 6d. each, cloth : or in post 8vo. 
12s. each, cloth. Vol. III. post 8vo. 
12s. 6d. cloth: or in 16mo. Part I. 2s. 6d. 
sewed, 3s. 6d. cloth ; and Part II. 3s. sewed, 
4e. cloth. 

Humboldt's Aspects of Nature. Translated, 

with the Author’s authority, by Mbs. Sabine. 
16mo. price 6s. : or in 2 vols. 3s. 6d. each, 
cloth ; 2s. 6d. each, sewed. 

Humphreys. — Parables of Our Lord, 

illuminated and ornamented in the style of 
the Missals of tho Renaissance by Hexey 
Noel llrar wheys. Square fcp. 8vo. 21s. 
in massive carved covers ; or 30s. bound in 
morocco by Haydoy. 

Hunt. — Researches on Light in its 
Chemical Relations ; embracing a Con- 
sideration of all the Photographic Processes. 
Bv Robert Hunt, F.R.S. Second Edition, 
with Plate and Woodcuts. 8vo. 10s. 6d. 

Hutton.— A Hundred Years Ago: An 

Historical Sketch, 1755 to 1756. By James 
Hction. Post 8vo. 


Hue— The Chinese Empire : A Sequel 

to Hue and Gabct's Journey through Tartary 
and Thibet. By the Abbd lire, formerly 
Missionary Apostolic in China. Second 
Edition ; with Map. 2 vols. 8vo. 24s. 


Idle.— Hints on Shooting, Fishing, Ac., 

both on Sea and Land, and in the Fresh- 
Water Lochs of Scotland : Being the Expe- 
riences of C. Idle, Esq. Fcp. 8vo. 5». 
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Mrs. Jameson’s Legends of the Saints 

and Martyr*, os represented in Christian 
Art : Forming the First Series of Sacred and 
Legendary Art. Third Edition, revised and 
improved ; with 17 Etchings and upwards 
of 180 Woodcuts, many of which ore new 
in this Edition. 2 vols. square crown 8vo. 
Sis. Gd. 

Mrs. Jameson's Legends of the Monastic 

Orders, as represented in Christian Art. 
Forming the Second Series of Sacred and 
Legendary Art. Second Edition, enlarged ; 
with 11 Etchings by the Author, and 88 
Woodcuts. Square crown 8to. price 28s. 

Mrs. Jameson's Legends of the Madonna, 

as represented in Christian Art : Forming 
the Third Series of Sacred and Legendary 
Art. Second Edition, revised and improved : 
with numerous Etchings from Drawings by 
the Author, and upwards of ISO Woodcuts. 
Square crown 8vo. [Nearly ready. 

Mrs. Jameson’s Commonplace-Book of 

Thoughts, Memories, and Fancies, Original 
and Selected. Part 1. Ethics and Character ; 
Part II. Literature and Art. Second Edit. 
revised and corrected ; with Etchings and 
Woodcuts. Crown 8vo. 18s. 

Mrs. Jameson's Two Lectures on the Employ- 
ment of Women. 

1. Sistfhs of Charity, Catholic an4 Protestant, 

Abroad and at Home. Second Edition, with new 
Preface. Fcp. bvu. is. 

2. The CouML’ffiox of Labour : A Second Lecture on 

the Social Employment* of Women. Fcp. t>vo. 2te. 

Jaquemet’s Compendium of Chronology : 

Containing the most important Dates of 
General History, Political, Ecclesiastical, 
and Literary, from the Creation of the 
World to the end of the Year 1854. Edited 
by the Rev. J. Alcobh, M.A. Second 
Edition. Post 8vo. price 7s. 6d. 

Lord Jeffrey’s Contributions to The 

Edinburgh Review. A New Edition, com- 
plete in One Volume, with a Portrait en- 
graved by Henry Robinson, and a Vignette. 
Square crowu 8vo. 21s. cloth ; or 80s. calf. 
— Or in 3 vols. 8vo. price 42s. 

Bishop Jeremy Taylor’s Entire Works : 
With Life by Bishop Heber. Revised and 
corrected by the Rev. Charles Page Eden, 
Fellow of Oriel College, Oxford. Now 
complete in 10 voU. 8vo. 10s. 6d. each. 

Johns.— The Land of Silence and the 

Land of Darkness. Being Two Essays on 
the Blind and on the Deaf and Dumb! By 
the Rev. B. G. Johns, Chaplain of the 
Blind School, St. George’s Fields, South- 
wark. Fcp. 8vo. price 4a. Gd. 


Johnston— A Dictionary of Geography, 

Descriptive, Physical, Statistical, and Histori- 
cal: Forming a complete General Gazetteer 
of the World. By A. Keith Johnston, 
F.R.S.E., F.R.G.S., F.G.S., Geographer at 
Edinburgh in Ordinary to Her Majesty. 
Second Edition, thoroughly revised. In 1 
vol. of 1,360 pages, comprising about 60,000 
Names of Places. 8vo. 36s. cloth; or half- 
bound in ruasia, 41s. 

Kemble.—The Saxons in England: A 

History of the English Commonwealth till 
the Norman Conqueat. By John M. Kem- 
ble, M.A., Ac. 2 vols. 8vo. 2Ss. 

Kesteven— A Manual of the Domestic 

Practice of Medicine. By W. B. Kesteven, 
Fellow of the Royal College of Surgeons of 
England, Ac. Square post 8vo. 7s. 6d. 

Kirby and Spence’s Introduction to 

Entomology ; or. Elements of the Natural 
History oflusccts : Comprising an Account 
of Noxious and Useful Insects, of their Meta- 
morphoses, Food, Stratagems, Habitations, 
Societies, Motions, Noises, Hybernation, 
Instinct, Ac. Seventh Edition , with an Ap- 
pendix relative to the Origin and Progress 
of the work. Crown 8vo. &s. 

Mrs. R. Lee’s Elements of Natural His- 
tory ; or, First Principles of Zoology : Com- 
prising the Principles of Classificat ion, inter- 
spersed with amusing and instructive Ac- 
counts of the most remarkable Animals. 
New Edition ; Woodcuts. Fcp. 8vo. 7s. Gd. 

Letters to my Unknown Friends. By 

a Lady, Author of Let l ere on Happiness. 
Fourth Edition. Fcp. 8vo. 5s. 

Letters on Happiness, addressed to a Friend. 
By a Lady, Author of Letters to my Unknotcn 
Friends. Fcp. 8vo. 6s. 

L.E.L.— The Poetical Works of Letitia 

Elizabeth Landon ; comprising the Impro - 
r isatrice, the Venetian Bracelet , the Golden 
Violet , the Troubadour, and Poetical Remains. 
New Edition ; with 2 Vignettes by E. Doyle. 
2 vols. 16mo. 10s. cloth ; morocco, 21s. 

Dr. John Lindley's Theory and Practice 

of Horticulture ; or, an Attempt to explain 
the principal Operations of Gardening upon 
Physiological Grounds : Being the Second 
Edition of the Theory of Horticulture, much 
enlarged j with 08 Woodcuts. 8vo. 2 Is. 

Dr. John Lindley's Introduction to 

Botany. New Edition, with Corrections and 
copious Additions. 2 vols. 8vo. with Six 
Plates and numerous Woodcuts, price 24s. 
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NEW WORKS and NEW EDITIONS 


LARDNER’S CABINET CYCLOPAEDIA 


Of History, Biography, Literature, the Arts and Sciences, Natural History, and Manufacturer. 
A Series of Original Works by 


Sir John Herschel, 

Sir James Mackintosh, 
Robkrt SOI'THKY, 

Sir David Brewster, 


Thomas Keiohtlby, 
John Porstkr, 

Sir Walter Scott, 
Thomas Moors, 


AND OTHRR EMINENT WRITERS. 


Bishop Tmirlwall, 

The Rry. G. R. Gleio, 

J. C. L. Dr Sismondi, 

John Phillips, F.R.S., G.9. 


Complete In 132 vols. fcp. 8vo. with Vignette Titles, price, in cloth, Nineteen Guineas. 
The Works tepnraiely , in Sets or Series, price Three Shillings snd Sixpence each Volume. 


A List of the Works compottng the Cabinet Cyclopaedia : — 

1. Bell's History of Russia S vols. 10». Cd. f 34. Lardner on Heat 1 vol. S». fid. 


2. Bell’s Lives of British Poets 2 vols. 7s. 

S. Brewster's Optics 1 vol. S*. fld, 

4. Cooley’s Maritime snd Inland Discovery 3 vols. 10s. fld. 

5. Crowe’s History of France 3 vols. 10s. Gd. 

fi. De Morgan on ProlwWlltles I rol. 3s. Cd. 

7. De Bismondl’s History of the Italian 

Republics 1 rol. 3s. 6d. 

8. De Slsmondi’s Fall of the Roman Empire 2 vols. 7s. 

0. Donovan's Chemistry 1 vol. 3e. Cd. 

10. Donovan’s Domestic Economy 2 vols. 7«. 

11. Dunltam’s Spain and Portugal 5 vols. 17s. 6d. 

12. Dunham’s History of Denmark, Sweden, 

and Norway 3 vols. 10*. fid . 

1$. Dunham's History of Poland 1 vol. 3s. fid, 

14. Dunham's (lertnaulc Empire 3 vols. 10s. fid. 

15. Dunham*! Europe during the Middle 

Ages 4 role. Us. 

0. Dunham's British Dramatists . 2 vols. 7s. 

17. Dunham's Live* of Early Writers of 

Qreat Britain 1 vol. Ss. Gd. 

18. Fergus's History of the Culled States . . 2 role. 7s. 

19. Foebroke’s Grecian Sl Roman Antiquities 2 vols. 7s. 

20. Forster’s Lives of tho Statesmen of the 

Commonwealth 5 vols. 17s. fld. 

21. Gleig’s Lives of British Military Com- 

manders 3 vols. 10s. fld. 

22. Grattan’s History of the Netherlands ,. . 1 vol. 3s. Gd. 

23. Hcnslow’s Botany 1 vol. Ss. Gd. 

24. Hereehel’s Astronomy 1 vol. 3*. Gd. 

25. Herschcl’t Discourse on Natural Philo* 

eophy 1 vol. Ss. fld. 

?6, History of Rome 2 vols. 7s. 

27. History of Switzerland 1 rol. Ss. fld. 

28. Holland’s Manufactures in Metal 3 vols. 10s. fld. 

29. James’s Live* of Foreign Statesmen 5 vols. 17s. 6d. 

80. Kntcr and Lardner’s Mechanics 1 vol. 3s. fld. 

31. Keightley's Outlines of History 1 vol. 3s. Cd. 

32. Lardner’s Arithmetic 1 vol. 3s. fld. 

83. Lardner’s Geometry 1 rol. 3s. Cd. 


I 33. Lardner' s Hydrostatics and Pneumatics 1 vol. 3s. Gd. 
M. Lanlnor and Walker’s Electricity and 

Magnetism 2 vols. 7s. 

] 37. Mackintosh, Forster, and Courtenay's 

Lives of British Statesmen 7 vols. 24s. 6d. 

j 38. Mackintosh, W id lace, and Bell’s History 

of England IOtoU. i>. 

39. Montgomery and Shelley’s eminent Ita- 
lian, Spanish, and Portuguese Authors 3 vote. 10s. Cd. 

to. Moore's History of Ireland 4 vols. 1 U. 

II. Nicolas's Chronology of History 1 vol. 3«. fld. 

1 42. Phillips’s Treatise on Geology 2 vol*. 7s. 

43. Powell’s History of Natural Philosophy 1 vol. 3s. fld. 

44. Porter's Treatise on the Manufacture of 

Silk 1 vol. 3s. 60. 

45. Porter’s Manufactures of Porcelain and 

Gla*s 1 vol. Ss. fld. 

j 46. Itoscoe’s British Lawyers 1 vol. 3s. fld. 

47. Scott's History of Scotland 2 vols. 7s. 

48. Shelley’s Lives of eminent French 

Authors 2 vols. 7s. 

49. Shuckard and Swainson’s Insects 1 vol. 3s. fid. 

50. Southey’s Lives of British Admirals .... 5 vol*. 17s. 6*1. 

61. Stebbing’s Church History 2 vols. 7s. 

52. Stebbing’s History of the Reformation. . 2 vols. 7s. 

53. Swainson’s Discourse on Natural History 1 voL Ss. fld. 

54. Bwaiuson’s Natural History and Classi- 


fication of Animals 1 vol. 3*. Od. 

; 55. 8walnson*s Habits and Instincts of 

Animals 1 vol. Ss. Cd. 

56. SwaUison’s Birds 2 vols. 7s. 

57. Swainson’s Fish, Reptiles, Ae 2 vols. 7*. 

58. Rwalnson’s Quadrupeds 1 rol. Ss. Gd. 

59. Swainson’s Shells and Shell-Fish 1 vol. 3s. fld. 

GO. Swainson’s Animals in Menageries I vol. 3s. Gd. 

Cl. 8waln*on’s Taxidermy and Biography of 

Zoologists 1 vol. Ss. fld. 

G2. Thirl wall’s History of Grsees 8 vols. 28s. 

i 


Linwood— Antbologia Oxoniensis, sive 

Florilegium e Lusibus poeticis diversorum 
Oxonicnsium Gracia et Latinis deeerptum. 
Curante Gulirlmo Linwood, M.A , yEdis 
Cliristi Alumno. 8vo. price 14a. 

Lorimer's (C.) Letters to a Young Master 

Mariner on some Subject! connected with 
his Calling. New Edition. Fcp. 8vo. 5s. 6d. 

Loudon’s Encyclopaedia of Gardening: 

Comprising tho Theory and Practice of Hor- 
ticulture, Floriculture, Arboriculture, and 
Landscape-Gardening. With many hundred 
Woodcuts. New Edition, corrected and 
improved by Mbs. Loudon. 8yo. 60 s. 


Loudon's Encyclopaedia of Trees and 

8hrubs, or Arboretum et Frutieetum Britan - 
niatm abridged : Containing the Hardy Trees 
and Shrubs of Great Britain, Native and 
Foreign, Scientifically and Popularly De- 
scribed. With about 2,000 Woodcuts. 
8 vo. 60s. 

Loudon’s Encyclopaedia of Agriculture : 

Comprising the Theory and Practice of the 
Valuation, Transfer, Laying-out, Improve- 
ment, and Management of Landed Property, 
and of the Cultivation and Economy of the 
Animal and Vegetable Productions of Agri- 
culture. New and cheaper Edition; with 
1,100 Woodcuts. 8vo. 31a. Gd. 
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Loudon's Encyclopaedia of Plants : Com- 
prising tho Specific Character, Description, 
Culture, History, Application in the Arts, 
and every other desirable Particular respect- 
ing all tho Plants found in Great Britain. 
New Edition, corrected by Mrs. Loudon. 
With upwards of 12,000 Woodcuts. 8vo. 
£3. 13s. 6d. — Second Supplement, 21s. 

London’s Encyclopaedia of Cottage, 
Farm, and Villa Architecture and Furniture. 
New Edition, edited by Mrs. Loudon j with 
more than 2,000 Woodcuts. 8vo. 63s. 

London's Self-Instruction for Young 

Gardeners, Foresters, Bailiffs, Land Stew- 
ards, and Farmers; in Arithmetic, Book- 
keeping, Gaomrtry, Mensuration, Practical 
Trigonometry, Mechanics, Land-Surveying, 
Levelling, Planning and Mapping, Architec- 
tural Drawing, and Iaometncal Projection 
and Perspective. 8vo. Portrait, 7s. 6d. 

Loudon’s Hortus Britannicus ; or, Cata- 
logue of all the Plants found in Great 
Britain. New Edition, corrected by Mbs. 
Loudon. 8vo. 31s. 6d. 

Mrs. Loudon’s Lady’s Country Compa- 
nion ; or, How to Enioy a Country Life 
nationally. Fourth Edition, with Plates 
and Woodcuts. Fcp. 8vo. 6s. 

Mrs. Loudon’s Amateur Gardener’s 

Calendar, or Monthly Guide to what should 
be aroided and done in a Garden. 16mo. 
with Woodcuts, 7s. 6d. 

Low’sElements of Practical Agriculture; 

comprehending the Cultivation of Plants, the 
Husbandry of the Domestic Animals, and 
the Economy of the Farm. New Edition; 
with 200 Woodcuts. 8vo. 21s. 

Macaulay— Speeches of the Right Hon. 
Lord Macaulay. Corrected by Himbelp. 
8vo. price 12s. 

Macaulay. — The History of England 
from the Accession of James II. By 
the Right Hon. Lord Macaulay. New 
Edition. Vols. I. and II. 8vo. price 82s. ; 
Vol* III. and IV. price 36s. 

Lord Macaulay’s Critical and Historical 
Essays contributed to The Edinburgh 
Review. Four Editions, as follows 

1. A I.ISSAST Edition (the Eighth', In i Tolu. ftro. 
price 36*. 

1 Complete in Oim Volth**, with Portrait and Vig- 
nette. Square crown Sro. price 31*. doth: or 
S0§. calf. 

S. Another Nsw Edition, in 3 toU. fcp. 610 . price 
2D. cloth. 

i. The Pr.orts’g Edition, In 2 toIj. crown Sro. prlee 
8e. cloth. 


Macaulay.— Lays of Ancient Rome, with 

Ivry and the Armada. By the Bight 
Hon. Lord Macaulay. New Edition. 
16mo. price 4s. 6d. cloth; or 10s. 6d. 
bound in morocco. 

Lord Macaulay’s Lays of Ancient Rome. 

With numerous Illustrations, Original and 
from the Antique, drawn on Wood by 
Geopge Scliarf, jun., and engraved by Samuoi 
Williams. New Edition. Fcp. 4to. price 
21s. boards ; or 42s. bound in morocco. 

Mac Donald. — Poems. By George 

Mao Donald, Author of Within and With- 
out. Fcp. 8vo. 7s. 

Mac Donald.— Within and Without : A 
Dramatic Poem. By George Mac Donald. 
Second Edition , revised ; fcp. 8vo. 4s. 6d. 

Macdonald. — Villa Verocchio; or, the 
Youth of Leonardo da Vinci : A Tale. By 
the late Miss D. L. Macdonald. Fcp. 8vo. 
price 6s. 

MacDougall.— The Theory of War illus- 
trated by numerous Examples from His- 
tory. By Lieutenant-Colonel MacDouoall, 
Superintendent of Studies in tho Royal 
Military College, Sandhurst. Post 8 vo. with 
10 Plans of Battles, price 10s. 6d. 

M’Dougall.— The Eventful Voyage of 

II. M. Discovery Ship Resolute to the Arctic 
Regions in Search of Sir John Franklin and 
the Missing Crncs of H.M. Discovery Ships 
Erebus and Terror, 1852, 1853, 1854. To 
which is added an Account of her being 
fallen in with by an American Whaler, after 
her abandonment in Barrow Straits, and of 
her presentation to Queen Victoria by the 
Government of tho United States. By 
Geobgb F. M'Dougall, Master. With a 
coloured Chart ; 8 Illustrations in tinted 
Lithography ; and 22 Woodcuts. 8vo. price 
21s. cloth. 

Sir James Mackintosh’s Miscellaneous 

Work* : Including hi* Contributions to The 
Edinburgh Review. Complete in One 
Volume ; with Portrait and Vignette. 
Square crown 8vo. 21s. cloth ; or 30s. bound 
in oalf : or in 3 vols. fcp. 8vo. 21s. 

Sir James Mackintosh’s History of England 
from the Earliest Times to the final Esta- 
blishment of tho Reformation. Library Edi- 
tion, revised. 2 vols. 8vo. 21s. 

Macleod.— The Theory and Practice of 

Banking: With tho Elementary Principles 
of Currency, Prices, Credit, and Exchange*. 
By Henry I)unninq Macleod, ot the 
Inner Temple, Esq., Barri*tor-at-Lew. 2 vol*. 
royal 8vo. price 30a. 
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NEW WORKS aid NEW EDITIONS 


Macnaught.— The Doctrine of Inspira- 

tion : Being an Inquiry concerning the In- 
fallibility, Inspiration, anti Authority of 
Holy Writ. By the Rev. John Mac- 
N AUGHT, M.A. Second Edition, revised. j 
Crown 8vo. price 4s. 6d. 

M'Culloch's Dictionary, Practical, Theo- 
retical, and Historical, of Commerce and 
Commercial Navigation. Illustrated with 
Maps and Plans. New Edition, corrected 
to the Present Time ; with a Supplement. 

8 vo. price 50s. cloth j lialf-russia, 65s. 

M'Culloch's Dictionary, Geographical, 

Statistical, and Historical, of the various 
Countries, Places, and principal Natural 
Objects in the World. Illustrated with 8ix 
large Maps. New Edition, revised; with a 
Supplement. 2 vols. 8vo. price 63s. 

Maguire.— Home ; its Ruler and its In- 
stitutions. By John Francis Maguire, 
M.P. With a Portrait of Pope Pius IX. 
Post 8vo. price 10s. 6d. 

Maitland— The Church in the Cata- 
combs : A Description of the Primitive 
Church of Rome. Illustrated by its Sepul- 
chral Remains. By the Rev. Charles 
Maitland. Now Edition ; with several 
Woodcuts. 8vo. price 14a. 

Out-of-Doors Drawing — Aphorisms on 

Drawing. By the Rev. S. C. Malax, M.A. 
of Balliol College, Oxford ; Vicar of Broad- 
windsor, Dorset. Post 8vo. 3s. 6d. 

Mrs. Marcet’s Conversations on Chemis- 
try, in which the Elements of that Science 
arc familiarly explained and illustrated by 
Experiments. New Edition, enlarged and 
improved. 2 vols. fcp. 8vo. price 14s. 

Mrs. Marcet’s Conversations on Natural Phi- 
losophy, in which the Elements of that 
Science are familiarly explained. New Edi- 
tion, enlarged and corrected j with 23 Plates. 
Fcp. 8vo. price 10s. 6d. 

Martineau.— Endeavours after the Chris- 
tian Life: Discourses. By Jameb Mar* 
tixeau. 2 vols. post 8vo. 7a. 6d.eacli. 

Martinoau.— Hvmns for the Christian Church 

and Home. Collected and edited by James 
Martineau. Eleventh Edition, 32iuo. 3 n. 6d. 
cloth, or 5s. calf ; Fifth Edition , 32mo. Is. 4d. 
cloth, or Is. 8d. roan. 

Martineau.— Miscellanies : Comprising Essays 
on Dr. Priestley, Arnold’s Life and Corre- 
spondence, Church and State, Theodore 
Parker's Discourse of Religion, “Phases of 
Faith,’* the Church of England, and the 
Battle of the Churches. By Jambb Mar- 
TINE AC. Post 8V0. Os. 


Maunder's Scientific and Literary Trea- 
sury : A new and popular Encyclopaedia of 
Science and the Belles-Lettres ; including 
all branches of Science, and every subject 
connected with Literature and Art. New 
Edition. Fcp. 8vo. price 10s. cloth ; bound 
in roan, 12s. ; calf, 12s. 6d. 

Maunder's Biographical Treasury ; con- 
sisting of Memoirs, Sketches, and brief 
Notices of above 12,000 Eminent Persons of 
All Ages and Notions, from the Earliest 
Period of History : Forming a new and com- 
plete Dictionary of Universal Biography. 
Ninth Edition, revised throughout. Fcp.8vo. 
10s. doth ; bound in roan, 12s. ; cal f, 12s. 6d. 

Maunder’s Treasury of Knowledge, and 

Library of Reference. Comprising an Eng- 
lish Dictionary and Grammar, a Universal 
Gazetteer, a Classical Dictionary, a Chrono- 
logy, a Law Dictionary, a Synopsis of the 
Peerage, numerous useful Tables, Ac. New 
Edition, carefully revised and corrected 
throughout : With Additions. Fcp. 8vo. 
10s. cloth ; bound in roan, 12s. ; calf, 12s. 6d. 

Maunder’s Treasury of Natural History; 

or, a Popular Dictionary of Animated 
Nature : In which the Zoological Character- 
istics that distinguish the different Clashes, 
Genera, and Species, arc combined with a 
variety of interesting Information illustrative 
of the Habits, Instiucte, and General Eco- 
nomy of the Animal Kingdom. With IKX) 
Woodcuts. New Edition. Fcp. 8vo. price 
10s. cloth ; roan, 12s. ; calf, 12s. 6d. 

Maunder's Historical Treasury ; com- 

prising a General Introductory Outline of 
Universal History, Ancient and Modem, 
and a Scries of separate Histories of every 
principal Nation that exists ; their Rise, 
Progress, and Present Condition, the Moral 
and Social Character of their respective In- 
habitants, their Religion, Manners and Cus- 
toms, Ac. New Edit ion; revised through- 
out, with a new General Index. Fcp. 8vo. 
10s. cloth ; roan, 12s. ; calf, 12s. 6d. 

Maunder’s Geographical Treasury. — 

The Treasury of Geography, Physical, His- 
torical, Descriptive, and Political ; contain- 
ing a succinct Account of Every Country in 
the World : Preceded by an Introductory 
Outline of tho History of Geography ; a 
Familiar Inquiry into the Varieties of Raco 
and Language exhibited by different Nations; 
and a View of the Relations of Geography 
to Astronomy and the Physical Sciences. 
Commenced by the late Samuel Maunder ; 
completed by William Hughes, F.R.G.S., 
late Professor of Geography in the College 
for Civil Engineers. New Edition ; with 7 
Maps and 16 Steel Plates. Fcp. 8vo. 10s. 
cloth ; roan, 12s. ; calf, 12a. 6d. 
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Melville. — The Confidence-Man: His 

Masquerade. By Herman Melville, Au- ! 
thor of Tgpce, Omoo , Ac. Fcp. 8vo. Sa. 

i 

Merivale. — A History of the Romans 

under the Empire. By the Rev. Charles 
Merivale, B.D., late Fellow of St. John's 
College, Cambridge. 8ro. with Maps. 

Yoto. I. and II. oomprlnina th« History to the Pall of i 

Julius Ce*34ir. Seoot*l Edition 28*. 

Yol. III. to the establishment of the Monarchy by Au- 

fftuhu. Sefond Edition Its. 

Volt. IV. and V. ftotn Augustus to Claudius, b.C. 27 to 
A.D. 5* 32*. 

Merivale.— The Fall of the Roman Repub- 
lic : A Short History of the Last Century of 
the Commonwealth. By the Rev. C. Muni- 
tale, B.D., late Fellow of St. John’s College, 
Cambridge. New Edition. 12mo. 7a. 6d. 

Merivale.— An Account of the Life and Letter* 

of Cicero, Translated from the German of 
Abeken ; and Edited by the Rev. Charles j 
Merivale, B.D. 12mo. 9s. 6d. 

Merivale (L. A.)— Christian Records : A 
Short History of Apostolic Age. By L. A. 
Merivale. Fcp. Svo. 7s. 6d. 

Miles— The Horse’s Foot, and How to 

Keep it Sound. Eighth Edition ; with an 
Appendix on Shoeing in general, and Hunters 
in particular, 12 Plates and 12 Woodcuts. 
By W. Miles, Esq. Imperial Svo. 12s. 6d. 

**• Two Cut* or Model* of Off For* Feet, No. L Shot! for 
AU Purposes. No. 2. Shod iritA Leather, on Mr. Mile*** plan, 
may be had, price 3*. each. 

Miles.— A Plain Treatise on Horse-Shoeing. 
By William Miles, Esq. With Plates and 
Woodcuts. Small 4to. price 6s. 

Milner’s History of the Church of Christ. 
With Additions by the late Rev. Isaac 
Milner, D.D., F.R.8. A Now Edition, 
revised, with additional Notes by the Rev. 
T. Ghantham, B.D. 4 vols. 8vo. price 52s. 

Montgomery— Memoirs of the Life and 
Writings of James Montgomery : Including 
Selections from his Correspondence, Remains 
in Prose and Verse, and Conversations. By 
John Holland and J ahr* Everett. With 
Portraits and Vignettes. 7 vols. post 8vo. 
price £3. 13s. 6d. 

James Montgomery’s Poetical Works: 

Collective Edition ; with the Author’s Auto- 
biographical Prefaces, complete in One 
Volume ; with Portrait and Vignette. Square 
crown 8vo. price 10s. 6d. doth j morocco, 
21s. — Or, in 4 vols. fcp. 8vo. with Portrait, 
and 7 other Plates, price 14*. 


Moore.— The Power of the Soul over the 

Body, considered in relation to Health and 
Morals. By Gboboe Moore, M.D. fifth 
Edition. Fcp. 8vo. 6s. 

11 It shows that unless between mind aod l»ody 
the inward principle be so necessary to human 

disciplined, purified, and enjoyment We would 

enlightened, vainly must say, Head the Itook.” 
we look for that harmony Athinasum. 

Moore.— Man and hi> Motives. By George 
Moore, M.D. Third Edition . Fcp. 8 so. 6s. 

Moore. -The Use of the Body in relation to the 
Mind. By George Moore, M.D. Third 
Edition . Fcp. 8vo. 6s. 

Moore. — Memoirs, Journal, and Corre- 

spondcnce of Thomas Moore. Edited by 
the Right Hon. Lord John Russell, M.P. 
With Portraits and Vignette Illustration?. 
8 vols. post 8vo. price 10s. Gd. each. 

Thomas Moore’s Poetical Works : Com- 

prising the Author’s recent Introductions 
and Notes. The Traveller t Edition , com- 
plete in One Volume, printed in Ruby Type ; 
with a Portrait. Grown Svo. 12s. 6d. cloth ; 
morocco by Hay day, 21s. — Also the Library 
Edition complete in 1 vol. medium 8vo. with 
Portrait ana Vignette, 21s. cloth ; morocco 
by Hayday, 42s. — And the First collected 
Edition , in 10 vols. fcp. 8vo. with Portrait 
and 19 Plates, price 35?. 

Moore. — Poetry and Pictures from 

Thomas Moore : Being Selections of the 
most popular and admired of Moore’s Poems, 
copiously iUustratcd with highly-finished 
Wood Engravings from original Designs by 

C. W. Com, R.A. F. R. 1 ‘ickebsgill, R.A. 

E. C. CoauorLD, 8. Run, 

.T. Cbofsby, G. Thomas, 

E. DtnfCAW, F. Topham, 

lllRKKT FOSTKB, II. WaHRXH, 

J. C. lioiiMLKY, A. R.A. Habbiso* Wei b, and 
H. LaJECxa, F. Wtichd. 

Fep. 4to., printed on toned paper, and ele- 
gantly bound. [Nearly ready . 

Moore’s Epicurean. New Edition, with 

tlio Notes from tho collective edition of 
Moore' t Poetical IForh ; and a Vignette en- 

f raved on W ood from an original Design by 
). Maolisb, RA. lfimo. 5s. cloth; or 
12s. Cd. morocco by Hayday. 

Moore’s Songs, Ballads, and Sacred 

Songs. New Edition, printed in Ruby 
Typo i with the Notes mm the collective 
edition of Moorc'c Poetical Worh. , snd a 
Vignette from a Design by T. Creswick, R.A. 
32mo. 2s. Od — An Edition in 16mo. with 
Vignette by R. Doyle, price 6s. ; or 12s. 6d. 
morocco by Hayday. 
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NEW WORKS and NEW EDITIONS 


Moore’s Lalla Rookh : An Oriental 

Romance. With 13 highly-finished Steel 
Plates from Original Designs by Corbould, 
Meadows, and Stephanoff, engraved under 
the superintendence of the late Charles 
Heath. New Edition. Square crown 8vo. 
price 15s. cloth j morocco, 28s. 

Moore’s Lalla Rookh. New Edition, printed 

in Ruby Type ; with the Preface and 
Notes from tiio collective edition of Moore* » 
Poetical Works , and a Frontispiece from a 
Design by Kenny Meadows. 32mo. 2s. 6d. 
- — An Edition in 16ino. with Vignette, 6s. ; 
or 12s. 6d. morocco by Heyday. 

Moore's Irish Melodies. A New Edi- 
tion, with 13 highly- finished Steel Plates, 
from Original Designs by 

c. w. ror*, it. a. D. Maolx* it, r.a. 

T. Ckeswicit, It.A. J. K. Millais, A. R.A. 

A. L. Eoo, A. R.A. W. Mulbeadt, R.A. 

W. P. Frith, R.A. J. Kant, 

W. E. Feobt, A . It. A. F. Stoke, A.R.A. ; and 

J. C. Hoxslit, E. M. Wabd, R.A. 

Square crown 8vo.nrice21s. cloth ; or 31s.6d. 
handsomely bound in morocco. 

Moore’s Irish Melodies, printed in Ruby Type ; 

with the Preface and Notes from the col- 
lective edition of Moore s Poetical Works, the 
Advertisements originally prefixed, and a 
Portrait of the Author. 32mo. 2s. 6d. — 
An Edition in 16mo. with Vignette, 6s.; 
or 12s. fid. morocco by Hayday. 

Moore’s Irish Melodies. Illustrated by D. 
Maclise, R.A. New Edition ; with 161 
Designs, and the whole of the Letterpress 
engraved on Steel, by F. P. Becker. Super- 
royal 8vo. 31s. 6d. boards ; £2. 12s. 6d. 
morocco by Hayday. 

Moore’s Irish Melodies, the Music with 

the Words; the Symphonies and Accom- 
paniments by Sir John Stevenson, Mus. Doc. 
Complete in One Volume, small Music size, 
convenient and legible at the pianoforte, but 
more portnblo than the usual form of Mu- 
sical publications. Imperial 8vo. 31s. fid. 
cloth ; or 42s. half- bound in morocco. 

Moore.— The Crosses, Altar, and Orna- 
ments in the Churches of St. Paul’s, Knights- 
bridge, and St. Barnabas, Pimlico : A con- 
cise Report of the Proceedings and Judg- 
ments in the Cases of Westerton c. Liddefl, 
Home, and others, and Beal v. Liddell, 
Parke, and Evans ; as heard and determined 
by the Consistory Court of London, the 
Arches Court of Canterbury, and the Ju- 
dicial Committee of H.M. Most Hon. Privy 
Council. By Edmund F. Moobb, Esq., 
M.A., Barrister-at-Law. Royal 8vo. price 
12s. cloth. 


Morell.— Elements of Psychology : Part 

I., containing the Analysis of the Intellectual 
Powers. By J. D. Mokell, M.A., One of 
Her Majesty’s Inspectors of Schools. Post 
8vo. 7s. fid. 

Morning Clouds. [A book of practical 

ethics, in form of letters of counsel, en- 
couragement, and sympathy, specially ad- 
dressed to young women ou their entrance 
into life.] Post 8vo. price 7s. 

Moseley.— The Mechanical Principles of 

Engineering and Architecture. By II. 
Moseley, M.A., F.R.S., Canon of Bristol, 
Ac. Second Edition, enlarged; with nu- 
merous Corrections and Woodcuts. 8vo.24«. 

Memoirs and Letters of the late Colonel 

Armine S. II. Mountain, C.B., Aide-de- 
camp to the Queen, and Adjutant- General 
of Her Majesty’s Forces in India. Edited 
by Mrs. Mountain. With a Portrait drawn 
on Stone by R. J. Lane, A.E.R.A. Post 
8vo. 8s. fid. 

Mure. — A Critical History of the Lan- 
guage and Literature of Ancient Greece. 
By William Mure, M.P. of Caldwell. 
Second Edition. Vols. I. to III. 8vo. price 
36s. ; Vol. IV. price 16s. ; Vol. V. price 18s. 

Murray’s Encyclopaedia of Geography ; 

comprising a complete Description of the 
Earth : Exhibiting ita Relation to the 
Heavenly Bodies, its Physical Structure, the 
Natural History of each Country, and the 
Industry, Commerce, Political Institutions, 
and Civil and Social State of All Nations. 
Second Edition ; with 82 Maps, and upwards 
of 1,000 other Woodcuts. 8vo. price 60s. 

Neale. — The Closing Scene ; or, Chris- 

tianity and Infidelity contrasted in the Last 
Hours of Remarkable Persons. By the 
Rev. Ehakine Nbalb, M.A. New Editions. 
2 vols. fcp. 8vo. price 6s. each. 

Oldacre— The Last of the Old Squires. 
A Sketch. By Cedric Oldacbb, Esq., of 
Sax - Normanbury, sometime of Christ 
Church, Oxon. Crown 8vo. price 9s. 6d. 

Osborn. — Quedah ; or, Stray Leaves 

from a Journal in Malayan Waters. By 
Captain SnEBABD Osbobn, R.N., C.B., 
Author of Stray Leaves from an Arctic Jour - 
not, and of the Narrative of the Discovery of 
the North-West Passage. With a coloured 
Chart and tinted Illustrations. Post 8vo. 
price 10s. fid. 
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Osborn— The Discovery of the North- 

West Passage by H.M.S. Investigator , Cap- 
tain R. M'Clurb, 1850-1854. Edited by 
Captain Sherarp Osdorn, C.B., from the 
Logs and Journals of Captain R. M'Clure. 
Second Edition, revised ; w it h Additions to 
the Chapter on the Hybernation of Animals 
in the Arctic Regions, a Geological Paper 
by Sir Roderick I. Murchison, a Portrait 
of Captain M‘Clure, a coloured Chart and 
tinted Illustrations. 8vo. price 15s. 

Owen.— Lectures on the Comparative 
Anatomy and Physiology of the Invertebrate 
Animals, delivered at the Royal College of 
Surgeons. By Richard 6wen, F.R.S., 
Hunterian Professor to the College. Second 
Edition, with 235 Woodcuts. 8vo. 21s. 

Professor Owen's Lectures on the Comparative 
Anatomy and Physiology of the Vertebrate 
Animals, delivered at the Royal College of 
Surgeons in 1844 and 1846. With numerous 
Woodcuts. Vol. I. 8vo. price 14s. 

Memoirs of Admiral Parry, the Arctic 

Navigator. By his Son, the Rev. E. Parry, 
M.A. of Balliol College, Oxford ; Domestic 
Chaplain to the Lord Bishop of London. 
Third Edition ; with a Portrait and coloured 
Chart of the North-West Possagc. Fcp. 
8vo. price 5s. 

Dr. Pereira’s Elements of Materia 

Medica and Therapoutics. Third Edition , 
enlarged and improved from the Author’s 
Materials, by A. S. Taylor, M.D., and 
G. O. Rees, M.D. : With numerous Wood- 
cuts. Vol.I.8vo. 28s. ; Vol. II. Part 1. 21s. ; 
VoL II. Part II. 24«. 

Dr. Pereira’s Lectures on Polarised Light, 

together with a Lecture on the Microscope. 
2d Edition, enlarged from Materials left by 
the Author, by the Rev. B. Powell, M.A., 
Ac. Fcp. 8vo. with Woodcuts, 7s. 

Perry.— The Franks, from their First 

Appearance in History to the Death of King 
Pepin. By Walter C. Perky, Barrister- 
at*Law, Doctor in Philosophy and Master 
of Arts in the University of Gottingen. 
8vo. price 12s. 6d. 

Peschel’s Elements of Physics. Trans- 

la ted from the German, with Notes, by 
E. Wist. With Diagrams and Woodcuts. 
3 vols. fcp. 8vo. 21s. 

Ida Pfeiffer’s Lady’s Second Journey 
round the World: From London to the 
Cape of Good Hope, Borneo, Java, Sumatra, 
Celebes, Ceram, the Moluccas Ac., California, 
Panama, Teru, Ecuador, and tho United 
States. 2 vols. post Svo. 21s. 


Phillips’s Elementary Introduction to 

Mineralogy. A Sew Kdition, witli eitensiTe 
Alterations and Addition., bv II. J. Bbooke, 
F.R.8., F.O.8. ; and W, H.'Milleb, M.A., 
F.GKS. With numerous Wood Engravings. 
Post Svo. 18». 

Phillips.— A Guide to Geology. By John 
Phillips, M.A., F.R.S., F.G.S., Ac. Fourth 
Edition, corrected to tho Present Time; 
with 4 Plates. Fcp. 8vo. 5s. 

Phillips. — Figures and Descriptions of tho 

Palaeozoic Fossils of Cornwall, Devon, and 
West Somerset ; observed in the course 
of tho Ordnance Geological Survey of that 
District. By John Phillips, F.R.S., F.G.S., 
Ac. 8vo. with 60 Plates, price 9s. 

Piesse’s Art of Perfumery, and Methods 

of Obtaining the Odours of Plants : With 
Instructions for thoManufoctureof Perfume* 
for tho Handkerchief, Scented Powders, 
Odorous Vinegars, Dentifrices, Pomatums, 
Cosmtkiqucs, Perfumed Soap, Ac. ; and an 
Appendix on the Colours of Flowers, Arti- 
ficial Fruit Essences, Ac. Second Edition , 
revised and improved ; with 4G Woodcuts. 
Crown 8vo. 8s. 6d. 

Captain Portlotk’s Report on the Geology 

of the County of Londonderry, and of Parts 
of Tyrone and Fermanagh, examined and 
described under the Authority of the Master- 
General and Board of Ordnance. 8vo. with 
48 Plates, price 24s. 

Powell.— Essays on the Spirit of the 

Inductive Philosophy, the Unity of Worlds, 
and tho Philosophy of Creation. By the 
Rev. Baden Powell, M.A,,F.R.S.,F.R. A. S., 
F.G.S., Savilian Professor of Geometry in the 
University of Oxford. Second Edition, re- 
vised. Crown 8vo. with Woodcuts, 12s. 6d. 

Pycroft’s Course of English Reading, 

adapted to every tasto and capacity : With 
Literary Anecdotes. New and cheaper 
Edition. Fcp. 8vo. price 6s. 

Raikes.— A Portion of the Journal kept 
by TnoM as Raikes, Esq., from 1831 to 1847 : 
Comprising Reminiscences of Social and 
Political Life in London and Paris during 
that period. Vols. I. and II. (Second Edi- 
tion) , post 8vo. 21s. ; Vols. III. and IV. 
with Index, completing tho work, price 21s. 

Reade. — The Poetical Works of John 

Edmund Rcadc. New Edition, revised and 
corrected ; with Additional Poems. 4 vols. 
fcp. 8vo. price 20s. 
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NEW WORKS akd NEW EDITIONS 


Dr. Reece’s Medical Guide : Comprising 

a complete Modern Dispensatory, and a 
Practical TVeatise on the distinguishing Symp- 
toms, Causes, Prerention, Cure, and Pallia- 
tion of the Diseases incident to the Human 
Frame. Seventeenth Edition, corrected and i 
enlarged by the Author’s Son, Dr. H. Reece, j 
M.R.C.S., Ac. 8vo. 12s. 

Rich’s Illustrated Companion to the 

Latin Dictionaryand Greek Lexicon : Form- 
ing a Glossary of all the Words representing 
Visible Objects connected with the Arts, 
Manufactures, and Every-Day Life of the 
Ancients. With about 2,000 Woodcuts I 
from the Antique. Post 8vo. 21s. 

Richardson. — Fourteen Years’ Expe- | 

riencc of Cold Water : Its Uses and Abuses. 
By -Captain M. Richardson, late of the 
4th Light Dragoons. Post 8vo. with i 
Woodcuts, price 6s. 

“The first object of tain Richardson considers , 
Captain Richardson's j the bandage not only more 
hook is to extend the use beneficial medically than 
of the cold-water cure to I the sheet, but much more 
the humbler classes, by a easily applied, while it 
simpler inode of treat- does not interrupt a man's 
ment. This simplicity avocations, but can be 
principally consists in the worn even at work. The 
substitution of wet ban- general expositions are 
daerc* covered by dry ban- followed by directions for 
dagesforthewetsheetand the treatment of diseases 
other processes of estab- under the Captain’s sys- 
lished hydropathy. Cap- 1 tem.” Spectator. 

Horsemanship ; or, the Art of Riding 

and Monaging a Horse, adapted to the Guid- 
ance of Ladies and Gentlemen on the Road 
and in the Field: With Instructions for 
Brcaking-in Colts and Young Horses. By 
Captain Richardson, late of the 4th Light 
Dragoons. With 5 Plates. Square crown 
8ro. 14 s. 

Household Prayers for Four Weeks; 

With additional Prayers for Special Occa- 
sions. To which is added a Course of 
Scripture Reading for Every Day in the 
Year. By the Rev. J. E. Riddle, M.A., | 
Incumbent of St. Philip’s, Leckhampton. 
Crown 8vo. price 3s. Cd. 

Riddle’s Complete Latin-English and 

English-Latin Dictionary, for the use of 
Colleges and Schools. Netc and cheaper 
Edition, revised and corrected. 8vo. 2 Is. 

RonaratAlv 1 The Knglieh-Latin IHrtbmwry, 7*. 
Separately ^Tb* LaSn-iinguah Dictionary, IS*. 

Riddle’s Diamond Latin-English Dictionary. 

A Guide to the Meaning, Quality, and 
right Accentuation of Latin Classical Words. 
Royal 32mo. price 4s. 

Riddle’s Copious and Critical Latin- 

English Lexicon, founded on the German- 
Latin Dictionaries of Dr. William Freund, i 
New and chraper Edition. Poet 4to. 31». 6d. 


Rivers’s Rose-Amateur’s Guide ; contain- 
ing ample Description, of all tlie fine leading 
varieties of Rows, regularly classed in their 
respective Families s their History and 
Mode of Culture. Fifth Edition, corrected 
and improved. Fcp. 8vo. 3s. 6d. 

Dr. E. Robinson’s Greek and English 

Lexicon to the Greek Testament. A New 
Edition, revised and in great part rc- written. 
8 vo. price 18s. 

Mr. Henry Rogers’s Essays selected from 

Contributions to the Edinburgh Review. 
Second and cheaper Edition, with Additions. 
3 vols. fcp. 8vo. 21s. 

Dr. Roget’s Thesaurus of English Words 

and Phrases classified and arranged so as to 
facilitate the Expression of Ideas and assist 
in Literary Composition. Sixth Edition, 
revised and improved. Crown 8vo. 10s. 6d. 

Ronalds’s Fly-Fisher’s Entomology : 

With coloured Representations of the 
Natural and Artificial Insect, and n few Ob- 
servations and Instructions on Trout and 
Grayling Fishing. Fifth Edition, thoroughly 
revised by an Experienced Fly-Fisher ; with 
20 new coloured Plates. 8vo. 14s. 

Rowton’s Debater: A Series of complete 

Debates, Outlines of Debates, and Questions 
for Discussion; with ample References to tho 
best Sources of Information. New Edition. 
Fcp. 8vo. 6s. 

The Saints our Example. By the Author 

of Letters to mg Unknown Friends, See. Fcp. 
8vo, price 7s. 

Scherzer.— Travels in the Free States of 

Central America : Nicaragua, Honduras, 
and San Salvador. By Dr. Carl Scherzer. 
With a coloured Map. 2 vols. post 8vo. 16s. 

"Central America in not ! met* of pasteboard and tinsel; 
nn inviting place for the I nuw swinging in a hammock 
lounging traveller. The 1 in a filthy hovel; anon ro- 
road* are bad; there are no ceiving the President of a 
inn*: food is scarce; the State by the light of a candle 
people are dishonest ; sooun- i stuck in a bottle. Altogether 
dr els swarm; neither life , having a hard and hazardous 
nor property Is safe. ltr. ! life of It. But he does not 
Schemer travelled with I complain. A cheerier and 
guides of doublfal fidelity, braver traveller seldom has 
was forced to keen his hand made his way In outlandish 
on hi* gun anti revolver, | tracks far beyond the limit* 
sometimes compelled to eat ! of the civilised world. . . . . 
n few black tieans or starve; ! Thr Central American ques- 
now grupingal night through 1 tlon will probably endow Dr. 
a forest, now escorted by Schemer s book with an ad- 
barefooted soldiers with bet- 1 ditional attraction/' 

Glooi. 

Dr. L. Schmitz's History of Greece, from 

the Earliest Times to the Taking of Corinth 
by the Romans, B.c. 146, mainly based upon 
Bishop Thirlwall’s History. Fourth Edition , 
with Supplementary Chapters on t he Lite- 
rature and the Arts of Ancient Greece ; and 
illustrated with a Map of Athens and 137 
Woodcuts, designed from the Antique by 
G. Scharf, jun., F.S.A. 12mo. 7». 6d. 
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Scrivener’s History of the Iron Trade, 

from the Earliest Records to the Present 
Period. New Edition, corrected. 8to. 
price 10s. 6d. 

Sir Edward Seaward's Narrative of his 

Shipwreck, and consequent Oiscorery of 
certain Islands in the Caribbean Sea. 
Third Edition. 2 role, post 8 to. 21s. — An 
Abridomejct, in 16mo. price 2s. 6d. 

The Sermon in the Mount. Printed by 

C. Wliittinghara, uniformly with the Thumb 
Bible ; bound and clasped. 64mo. Is. 6d. 

Sewell. — Amy Herbert. By a Lady. 

Edited by the Rev. William Sewell, B.D., 
fellow and Tutor of Exeter College, Oxford. 
New Edition. Ecp. 8to. price 6s. 

Sewell.— The Earl’s Daughter. By the 

Author of Amy Herbert. Edited by the Rev. 
W. Sewell, B.D. 2 yob. fcp. 8 to. 9s. 

Sewell. — Gertrude : A Tale. By the 

Author of Amy Herbert. Edited by the Rev. 
W. Sewell, B.D. Ecp. 8 yo. price 6s. 

Sewell. — Margaret Percival. By the 

Author of Amy Herbert. Edited by the Rev. 
W. Sewell, B.D. 2 rob. fcp. 8vo. price 12s. 

By the tame Author, New Editions , 

Ivors. 2 vols. fcp. 8vo. price 12s. 

Cleve Hall. 2 vols. fcp. 8vo. price 12s. 
Katharine Ashton. 2 vols. fcp. 8vo. 12s. 

Tho Experience of Life. Fcp. 8vo. price 7s. 6d. 
Laneton Parsonage: A Tale for Children, on 
the Practical Use of a portion of the Church 
Catechism. 2 yob. fcp. 8vo. price 12s. 
Readings for Every Bay in Lent : Compiled 
from the Writings of Bishop Jeremy 
Taylor. Fcp. 8ro. price 6s. 

Readings for a Month preparatory to Confirma- 
tion : Compiled from tho Works of Writers 
of the Early and of the English Church. 
New and cheaper Edition. Fcp. 8vo. 4s. 


Bowdler’s Family Shakspeare : In which 

nothing is added to the Original Text ; but 
those words and expressions are omitted 
which cannot with propriety be read aloud. 
Illustrated with Thirty-six Vignettes en- 
graved on Wood from original Designs by 

6. COOKS, B.A. i T. STOTHAUD, U. 

B. COOKS, [ B. THOMSON, B.A. 

H. HOWikD, B.A. H. WB STALL, B.A. 

H. SINGLETON, I U. WOBDFOkDB, LA. 

B. SMIBKB, BA. t 

New Edition , printed in a more convenient 
form. 6 vols. fcp. 8ro. price 80s. cloth j 
separately, 5s. each. 

Tiie Library Edition, with the tame Illustrations, 
in One Volume, medium 8vo. price Slf . cloth. 


Sharp's New British Gazetteer, or Topo- 
graphical Dictionary of the British Islands 
and Narrow Seas : Comprising concise De- 
scriptions of about Sixty Thousand Places, 
Seats, Natural Features, and Objects of Note, 
founded on the best authorities. 2 yob. 
8vo. price £2. 16s. 

“ We have already had oc- 1 is constructed on the plan 
ciudon to mention this book i of facilitating reference by 
and a careful examination of bringing together as many 
its contents has convinced us articles as pouAlble under 
of its e r.-.it value. The re* distinct 1 reeds. . . All the po> 
markable clearness with sitions have been retaken 
which its condensations and from the mane; oml not only 
abbreviations are made an- Uus county out the quarter 
pears to us its most au- of tlw county ^ivcu in which 
miraMc feature. We have a name mi«nt l>c looked for. 
no book of similar bulk in We must. In short, repeat 
t he lam iniara containing any- with a 1 literal araulescence 
thing like the amount of in* what Mr. Sharp himself re- 
formation of rations kinds marks of his five years’ tlili* 
so well arranged and so easily gent labour, that It will be 
accessible as in tl it now «a- found to comprise, in a clear 
zeitccr. Every article bear* and legible ty pe, more sub- 
the mark of studied, careful, stantial information, collect- 
ond exact compilation. It , ed from original sources, a ud 
comprehends both the topo- put into a convenient form, 
granny and the hydrography than tbo bulkiest of its 
of the United Kingdom, and J class." Kxamlnxb. 

Short Whist; its Eise, Progress, and 

Laws : With Observations to make any one a 
Whist-Player. Containing also tho Laws of 
Piquet, Cassiuo, E carte, Cribbage, Back- 
gammon. By Major A. New Edition ; to 
which are added, Precepts for Tyros, by 
Mrs. B. Fcp. 8ro. 3s. 

Sinclair. — The Journey of Life. By 
Catherine Sinclair, Author of The Busi- 
ness of Life. New Edition. Fcp. 8vo. 5s. 

Sir Roger De Coverley. From the Spec- 
tator. With Notes and Illustrations, by 
W. Henry Wills; and 12 Wood Engrav- 
ings from Designs by F. Tatter. Second 
and cheaper Edition. Crown 8vo. 10s. 6d. ; 
or 21s. in morocco by Hayday. — An Edition 
without Woodcuts, in 16mo. prico Is. 

The Sketches: Three Tales. By the 

Authors of Amy Herbert , The Old Man's 
Home , and Haickstone. The Third Edition ; 
with 6 Illustrations in Aquatint. Fcp. 8vo. 
price 4s. 6d. boards. 

Smee’s Elements of Electro -Metallurgy. 

Third Edition, revised, corrected, and con- 
siderably enlarged ; with Electrotypes and 
numerous Woodcuts. Post 8vo. 10s. 6d. 

Smith (G.)— History of Wesleyan Me- 
thodism: Vol. T. Wesley and lib Times. 
By George Smith, F.A.S., Member of the 
Royal Asiatic Society, Ac.; Author of Sacred 
Annals , or Researches into the History and 
Religion of Mankind, Ac. Crown 8vo. 
with 8 Facsimiles of Methodist Society 
Tickets, price 10s. 6d. cloth. 
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NEW WORKS axd NEW EDITIONS 


Smith (G.V.)— The Prophecies relating 

to Nineveh and the Assyrians. Translated 
from the Hebrew, with Historical Intro* 
duct ions and Notes, exhibiting the principal 
Results of the recent Discoveries. By 
George Vance Smith, B.A. Post 8vo. 
with a Map, price 10s. Gd. cloth. 

Smith (J.) — The Voyage and Shipwreck 

of St. Paul : With Dissertations on the Life 
and Writings of St. Luke, and the Shins and 
Navigation of the Ancients. By James 
Smith, of Jordanhill, Esq., F.R.S. Second 
Edition ; with Charts, Views, and Wood- 
cuts. Crown 8vo. 8s. Gd. 


A Memoir of the Rev. Sydney Smith. 
By his Daughter, Lady Holland. With 
a Selection from his Letters, edited by 
Mits. Austin. New Edition. 2 vols. 8vo. 28s. 


The Rev. Sydney Smith’s Miscellaneous 
Works : Including his Contributions to The 
Edinburgh Review. Three Editions 

1. A Library Edition (the Fourt Jk), In 8 vol*. 8ro. 
with Portrait, SO*. 

2. Complete in Oxb Voluxb, with Portrait and Vijr- 
nette. Square crown 8vo. price 21s. cloth ; or SOs. 
bound lu calf. 

S. Another New Edition, la 8 rots. fcp. 8 to. plica 21s. 

The Rev. Sydney Smith’s Elementary 
Sketches of Moral Philosophy, delivered at 
the Royal Institution in the Years 1804, 
1805,andl806. Third Edition. Fcp.8vo.7s. 


Snow.— A Two-Years’ Cruise off Tierra 

del Fuego, the Falkland Islands, Patagonia, 
and the River Plate. A Narrative of Life 
in the Southern Seas. By W. Parker 
Snow, late Commander of the Mission 
Yacht Allen Gardiner; Author of “Voyage 
of the Prince Albert in Search of Sir John 
Franklin.” With 3 coloured Charts and G 
tinted Illustrations. 2 vole, post 8vo. 24s. 


" A Itobinson-Cnwnc stylo 
of narration, and a kind of 
routfh anti picturesque treat- 
ment, sustain the interest of 
the nautical descriptions 
more than rniKht bo sup- 
posed ; the wild and violent 
weather of the Falkland 


Islands, with the dangers of 
their navigation and the j>e* 
ruliar cluuwcter of the River 
Plate, have a novelty beyond 
the common run of voyaging. 
The adventures in Tierra del 
Fuego ore very Interesting.'* 
SrBCTATOB. 


Robert Southey’s Complete Poetical 

Works *, containing all the Author’s last In- 
troductions and Notes. The Library Edi- 
tion , complete in One Volume, with Por- 
trait and Vignette. Medium 8vo. price 21». 
cloth ; 42s. bound in morocco. — Also, the 
First collected Edition , in 10 vols. fcp. 8vo. 
with Portrait and 19 Vignettes, price 35s. 


Select Works of the British Poets ; from 

Chaucer to Lovelace inclusive. With 
Biographical Sketches by the late Robert 
Southey. Medium 8vo. price 30s. 


Southey’s Correspondence. — Selections 

from the Letters of Robert Southey, &c. 
Edited by hiB Son- in-Law, the Rev. John 
Wood Wastes, B.D., Vicar of West 
Tarring, Sussex. 4 vols. post 8vo. price 42s. 

The Life and Correspondence of the late Robert 
Southey. Edited by his Son, the Rev. 
C. C. Southby, M.A., Vicar of Ardleigh. 
With Portraits and Landscape Illustra- 
tions. 6 vols. poet 8vo. price 63s. 

Southey’s Doctor, complete in One 

Volume. Edited by the Rev. J. W. Waster, 

B. D. With Portrait, Vignette, Bust, and 
coloured Plate. Square crown 8vo. 21s. 

Southey’s Commonplace-Books, complete in 
Four Volumes. Edited by the Rev. J. \V. 
Warter, B.D. 4 vols. square crown 8vo. 
price £3. 18s. 

Each Commonplace- Book, complete in itself, may be 
had ne)«n%t«fy, ns folio*- a : — 

First Series — CHOICE PASSAGES. Ac. I8 b. 

SECOND Sbribs- special COLLECTIONS. 18s. 
Third Series — ANALYTICAL READINGS. 21b. 
Fourth Series — ORIGINAL MEMORANDA, Ac. 2U. 

Southey’s Life of Wesley ; and Rise and 

Progress of Methodism. New Edition, with 
Notes and Additions. Edited by the Rev. 

C. C. Southey, M.A. 2 vols. 8vo. with 
2 Portraits, price 28s. 

Spottiswoode. — A Tarantasse Journey 

through Eastern Russia, in the Autumn of 
185G. Bv William Spottiswoode, M.A., 
F.R.S. With a Map of Russia, several 
Wood Engravings, and Seven Illustrations 
in tinted Lithography from Sketches by tho 
Author. Post 8vo. price 10s. 6d. 

Stephen.— Lectures on the History of 
France. By the Right Hon. Sir James 
Stephbn,K.C.B.,LL.D., P rofessor of Modern 
History in the University of Cambridge. 
Third Edition. 2 vols. 8vo. price 24s. 

Stephen.— Essays in Ecclesiastical Bio- 
graphy ; from The Edinburgh Review. By 
theRight non. Sir James Stephen, K.C.B., 
LL.D., Professor of Modern History in 
tho University of Cambridge. Third Edi- 
tion. 2 vols. 8vo. 24s. 

Stonehenge.— The Greyhound : Being a 

Treatise on the Arrt of Breeding, Rearing, 
and Training Greyhounds for Public Run- 
ning ; their Diseases and Treatment : Con- 
taining also Rules for the Management of 
Coursing Meetings, and for the Decision of 
Courses. By Stonehenge. With Frontis- 
piece and Woodcuts. Square crown 8vo. 
price 21s. half-bound. 
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Stow. — The Training System, Moral 

Training School, and Normal Seminary for 
preparing Sohoolmaatere and Goremcssc*. 
By David Stow, E?q., Honorary Secretary 
to the Glasgow Normal Free Seminary. 
Tenth Edition ; with Plate* and Woodcuts. 
Post 8vo. price 6«. 

Strickland. — Lives of the Queens of 
England. By Agnes Stuickland. Dedi- 
cated, by express permission, to Her Ma- 
jesty. Embellished with Portraits of every 
Queen, engraved from the most authentic 
sources. Complete in 8 vols. post 8vo. price 
7s. 6d. each. — Any Volume may bo had 
separately to complete Sets. 

Memoirs of Rear-Admiral Sir William 
Symonds, Knt., C.B., F.R.3., lato Surveyor 
of tho Navy. Published with the sanction 
of his Executor*, as directed by hi* Will ; 
and edited by J. A. Siunr. ' 8vo. with 
Plates and Wood Engravings. 

[/» the frees. 

Taylor. — Loyola: and Jesuitism in its 
Rudiment*. By Isaac Tatlob. Post 8vo. 
price 10s. 6<L 

Taylor. — Wesley and Methodism. By 

Isaac Taylob. Post 8vo, Portrait, 10*. 6d. 

Thacker’s Courser’s Annual Remem- 
brancer and Stud-Book : Being an Alpha- 
betical Return of the Running at all the 
Public Coursing Clubs in England, Ireland, 
and Scotland, for the Season 1856-57 ; with 
the Pedigrees (a* far a* received) of the 
Dogs. By Robebt Abuam Welsh, Liver- 
pool. 8vo. 21 s. 

Published annually In October. 

Thirlwall.— The History of Greece. By 
the Right Rev. the Lobs Bisnop of St. 
Davis’ 8 (the Rev. Connop Thirlwall). An 
improved Library Edition ; with Maps. 8 
vols. 8vo. price £3. —An Edition in 8 vols. 
fcp. 8vo. with Vignette Titles, price 28s. 

Thomas. — Historical Notes relative to 

„ the History of England ; embracing tho 
Period from the Accession of King Henry 
VIII. to the Death of Queen Anne inclusive 
(1509 to 1714) : Designed as a Book of in- 
stant Refercnco for the purpose of ascer- 
taining the Dates of Events mentioned in 
History and in Manuscripts. The Names 
of Persons and Events mentioned in History 
within the above period placed in Alpha- 
betical and Chronological Order, with Dates; 
and the Authority from whence taken 
given in each case, whether from Printed 
History or from Manuscripts. By F. S. 
Thomas, Secretary of tho Public Record 
Department. 3 vols. royal 8vo. price £2. 


Thomson's Seasons. Edited by Bolton 
Cornet, Esq. Illustrated with 77 fine 
Wood Engravings from Designs by Mem- 
bers of the Etching Club. Square crown8vo. 
21s. cloth ; or 36s. bound in morocco. 

Thomson (the Rev. Dr.) — An Outline of 

the necessary Laws of Thought : A Treatise 
on Pure and Applied Logic. By William 
Thomson, D.D., Provost of Queen’s Col- 
lege, Oxford. Fourth Edition , carefully re- 
vised. Fcp. 8ro. price 7s. Gd. 


Thomson’s Tables of Interest, at Three, 
Four, Four-and-a-Half, and Five per Cent., 
from One Pound to Ten Thousand, and from 
1 to 365 Days, in a regular progression of 
single Days ; with Interest at all the above 
Rates, from One to Twelve Months, and 
from One to Ten Years. Also, numerous 
other Tables of Exchanges, Time, and Dis- 
counts. New Edition. 12mo. price 8s. 


Thombury.— Shakspeare’s England ; or, 
Sketches of Social History during the Reign 
of Elizabeth. By G. W. Thobnbury, 
Author of History of the Buccaneer i, See. 
2 vols. crown 8vo. 21s. 


‘A work which stands unrivalled for the variety 
and entertaining character of it« contcnU. and which well 
dweneaaplaceon the library -shelf, by the aide either of 
the historian* of England or the prince of dramatist*.” 

John Bull. 


The Thumb Bible ; or, Verbum Sempi- 
ternum. By J. Taylob. Being an Epi- 
tome of tho Old and New Testaments in 
English Verse. Reprinted from the Edition 
of 1693 ; bound and clasped. 64mo. Is. 6d. 


Bishop Tomline’s Introduction to the 
Study of the Biblo : Containing Proofs of 
the Authenticity and Inspiration of the 
Scriptures; a Summary of tho History of 
the Jews ; an Account of tho Jewish Sects ; 
and a brief Statement of Contents of seve- 
ral Books of the 0/d Testament . New Edi- 
tion. Fcp. 8vo. 5s. Gd. 


Tooke.— History of Prices, and of the 

State of the Circulation, during the Nino 
Years from 1848 to 1856 inclusive. Form- 
ing Vols. V. and VI. of Tookc’s History of 
Prices from 1792 to the Present Time ; and 
comprising a copious Index to tho whole of 
the Six Volumes. By Thomas Tooke, 
F.R.S. and William Newmabch. 2 vols. 
8vo. price 52s. Gd. 


Townsend.— Modem State Trials revised 

and illustrated with Essays and Notes. By 
yv. C. Townsend, Esq., M.A., Q.C. 2 vols. 
8to. price 30*. 
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NEW WORKS and NEW EDITION9 


COMPLETION 


THE TRAVELLER’S LIBRARY. 


Summary of the Contenti of the TRAVELLER’S LIBRARY, note complete in 102 
Parts, price One Shilling each , or in 50 Volumes, price Sts. 6 d. each in cloth.- 
To be had also, in complete Sets only, at Five Guinea* per Set , bound in cloth , 
lettered , in 25 Volumes, classified as follows:— 


VOYAGES AND TRAVELS. 


IN EUROPE. 

A CONTINENTAL TOUR BiJ. BARROW. 

ARCTIC VOYAGES AND 1 __ F Mv vxy 

DISCOVERIES J BY *. MAYNfc. 

BRITTANY AND THE BIBLE by I. HOPE. 

BRITTANY AND THE CHASE *r I. HOPE. 
CORSICA BY F. UREGOROVIU8. 

N0T “ 0F } •••■«»• 

ICELAND BY P. MILES. 

NORWAY, A RESIDENCE IN bv S. LAING. 

NORWAY, RAMBLES IN btT. FORESTER. 

RUSSIA . by thk MARQUIS DE CUSTINE. 

RUSSIA AND TURKEY .. BY J. R. M'CULLOCH. 

ST. PETERSBURG BY M. JERRMANN. 

THE RUSSIANS OP THE SOUTH, BY 8. BROOKS. 

8 mountIins ND SW18S } ■* *• pkrouson. 

MONT BLANC. ASCENT OF BY J. ACLDJO. 

8 W T THE ALPS NATUKK } by P. VON TSCHUDI. 
VISIT TO THE VAUDOIBl v T ».rw<5 

OF PIEDMONT 5 BY WA1W **S. 


IN ASIA. 

CHINA AND THIBET by THB ABBE* HUC. 

SYRIA AND PALESTINE **EOTHEN.’* 

THE PHILIPPINE ISLANDS, by P. OIRONltfRE. 
IN AFRICA. 

AFRICAN WANDERINGS BY M. WERNE. 

MOROCCO BY X. DURR! EU. 

NIGER EXPLORATION BY T. J. HUTCHINSON. 
THE ZULUS OF NATAL mG.U. MASON. 

IN AMERICA. 

BRAZIL.. BT E. WILBERFORCE. 

CANADA BY A. M. JAMESON. 

CUBA BY W. H. HURLBUT. 

NORTH AMERICAN WILDS .... byC. LAN MAN. 

IN AUSTRALIA. 

AUSTRALIAN COLONIES by W. HUGHES. 

ROUND THE WORLD. 

A LADY'S VOYAGE BY IDA PFEIFFER. 


HISTORY AND BIOGRAPHY. 


MEMOIR OF THE DUKE OF WELLINGTON. 
THE LIFE OF MARSHAL 1 by tub REV. T. O. 

TURKNNE J COCKAYNE. 

SC H AM Y l by RODEXSTEDT awd WAGNER. 

FERDINAND I. AND MAX1M1- 1 ,,. virp 

LI AN II J BT ^NKE. 

FRANCIS ARAGO’S AUTOBIOGRAPHY. 
THOMAS HOLCROFT’S MEMOIRS. 


CHESTERFIELD & 8ELWYN, BT A. HAYWARD. 
SWIFT AND RICHARDSON, BY LORI) JEFFREY. 
DEFOE AND CHURCHILL by J. FORSTER. 
ANECDOTES OF DR JOHNSON, Br MRS.P10ZZ1. 
TURKEY AND CHRISTENDOM. 

LEI PS I C CAMPAIGN, Hr thb REV. G. R. GLEIG. 
AN ESSAY ON THE LIFE AND! BY HENRY 
GENIUS OF THOMA8 FULLER/ ROGERS. 


ESSAYS BY LORD MACAULAY. 

WARREN HASTINGS. 

LORI) CLIVE. 

WILLIAM PITT. 

THE EARL OF CHATHAM. 

RANKE'S HISTORY OF THE POPES. 

GLADSTONE ON CHURCH AND STATE. 

ADDISON'S LIFE AND WRITINGS. 

HORACE WALPOLE. 

LORD BACON. 


LORD BYRON. 

COMIC DRAMATISTS OF THE RESTORATION, 
FREDERIC THE GREAT. 

HALLAM’S CONSTITUTIONAL HISTORY. 
CROKER’8 EDITION OF BOSWELL'S LIFE OF 
JOHNSON. 


LORD MACAULAY'S SPEECHES ON PARLIA- 
MENTARY REFORM. 


WORKS OF FICTION. 


THE LOVE STORY, FBOH SOUTHEY'S DOCTOR. 
SIR ROGER DE COVERLET.... } SPECTATOR. 
MEMOIRS OF A MAITRE-D’ARMES, by DUMAS. 
CONFESSIONS OF A ) _ T v soiTVFSTRF 
WORKING MAN . . / E,BOU ' 


A ?^R , ni P wSSS?’} « *■ SOCVESTRE. 

SIR EDWARD SEAWARD'S NARRATIVE OF 
HIS SHIPWRECK. 


NATURAL HISTORY, &c. 

NATURAL HISTORY OF \ i utmt> I ELECTRIC TELEGRAPH, kc. BY DR. G. WILSON. 

CREATION / Br ** KtM1 • OUR COAL-FIELDS AND OUR COAL-PITS. 

INDICATIONS OF INSTINCT, by DR. L. KEMP. | CORNWALL, ITS MINES, MINERS, Ac. 


MISCELLANEOUS WORKS. 


LECTURES AND ADDRESSES {“VaRIJSLE °* 
SELECTIONS FROM SYDNEY SMITH’S 
WRITINGS. 

PRINTING BY A. STARK. 


RAILWAY MORALS AND\ _ _ n cpyvfTW 

RAH WAY POLICY / » T «. SPENCER. 

MORMONISM .. by thb REV. W. J. CONYBF.ARK. 
LONDON by J. R. M’CULLOCH. 
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The Traveller’s Library being now com- 
plete, the Fubbshera cell attention to this 
collection ss well adapted for Tmelint and 
Emigrant s, for School-room Libraries, the Libraries 
of Mechanics' Institutions, Young Men's Libraries, 
the Libraries of Skips, and similar purposes. The 
separate volumes are suited for School Prizes, 
Presents to Young People, and for general instruc- 
tion and entertainment. The Series comprises 
fourteen of the most popular of Lord Macaulay’s 
Essays, and bia Speeches on Parliamentary Reform. 
The department of Travels contains some account 
of eight of the principal conntriea of Europe, as 
well as travels in four districts of Africa, in four of 
America, and in three of Asia. Madame Pfeiffer's 
First Journey round the World is included ; and a 
general account of the Australian Colonies. In 
Biography and History will be found l.ord Macau- 
lay’s Biogrnphieal Sketches of Warren Hastings , 
Clive , Pitt, Walpole, Bacon, anil others ; betides 
Memoirs of Wellington , Turennt, P. Arago, tic. ; an 
Essay on the Life and Genius of Thomas Fuller, 
with Selections from his Writings, by Mr. Henry 
Rogers ; and a history of the Lcip*ic Campaign, by 
Mr. Gleig, — which is the only separate account of 
this remarkable campaign. Works of Fiction did 
not come within the plan of the Traveller's Li- 
brary ; but the Confessions of a Working Man, by 
Souvestre, which ia indeed a fiction founded on fact, 
has been included, and has been read with unusual 
interest by many of the working classes, for whose 
uae it i* especially recommended. Dumas's story 
of the Maitre-d'Armes, though in form a work of 
fiction, gives a striking picture of an episode in the 
history of Russia. Amongst the works on Hciencc 
and Natural Philosophy, a general view of Creation 
is embodied in Dr. Kemp’s Xatural History of 
Creation ; and in hit Indications of Instinct remark- 
able facta in natural history arc collected. Dr. 
Wilson has contributed a popular account of the 
Electric Telegraph. In the volumes on the Coal- 
Fields, and on the Tin and other Mining Districts 
of Cornu-all, is given an account of the mineral 
wealth of England, the habits and manners of the 
miners, and the scenery of the surrounding country. 
It only remains to add, that among the Miscella- 
neous Works are a Selection of the best Writings of 
the Rev. Sydney Smith ; Lord Carlisle's Lectures 
and Addresses ; an account of Mormonism , by the 
Rev. W. J. Conybeare; an exposition of Railway 
management and mismanagemeat, by Mr. Herbert 
Spencer ; an account*of the Origin and Practice of 
Printing, by Mr. Stark; and an account of London, 
by Mr. M'Culloch. 


"If we were called upon to 
lay the first stone of a Me- 
chanics* Institute or Book- 
Society’s Collection, it should 
I* composed of the hundred 
and two porta oi the Tra- 
v tiler's LtWary. It is the 
best Shilling Series extant. 
Here are Mr. Macaulay's 
best writings, the anthologia 
of Sydney Smith, some ad- 
mirable literar) essays by 
different authors, several ex- 
cellent volumes of science, 
narratives of travel In eight 
European, foar American, 
four African, and three Ari - 1 


atlc countries, and examples 

from the works of Souvestre 
and Dumas. Bound together, 
they form twenty-five con- 
venient volume®, which any 
society of a hundred and five 
members may possess, upon 
payment of one shilling each. 
An association of this kind, 
formed in every small town 
would thus create sufficient 
basis for a free library upon 
n modest scale. Good books 
are not beyond the reach of 
working men, if working 
men w ill combine to obtain 
them." Leader. 


©T The Traveller's Library may algo be had 
as originally issued in 102 parts, Is. each, 
forming GO rols. 2s. 6d. each ; or any separate 
parts or volume*. 


Trollope.— Barchester Towers. By An- 

THONY Trollope. 3 vols. post 8vo. price 
31*. 6d. 

m Barchester Towers (a | and the sense and right 
kind of sequel in continuation feeling with which the way 
of Mr. Trollope’s fmnier I is threaded among questions 
novel The H'anrfcw! does [ of high church and low 
not depend only on story for i church, ure very noticeable, 
its Interest ; the careful | and secure for It unqnention- 
writlng, the good humour able rank among the few 
with a tendency often to be really well-written talcs that 
Shan dean in Its expression, every season produces.” 

Examiner. 


Trollope— The Warden. By Anthony Trollope. 
Poat 8vo. 10s. 6d. 

Sharon Turner's Sacred History of the 

World, attempted to bo Philosophically 
considered, in a Series of Letters to a Son. 
New Edition, edited by the Rev. S. Turner. 
3 vol*. post 8vo. price 81s. 6d. 

Sharon Turner’s History of England 

during tho Middle Ages : Comprising the 
Reigns from the Norman Conquest to tho 
Accession of Henry VIII. Fifth Edition, 
revised by the Rev. S. Turner. 4 vol*. 
8 vo. price 50*. 

Sharon Turner’s History of the Anglo- 

Saxons, from the Earliest Period to the 
Norman Conquest. Seventh Edition, revised 
by the ReV. S. Turner. 3 vols. 8vo. 36s. 

Dr. Turton’s Manual' of the Land and 

Fresh- Water Shell* of Great Britain. New 
Edition, thoroughly revised and brought up 
to the Present Time. Edited by Dr. J. E. 
Gray, F.R.S., &c., Keeper of the Zoological 
Department in the British Museum. Crown 
8vo. with Coloured Plates. [/« the press. 

Dr. Ure’s Dictionary of Arts, Manufac- 

tures, and Mines : Containing a clear Expo* 
sition of their Principles and Practice. 
Fourth Edition, much enlarged ; most of 
tho Articles being entirely re-written, and 
many new Articles added. With nearly 
1,600 Woodcuts. 2 vols. 8vo. price 60s. 

Van Der Eoeven’s Handbook of Zoology. 

Translated from the Second Dutch Edition 
by the Rev. William Clark, M.D., F.R.S., 
Ac., late Fellow of Trinity College, and Pro- 
fessor of Anatomy in the University of 
Cambridge , with additional References fur- 
nished by tho Author. In Two Volume*. 
Vol. I. Invertebrate Animals -, witli 15 Plates, 
comprising numerous Figures. 8vo. 30s. 


Vehse.— Memoirs of the Court, Aristo- 
cracy, and Diplomacy of Austria. By Dr. E. 
Vehse. Translated from tho German by 
Fbaxz Demmler. 2 rola. post 8yo. 21s. 
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NEW WORKS published bt LONGMAN aitd CO 


Von Tempsky. — Mitla : A Narrative of 

Incidents and Personal Adventures on a 
Journey in Mexico and Guatemala in the 
Years 1853 and 1854: With Observations 
on the Modes of Life in those Countries. By 
G. F. Von Tempsky. Edited by J. S. Bell, 
Author of Journal of a Residen re in Circassia 
in the Years 183.6/0 1839. With Illustra* 
tions in Chromolithography and Engravings 
on Wood. 8vo. [/» the press. 

Wade. — England's Greatness : Its Rise 
and Progress in Government, Laws, Religion, 
and Social Life ; Agriculture, Commerce, 
and Manufactures ; Science, Literature, and 
the Arts, from the Earliest Period to tho 
Peace of Paris. By John Wade, Author of 
the Cabinet Lawyer , &c. Post 8vo. 10s. 6d. 

Waterton —Essays on Natural History, 
chiefly Ornithology. By C. Watbbtox, Esq. 
With an Autobiography of the Author, and 
Views of Walton Hall. New and cheaper 
Edition. 2 vols. fcp. 8vo. price 10s. 

Waterton's Essays on Natural History. Third 

Scries ; with a Continuation of tho Auto- 
biography, and a Portrait of the Author. 
Pop. 8 vo. price 6s. 

Webster and Parkes’s Encyclopaedia of 

Domestic Economy ; comprising such sub- 
jects as arc most immediately connected with 
Housekeeping : As, The Construction of 
Domestic Edifices, with the Modes of Warm- 
ing, Ventilating, and Lighting them — A de- 
scription of the various articles of Furniture, 
with the nature of their Materials — Duties of 
Servants — Ac. New Edition ; with nearly 
1,000 Woodcuts. 8vo. price 60s. 

Weld. — Vacations in Ireland. By 
Charles Richard Weed, Barrister - at - 
Law. Post 8»o. with a tinted View of 
Birr Castle, prico 10s. 6d. 

Weld.— A Vacation Tour in the United States 
and Canada. By C. R. Weld, Bamstcr-at- 
Law. Post 8vo. with Map, 10s. 6d. 

West. — Lectures on the Diseases ’of 
Infnncv and Childhood. By Charles West, 
M.D., Physician to the Hospital for Sick 
Children ; Physician-Accoucheur to, and 
Lecturer on Midwifery at, St. Bartholomew's 
Hospital. Tliird Edition. 8ro. 14s. 

Willich's Popular Tables for ascertain- 
ing the Vslue of Lifehold, Leasehold, and 
Church Property, Renewal Fines, Ac. With 
numerous additional Tables — Chemical, As- 
tronomical, Trigonometrical, Common and 
Hyperbolic Logarithms; Constants, Squares. 
Cubes, Roots, Reciprocals, Ac. Fourth 
Edition, enlarged. Post 8vo. price 10s. 

CRUSTED BY SPOTTISWOODK AND 


Whitelocke’s Journal of the English 

Embassy to tho Court of Sweden in the 
Years 1653 and 1651. A New Edition, 
rerised by Henry Rbevk, Esq., F.S.A. 
2 rols. 8vo. 24s. 

Wilmot’s Abridgment of Blackstone’s 
Commentaries on the Laws of England, in- 
tended for the use of Young Persons, and 
comprised in a series of Letters from a Father 
to his Daughter. 12mo. price 6s. 6d. 

Wilson (W.)— Bryologia Britannica: Con- 
taining the Mosses of Great Britain and 
Ireland systematically arranged and described 
according to the Method of Bench and 
Schimpcr ; with 61 illustrative Plates. Being 
a New Edition, enlarged and altered, of the 
ilutcologia Britannica of Messrs. Hooker and 
Taylor. By William Wilson, President 
of the Warrington Natural History Society. 
8vo. 42s. ; or, with the Plates coloured, 
price £4. 4s. cloth. 

Yonge.— A New English-Greek Lexicon : 

Containing all the Greek Words used by 
Writers of good authority. By C. D. 
Yonge, B.A. Second Edition , revised and 
corrected. Post 4to. price 21s. 
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Every Word used by the Poets of good 
authority. For the use of Eton, West- 
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don ; and Marlborough College. Fifth 
Edition. Post 8vo. price 9s. ; or with 
Appendix of Epithet t classilled according 
to their Englith Meaning, 12s. 

Youatt.— The Horse. By William Youatt. 

With a Treatise of Draught. New Edition, 
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Designs by William Harvey. (Messrs. 
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Youatt. — The Dog. By William Yonatt. A 
New Edition; with numerous Engravings, 
from Designs by W. Harvey. 8vo. 6s. 

Young. — The Christ of History: An 

Argument grounded in the Facts of His 
Life on Earth. By JOHN You NO, LL.D. 
Second Edition. Post 8vo. 7s. 6d. 

Young.— The Mystery; or, Evil and God. By 
John Youno, LL.D. Post 8vo. 7s. 6d. 

Zumpt's Grammar of the Latin Lan- 
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[Odder 1857. 

CO., NKW-STBBET SQUARE, LONDON. 


w 





CLASSICAL SCHOOL-BOOKS 

By EDWARD W ALFORD, M.A. 

LATE KHOLAH OP aiLUOL COU.IGE, OXPOII1) i TOUllLKLY A'iM.HTLVT-MAYTtB 
OP Tt'.VHKIDOE ffCUOOL 


W ALFORD'S HANDBOOK of tks GREEK DRAMA Fq>. Hvo. fir. 


•* fs«' •• Dt# rn'wii |nft>nnaUun ittrM to athdftif *• 
la a ixitnigu'l wi t a**Urt‘.4r IrrM * 4 

Lu;iu»v tl»mn, 

" X trtrfrt#tdi of llw* «4*l llnrk Has** lh» fHajf* 
writer*. lh< Flavor*, lha tho tlmitraUaru, and 
llv* UltaW *A actin* t, with n litirntf Of th* 

tiwtnra tta*l W thr Ond drmutUla. It la a weB* 

* wutvd feuto tfuhl. tfinl trill !• u- rJ.wt Humid 
think, to tiunjr. tulUfM- 

**THla h.\inUt*«>k ndbiloi a i(» th« 

nrictn atittr^ >| Cr« 1 M..r tb* firr*h dnuiM. Tito ahesf 

L^vr^i i.Lvi m4l*r« »*f | J*e i»rti*r-i|»*l tlrimKlau, a 

S iJ armurt of their *nrn» hut work*, wvj torn* 
i*al nutter. aa % da-acrtutUm of ito fMiivul of 
on. An aiud) •!» ««f AnatrAl*’* iVietrj fallow*, 
with 4 Ttrirt v i«f liititf* Imrlnu uwn Ihw Hrvrltti 
ilmrti. 11 H a iiwfol puMlratkm, knnsinir tafothur 
a • unlit r <•( Infon.iat Lm in • imall ««nnv 

KritiTtATun. 

•*TUV lll|J4 Mtenr u «f *h* «»/^n *» j»*r*w 
Aflfor. Ar.*r abrirf hiatoryr of Ui« arista ami 'Irr*- 
I Mrtwont v( •i..ii.««Uri**trY In llr.'nv.hict'nnMkrr 
with r« IMno* feattvAla, the HUlh**r ctee* an itutUt** 
*•( the •»••• (1 U~< arr.no m* iit» ofUta'mv-t ‘.Inal re, ,»ml 
ihm f |r» i *.*> <u fit treat. In a a*-rW rt *V Hrli#*, of 
the ;ninil|«H lirAinatUu, t«l* tiu,*»i* ai.-l mud*. 
ThU 1* ftj&orad by an *na\fn# nf JruWr/t « rralUt 
•m i*- try. and Ity an feOVtnt (a Um VBntma uialrr* 
MUMM In diuuwMc •«<n.i*»ulnri, ar t Ctt an ox*- 
l#n>iu t»y a rarlciy of tnalhrfa. ••.»*!» a* fl»f rwnrma 
•4 lWr>*. ami Jtfa** ; *kr wbu* fitnultur 

n nwnj'Ve *t b r the un ertra ma 

•til fuinr flnu rra.lv to hu ItamUimtih U w It •nohl 
ivatliim •‘unaUkraHe troeliW [nuarHi R«r in mart 
vvhux)Lu>>>ii aitd i't|»tuivr worVO Jnnt llrix. 


11 flw rr«»*IUuf iheUanjt^ Ul*»lt»'>flh»4, 

MUtrr, *11(1 Oilier pfhohir*, on thr llurativ of Dm* 
Or^kitkrr i>n«rtit(il livM/. In a '"Wflni 

ami k>j.u*nuUc hanlltiKrit. fur tl.i* U*t of r* **«liaU 
Irachvr* aiul Of llw «*firn an l hUiotj id 

lha 4nuua, lh« rh&nrivtlsfl t of tK* |tinrtj*al •• 1 UA 1 
lit trtisMyaD-l a ml Hi* itHmn fno* 4a* 

ivmtfl t<y dramsilc art and |*»4iyai dMfctr!'* Uniw, 
an aiiv.ni.i i* nttw. ^tU» aniMwitol dN in l » tlw ft a 
mi .lrnuiaiW' dmliiL ffittttUty, Trm. lUali’rt, 41 . t 
pUra«4ulor v • j i « iul r»4»- 

|v!» lluni *«r lof-iniuUkitL enil - . - 'HYi.biit uamul 

tif frienrUCP.'* UrB«AHi liltCTtl. 


M Thl«tUU* v.Jatno 1* (nUtalnl t»« rtoboty lit m 


,hiul«r all IIiaI fa tfafljr 

><mirnrr auj'Vht In l hr InMlyna tin 
ooitaldrr the utlrcnrH, *»n I hr *M«. 
era*. Dr hk.*h a»i)f» , a;ij.';» of Mr. 
mi'irUiln* hf lla aminyy. and hi* 1 


p'nU’N for tlw» frtjaUorn r 
lo **M'|v .*• that ftjrl* 1 * 
tlir/ fhol 1 ) 1/7 nirnrml* 


)lh>( Ur',1 

1M« In ti *4 roar • 
•iltii >fra an KMV 
n*nuioa • 


iv.i.-r tli ju ai.othcr. an •> tin 
Ihil t !»<* »r-T fr» *TUh’ iMT rtr 
which a troa 4»iJ «hiif»U *lj 
ruptnt lean* llu »orh 
m L in isf Ih4 flrncW dranui. **»* ••ti4mrtrf1* 
thr rirvrk .IrainaiWt* - mb* of tnrio .. 
a: •! *!..*>• frnu tin 1 " . ; » ■ ' !lw tMtl till 

ralilu'iiOfrrli •rholir*. An ntmljndi of Aflat 
la at»*> hi 'Liihat, rh|. >i ntll |-nna 
at:ntmtf of fi felvhrr tin-*. ” 

N’tw umrm. Ilrvirw 



WAI.FOKJVS SHILLING LATIN GRAMMAR.. 


"Mr. WjJHinl'i fXt limit laNa OniR*jr la a rtpr 
bm hi l thtl* m»Mul, r.< *. rai’i y rn4a(t» mi cutinnWiit 
to lialr) tlir «UW of Ihr you tic atmUttt's W-h. 8 j| | 
wrt'lrnix l« 


Tha 

Mnr|ft<> ( ud antnorh In * talmlar 
i>»T 7 n a* ii. if »>•«<) nifrn »»1 lo . llit »>ntaa ropialm 
a Kiuiikolln flv* |Upa," WiWLt lUflpfnii 


it/ tlw an! h«.t ha* lev. 

ho faaltovftt naa |rt aitearrJ tit 1 
tuna la IM tloti^nind Ormum 
ami UMT» »• a *ya«I ;Ur»l fu» a ahl 
Alph»t^< hi (Im rnw^r. 


12 mo*l 

j *ty wuijiiv a 

than 

r ifland * Th* 
. not tlir Kim* 1 
ilifiC. fninrn t|<o 
hrtAtATtit* 


AVALFORD'S HINTS on LATIN WRITING... K^nl 8vo. !«. W. 


WALFORD’.S I-nOC.RKS.SIVK E.VFJtaSES in LATIN PROSE. With Refer- 

rime to tliU Autlu>r'. //*■/. *d UUm lYritl.p I3inti.ii f.iL 

WALFORD’S rnOGRKSSIYK KXF.RCISES in LATIN KLKC.IAO VKRSK. 

Cin>t S»lit<i. Adiplrt, Pilh RtftiencrtlbroojImiJl. Inlhf 8jnU» -if l>r. Kroiinlj'e Lain 

tlrmev . - Uui'V it.M. KICY,»«. 

WALFUKD3 PROOKESSlVK KXKKCISKS in LATIN ELEGIAC VERSE, 

^irost. -r.Dit! Te xhlcU U i>rrAinl * Grammar of Ltlin IVetri. roiinlyr.u-il m ih-«orV 

Ofjtni I'imo. U. Brf. 

WALFORD‘3 GRAMMAR of LATIN POETRY »q>»r»t* from ilmabotr. 12uin. I/. 


WALFORD’S CARDS for CLASSICAL INSTRUCTION i— 


CARD of UKKI.K ACCtHKNCK U. 

CARD cf Ui* CRBKK ACCKNTS ....M. 

CARD Of UIIRKK I'ROHIDY ... ...I*. 

** Mr. i\wllbr<l la the author wf what niajki’allril 
•'■•f r\ft tfrt* In c.HK 4 ttnni mil to *U alvi «mtt>l 
Wa. 1 or la» lut In tiaaaU* |«alli» lit* Chkw '\irdi 
v til Ir Aaljai'V aaatatai b TI-* j nrvarnl n» with a 
UrlW;i view of tlw fniimnilol wwlnptiuft uf 


CARD of U\TIN ACPIDKNCR . »r. 

CARD of KATIN* SYNTAX I#. 

CARD uf LAY IN If&ixSOUl* u. 

I tlw Ui>tn*ao.a on alilili Hn r tr»al. an * hat. wl'filrfr 
InaDiWaiir fl’' poi^l aill Ji»i*l thei«i a 

•■••nionlpiii fii't aata irliinpv. Thai »rr r|<-a r l* 
1 and »l>.iiiily pdiiD't, and i**tuil .( a inM«rAl« 
I vrtnr.** Aettioum J.1MA.V 
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